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1 A particle executes simple harmonic motion of amplitude A and angular
frequency w. A damping force proportional to velocity acts on the particle.
Derive the expression for the displacement of the particle as a function of time
and discuss the effect of damping on amplitude and frequency. Also, calculate
the time at which the amplitude reduces to half its initial value, if the damping
coefficient is b and mass is m.

2
2 m% + yj—j + kx = 0; A harmonic oscillator is represented by the equation

m% +y2—: +kx=0; wherem=0-25kg, y =0-07kgs ' and k = 85 Nm™ .
Determine (i) the period of oscillation, and (ii) the number of oscillations in

which its amplitude will become half of its original value.

3 A 15 - 0 cm violin string, fixed at both the ends, is vibrating with the largest
wavelength. The speed of the wave in this string is 250 m/s, and the speed of
sound in air is 350 m/s. What is the frequency and wavelength of the emitted
sound wave?

4 A particle of mass m is suspended from a spring which has mass m and force
constant k. Show that the oscillation frequency is given by w = ‘/;wo, where ; is
frequency of oscillation when spring is considered massless.

5 A weakly damped harmonic oscillator consisting of spring-mass system has the

following parameters : Mass m = 0.25 kg, Spring constant k = 100 N m ",

Damping coefficient y = 1 N'sm™' A periodic force F = 5 cos wt (newton) is
applied to the system. Determine (i) the amplitude of the oscillator at resonance
and (ii) the Q-value of the oscillator.

6 Consider a damped harmonic oscillator given by the equation ¥ + 2ux + wix = 0.
Obtain the displacements for (i) overdamped, (ii) underdamped and, (iii) critically
damped motion.

7 Calculate the group and phase velocities for the wave packet corresponding to a
relativistic particle.

8 Using Huygens’ principle for a plane wave travelling from rarer medium 1 to a

sini )

si v n
incidence and refraction, respectively. v;, y; and v, g, are the velocities and

refractive indices in media 1 and 2, respectively.

denser medium 2, show that , where i and r are the angles of

9 Write equation for damped harmonic oscillations and obtain expression for
logarithmic decrement. In a damped harmonic motion, the first amplitude is
10 cm, which reduces to 2 cm after 50 oscillations, each of period 4 seconds.
Determine the logarithmic decrement. Also, calculate the number of oscillations
in which the amplitude decreases to 25%.

10  Find an expression for the average energy of a forced oscillator in the
steady-state motion.
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Q1. A particle executes simple harmonic
motion of amplitude A and angular fre-
quency . A damping force proportional to
velocity acts on the particle. Derive the ex-
pression for the displacement of the particle
as a function of time and discuss the effect of
damping on amplitude and frequency. Also,
calculate the time at which the amplitude re-
duces to half its initial value, if the damping
coefficient is b and mass is m.

INTRODUCTION:

Let x(t) denote the displacement from equilibrium,
with the positive x-direction chosen arbitrarily. The
undamped angular frequency is w, so the restoring-

force constant is

k = mw?.

The velocity-dependent damping force is assumed to
be linear and opposite to the instantaneous velocity:

Fd = —bx, b>0.

Thus the motion is governed by Newton’s second law
applied in an inertial frame. Define the damping rate

_b
Y= o

The initial amplitude A will mean the value of the

exponentially decaying amplitude envelope at ¢ = 0.
The phase of the oscillator at that instant is denoted

by ¢.
SOLUTION:
1. The restoring and damping forces give
mx = —mw’x — bx,
or
., b 2
X+ —x+w'x=0.
m

Using y = b/(2m), this becomes
¥+ 2% + w?x = 0.
To solve it, take
x(t) = €.
Substitution gives the characteristic equation
rz+2yr+a)2 =0,

whose roots are
r=—y+.y?— o’

Sample Preview - Complete files can be purchased from abhi-physics.com

For the usual oscillatory, or underdamped, case
y<ow > b < 2mo,

define the damped angular frequency

B e P
4m?

The roots are then
r=—y +iwg.
Hence
x(t) = e (C cos wgt + Dsin wgt) .

Writing C = Acos¢ and D = —Asin ¢, the dis-
placement is

x(t) = Aebt/(@m) cog (wgt + @)

If the initial conditions are specified as x(0) = A
and x(0) = 0, direct determination of the con-
stants instead gives

sin(wgt) | |

x(t) = Ae bt/ (2m) cos(wgt) + b
2mawg

This is equivalent to the amplitude—phase form
with an appropriate constant phase and ampli-
tude parameter.

In the zero-damping limit b — 0,
y =0, w4 — O,

and the solution reduces to ordinary simple har-
monic motion, as required.

. The time-dependent amplitude envelope is

A(t) = Ae V! = Ae~bt/(2m),

Therefore damping causes the amplitude to de-
crease exponentially rather than remain con-
stant. Since the mechanical energy of a har-
monic oscillator is proportional to the square
of its amplitude,

E(t) o« A%(1),
its slowly varying envelope decays as
E(t) = E(0)e™bt/m.
This agrees with the fact that

dE

= =_px’<o,
dt -
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so the damping force continuously removes me-
chanical energy.

Damping also lowers the oscillation frequency

from w to
2
a)d:,/wz—b—<a).
4m?

For weak damping, b < 2mw, the binomial ex-
pansion gives

b? b?
o, :w,fl——:w 1-——].
d 4m2o? ( 8m2w2)

Thus the reduction in frequency is second order
in b for weak damping, whereas the amplitude-
decay rate is first order in b.

At critical damping,
b = 2mo,
the two characteristic roots coincide and
x(t) = (C + Dt)e™®".

The particle returns to equilibrium without os-
cillating. For
b > 2mo,

the motion is overdamped:
x(t) = CeCV Y =)t 4 pe(-y=y*=e?)t

and again no oscillation frequency exists.
3. Lett;/; be the time at which the amplitude en-

velope becomes A/2. Then

Aebh/em) _ A

2
Cancelling A and taking natural logarithms,
bt
UL ln(l> =—In2.
2m 2

Therefore

tl/z = ZTmhlZ .

Since b/m has dimensions of inverse time, 2m /b
has dimensions of time, as required.

CONCLUSION:

For underdamped motion, b < 2mw, the displacement
is

2
x(t) = Ae7b/Cm) ¢ [ 0 -2y ¢] .
4m?

The amplitude decreases exponentially according to

Alt) = Ae—bt/(2m) i

4/22

while the angular frequency is reduced from the un-
damped value w to

2 b?

am? |

At b = 2mo the system is critically damped, and for
b > 2mw it is overdamped; in both cases the motion is
non-oscillatory. The time required for the amplitude
envelope to fall to one-half of its initial value is

2mlIn?2
a

tije =

measured in seconds when m is in kilograms and b is

inkgs™ 1.

CSE - 2025 - 15 MARKS
d*x dx _ . .
Q2. m—Z+y— +kx = 0; A harmonic oscilla-
d’x

tor is represented by the equation m=s +y‘;—’: +

kx = 0; wherem =0-25kg,y =0-07kgs
and k = 85 Nm™'. Determine (i) the period
of oscillation, and (ii) the number of oscilla-
tions in which its amplitude will become half
of its original value.

INTRODUCTION:

The equation describes a one-dimensional oscillator
subject to a linear restoring force and viscous damp-
ing. The displacement x is measured from the equilib-
rium position along a fixed positive axis. The restor-
ing force is —kx, while the damping force is

Fy = —yx,

so it always acts opposite to the instantaneous veloc-
ity.
The motion is assumed to remain in the linear regime,

with constant m, k, and y, and with no external driv-
ing force. Define

k Y
Wy =[5> B=—.
m 2m
where wy is the undamped natural angular frequency
and f is the amplitude-decay constant. For under-
damped motion, ff < w,, and the damped angular fre-

quency is
’ 2
Wq =Wy — ﬂz.

The period is T = 27 /wy. The number of oscillations
required for the exponentially decaying amplitude to
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become one-half is obtained from the amplitude enve-
lope.

SOLUTION:

Dividing the equation of motion by m,

X+ 1x+ Ex =0.
m m
Using
2[3:1’ wgzk,
m m

this becomes
%+ 2B% + wix = 0.
For a trial solution x = €'*, the characteristic equation

is
r? +2ﬂr+a)(?j =0.

r=—B+\p-f.

If B < wy, the roots may be written as

Hence

r=—p+iwg, wg = Jwi — B2
The displacement is therefore
x(t) = Age Pt cos(wgt + ¢),

where A, and ¢ are fixed by the initial conditions.
Thus the amplitude envelope is

A@) = Age P,
The units are consistent:

BE Nm'_kes”
m kg kg ’

and

HRE

m

kg

(i) The decay constant is

0.07 kgs!
po L _20TXeS 00T a0t
2m ~ 2(0.25kg)  0.50

The square of the undamped natural angular
frequency is

-1
=k BNm 2
m 0.25 kg

so that

wo = V340 rads™! = 18.439 rad s .

Since

B% = (0.14)2 = 0.0196 s 72 < 340 52 = g,

Sample Preview - Complete files can be purchased from abhi-physics.com

~

the oscillator is strongly underdamped and ex-
ecutes oscillatory motion.

Its damped angular frequency is

= /340 — 0.0196 rad s
= /339.9804 rad s~!
= 18.4386 rad s~ 1.

Therefore, the period of the damped oscillation
is
ro
@q
21
18.4386 rads~!

= 0.34076 s
= (0.341 s.

As alimiting check, wheny — 0, one has f — 0
and

ToTy =% - 2%
07 0o 18439

s = 0.34075 s.

The computed damped period is very slightly
greater than T, as expected because damping
reduces the angular frequency.

Let t; /, be the time at which the amplitude be-
comes one-half of its initial value. From

Al) = Age P,

the condition A(t; ;) = Ay/2 gives
Aoe_ﬂtl/z = %

After cancelling A,

e—ﬁtl/z — l
2

Taking natural logarithms,

_ﬁtl/z = —1r1 2,
and hence
In2
tijo = 7
0.693147
0.14 s71
=4.951s.

If N denotes the number of oscillation periods
completed in this time, then
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Therefore,
_4951s
0.34076 s
= 14.53.
Equivalently,

_wgln2  (18.4386)(0.693147) 1453
o2t 27(0.14) o

For a discrete-cycle plausibility check, after 14
complete oscillations,

A
Tl _ —BQAT) — ,~(0.14)(14)(0.34076) ~ () 513

Ag
whereas after 15 complete oscillations,

A
215 _ —B(IST) _ ,~(0.14)(15)(0.34076) _ () 489,

Ay

Thus the amplitude crosses Aj/2 between the
fourteenth and fifteenth completed oscillations,
consistently with N = 14.53.

CONCLUSION:

The oscillator is underdamped because
B=014s"1 < wy=18.439 rads™ .

Its damped angular frequency and period are

[T=0zas]

wq = 18.4386 rad s ™! \

The amplitude decays as
A(t) = Age 014

because the damping force acts opposite to the veloc-
ity. It becomes half of its initial value after

typ =4.95s]

corresponding to

‘N =~ 14.53 oscillations ‘

Hence the amplitude becomes one-half between the
fourteenth and fifteenth completed oscillations; if an
integral number of completed oscillations is required,
it is below one-half after approximately

15 complete oscillations |

IFoS - 2025 - 8 MARKS

Q3. A 15-0 cm violin string, fixed at both
the ends, is vibrating with the largest wave-
length. The speed of the wave in this string

6/22

is 250 m/s, and the speed of sound in air is
350 m/s. What is the frequency and wave-
length of the emitted sound wave?

INTRODUCTION:

The required quantities are the frequency fi,unq and
wavelength Asounq of the sound emitted into air.

Let
L=15.0cm = 0.150 m

vy = 250 m st
v, =350 m s

where vy is the transverse-wave speed on the string
and v, is the speed of sound in air.

Choose the x-axis along the string, with x = 0 at the
left fixed end and x = L at the right fixed end. The
transverse displacement is denoted by y(x,t), with
positive y upward. Since both ends are fixed,

v(0,t) = y(L,t) = 0.

Thus, both ends must be nodes of every allowed
standing-wave mode. The largest allowed wave-
length is therefore the wavelength of the fundamen-
tal mode, for which the string contains one half-
wavelength.

It is assumed that the string is uniform, the oscil-
lations are small, the air is stationary and approxi-
mately nondispersive, and losses and end corrections
are negligible. The string forces the adjacent air to
oscillate at the same frequency; hence the sound fre-
quency equals the vibration frequency of the string,
although its wavelength changes because the wave
speed changes on passing from the string to air.

SOLUTION:

For the fundamental standing-wave mode, the fixed
ends are consecutive nodes and there is one antinode
atx =L/2:

y

I |,
of| ¥

A,

L

In general, if n half-wavelengths fit into a string of
length L,

so that

le Preview - C
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The wavelength is largest for the smallest permitted
positive integer, n = 1. Hence the fundamental wave-
length on the string is

As = 2L.
Substituting the string length,
A = 2(0.150 m) = 0.300 m.

1. The frequency of vibration of the string is ob-
tained from v = fA:

Vs 250 ms~!

= =833x10%s L.
Ay 0300 m

fs =
Therefore,

f, = 8.33x 10 Hz.

The air is driven periodically by the string.
Since the number of oscillations produced per
second cannot change at the string-air cou-

pling,

fiound = fs = 8.33 x 10? Hz.

2. The wavelength of the sound in air is

v
Asound = (.
fsound
On substitution,
350 ms ™!
A == —420x10"'m.
sound = g 33 % 102 51

Thus,

Asound = 0.420 m = 42.0 cm.

The dimensional checks are

1

M _ms?
== T =5 =10
M_ms’l_

[Asound] = [f] o1

The result is also physically plausible: the frequency
remains unchanged, while

Asound:V_azﬂzlélo
A vg 250
Therefore, because sound travels 1.40 times faster in
air than the transverse wave travels on the string,
its wavelength in air is 1.40 times the standing-wave
wavelength on the string:

1.40(0.300 m) = 0.420 m.

Sample Preview - Complete files can be purchased from abhi-physics.com

CONCLUSION:

For the largest-wavelength, fixed-end mode, the
string vibrates in its fundamental mode with

Ag = 2L = 0.300 m.

The emitted sound has frequency

fsound = 8.33 X 102 Hz = 833 Hz ‘

and wavelength in air

Asound = 0.420 m = 42.0 cm \

The sound propagates outward through the air from
the vibrating string; no unique propagation direction
is specified by the question. These results apply for
a uniform string vibrating in the fundamental mode
and for stationary, approximately nondispersive air
with negligible end corrections and losses. The phys-
ical inference is that coupling to air preserves the fre-
quency, while the higher wave speed in air produces
a correspondingly larger wavelength.

IFoS - 2025 - 15 MARKS

Q4. A particle of mass m is suspended
from a spring which has mass m and force
constant k. Show that the oscillation fre-
quency is given by v = gwo, where w, is
frequency of oscillation when spring is con-
sidered massless.

INTRODUCTION:

The required quantity is the angular frequency of
small vertical oscillations when the inertia of the
spring is included. Let the suspended particle have
mass M, let the uniform spring have mass mg, natu-
ral or equilibrium-coordinate length L, and force con-
stant k. At the end we shall use the data

M=m;=m.

Let y, measured vertically downward from the fixed
end, label a point of the spring, so that 0 < y < L. Let
x(t) be the small downward displacement of the lower
end, and hence of the suspended particle, from the
static equilibrium position. Measuring displacement
from static equilibrium removes all terms linear in x
arising from gravity; gravity changes the equilibrium
extension but not the small-oscillation frequency.

For the standard effective-mass treatment of a uni-
form spring, the incremental longitudinal extension

7/22


https://abhi-physics.com

Waves and Optics

UPSC PHYSICS OPTIONAL

is assumed to be distributed uniformly. Since the up-
per end is fixed and the lower end moves through x(t),
the displacement field is
uy.n) = 2x0.  wOD =0  uL.t)=x0).

Thus different parts of the massive spring have dif-
ferent velocities and the entire spring mass cannot be
added directly to M. The governing principle is con-
servation of mechanical energy, or equivalently La-
grange’s equation, with both the particle’s kinetic en-
ergy and the distributed kinetic energy of the spring
included.

SOLUTION:

The geometry and sign convention are shown below.
The coordinate y and the displacement x are both pos-
itive vertically downward.

0 L L L L L

M

Since the spring is uniform, its linear mass density is

1=
=,

An element of length dy therefore has mass

dm = Ady = %dy.

From the assumed displacement field,

u(y,t) = %xm,

the velocity of this element is

du _ Y.
v(y,t) = i Zx(t).

The element at the fixed end has zero velocity, while
the element at the lower end has velocity x, as re-
quired by the boundary conditions.

The kinetic energy of the spring is consequently

1Lt
Ts:—I v dm.
2 Jo

8/22

Substituting v = (y/L)x and dm = (my/L)dy,

L 2
2)o\L7/ L
2 L

mgX 9
= — d
213 Jo vy

L
_ mx? [y3]
= —|=
213 | 3 |,
msx2L3 1(ms).2
— === x°.
213 3 2\3
Thus, for this mode of motion, the spring contributes
the effective inertial mass

my
Meff,spring = 3

The kinetic energy of the suspended particle is
1, .9
Ty = =Mx“.
M= 5 MX

Hence the total kinetic energy is

m

T=TM+TS=%(M+?>)€2.

The elastic potential energy can also be obtained di-
rectly from the distributed deformation. A spring seg-
ment of equilibrium length dy has force constant

because the force constant of a uniform spring is in-
versely proportional to its length. Its incremental ex-
tension is

u X
du=—dy==dy.
u ay y=14%4
Therefore its elastic energy is
1 1(, L\ (x,\*_ 1kx*
4V = “ky@w? = 2 (k=) (Zdy) =25 dy.
2y(u) Z(dy)Ly 21
Integrating over the spring gives
L 5 (L
V:J av = 1'&] dy = 1kx?.
0 2 L Jo 2

The Lagrangian is therefore
=2 (M 22) it - e,
2 3 2

Lagrange’s equation,

4(22) o2 _,

dt \ ox ax
gives

<M+ %)x#kx: 0.
Comparing this with the simple-harmonic equation

5c'+a)2x:0,
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we obtain the general result

2 k

0= ———,
M +mg/3

o= |—Kk
M +mg/3

M =m; =m,

In the present problem,

and hence

When the spring is considered massless, m; = 0, so
the angular frequency is

Consequently,

The dimensional check is

GEECSE T
m kg kg ’

s0 w has dimension s~}

rads™1.

, conventionally expressed in

As a limiting check, the general expression satisfies

. k { k
lim | ——=.|—,
m—0\ M + my/3 M

which is exactly the massless-spring result. Also,

© V3 gge6 <1,

wo 2

which is physically plausible: the moving spring adds
inertia without increasing the force constant, and
therefore lowers the frequency. During the oscilla-
tion the energy

m,
E= l(M+—S)J'c2+lkx2
2 3 2

is conserved.

CONCLUSION:

Sample Preview - Complete files can be purchased from abhi-physics.com

For small vertical oscillations of a uniform linear
spring, with the upper end fixed and the incremen-
tal displacement varying as u(y,t) = yx(t)/L, the
spring’s distributed mass m; contributes an effective
oscillating mass m/3. Therefore

k
w= [——.
M +mg/3

For a suspended particle and spring each of mass m,

3k 3 /k
w = —2—0)0, 0)0: i
4m 2 m

The motion is simple harmonic in the vertical direc-
tion about the static equilibrium position, and w is
measured in rad s™!. The result is valid for small lon-
gitudinal oscillations of a uniform Hookean spring un-
der the linear displacement-profile approximation. It
shows that the inertia of the spring reduces the angu-
lar frequency to approximately 86.6% of its massless-
spring value.

CSE + 2024 - 15 MARKS

Q5. A weakly damped harmonic oscilla-
tor consisting of spring-mass system has the
following parameters : Mass m = 0.25 kg,
Spring constant k = 100 Nm ', Damping
coefficient y = 1Nsm~' A periodic force
F = 5coswt (newton) is applied to the sys-
tem. Determine (i) the amplitude of the os-
cillator at resonance and (ii) the Q-value of
the oscillator.

INTRODUCTION:

The required quantities are the maximum steady-state
displacement amplitude under harmonic forcing and
the quality factor of the oscillator. Let x(¢) denote dis-
placement along the spring axis, with positive x cho-
sen in the direction of the applied force at ¢t = 0. The
equation of motion is
mx + yx + kx = Fy cos wt, Fy=5N.

Here the damping force is —yx, so that it always op-
poses the velocity.

Define the undamped natural angular frequency and
the damping parameter by

k
wy = -,

_r
m ﬁ_Zm'

The weak-damping assumption requires

fKwy <<= y<K2Vymk.

9/22
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The steady-state displacement is written as
x(t) = A(w) cos(wt — 5),

where A(w) is the non-negative amplitude and § is the
displacement lag relative to the applied force. Tran-
sient motion is omitted because it decays as et

SOLUTION:

The physical arrangement and the adopted positive
direction are represented schematically below.

k F
>

—_— +x
Substitution of
x(t) = Acos(wt —6)

into the equation of motion, or equivalently use of
complex amplitudes, gives

(k —mo? +iyw) X = F.
Therefore,
Fo
\/(k _ mw2)2 " Y2w2’

and the phase lag satisfies

Alw) =[x =

yw

tand = 5

— mw

1. For displacement resonance, A(w) is maxi-
mized. Since F is fixed, it is sufficient to mini-

mize ,
D(w) = (k - mwz) +y2w?
Differentiating,
ZS =2(k- mwz)( 2mw) + 2y°w.

For the non-zero resonant frequency,

—4m (k - mwr) +2y2 =0,

so that )
k—mewf = y—
2m
Hence
2
2_k Vv 2 2
== - = 2
r m zmz 0 ﬂ

For the given data,

o= JRON™ 10052 = 200 rad s,

025k

10/22

and

1Nsm™* 1
= ——— =200
T s

Thus
o, =(20.0)% — 2(2.00)% rad s ' = V392 rad s ' = 19.8 rad s~ ..

At this frequency,

2 —1\2

1N _

komap = o 2 ONsm S N m
2m 2(0.25 kg)

Therefore,
Fy

2
\/(k - mw?)” +y2wf
5N

\/(2.00 Nm )2+ (1Nsm 1)2(19.8 s71)2
B 5N

J4.00+392Nm!
-2 .

19.9
=0.251 m.

Equivalently, using the resonance condition,
Fo £y

s — B? ) YN ©§ — v2/(am?)

Under the weak-damping approximation % «
2
Wy ,

A=

K
A~ 0 SN = 0.250 m.

Yoo  (1Nsm 1)(20.0s1)
Thus the exact displacement-resonance result
and the usual weak-damping result agree to
within about 0.5%.

The dimensional check is

[ywol = (N s m_l) (s')=N m !

and hence
[ Fy ] N
= ) =m,
Yo Nm

as required for a displacement amplitude.

A useful physical check is the limit y — 0:
the resonant amplitude varies as 1/y and there-
fore becomes unbounded in the ideal undamped
steady-state model. This is the expected reso-
nance behaviour. At the actual displacement-
resonance frequency,

Yo  2moy,

tan, = —— =
"oy?/em) v

sO
5, =84.2°.

The displacement therefore lags the force by

nearly 90°, as expected for weak damping near

resonance.
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2. The quality factor of a weakly damped oscilla-
tor is

energy stored _wy _ mawy  mk

energy lost per cycle ~ 28~y Y
Substitution gives

~ (0.25kg)(20.0571)
N INsm !
_5.00kgs !

g kgs

=5.00.

Thus Q is dimensionless.

The same result follows from the fractional en-
ergy loss. For weak damping, the mechanical
energy decays as

E(t) < e 2,

During one approximately natural period T, =
27t [ wy, the small fractional energy loss is

4
AE o _ 78
E ()
Consequently,
E o)
=2r— = — =5.00,
Q=213 = 38

which confirms the result.

The weak-damping condition is also numeri-
cally consistent:

£ 200 _ 0.100
wp 200

r _ ! =0.100.
2mk  2./(0.25)(100)

Moreover, a),z = a)g — 2,32 > 0, so a non-zero

displacement-resonance peak exists.
CONCLUSION:

For the convention
mx + yx + kx = 5cos wt,

the displacement-resonance frequency is

w, =19.8rads ||

The corresponding steady-state amplitude along the

spring axis is
A, =0251m|

or, within the standard weak-damping approxima-
tion,

K
A, = —=0250m]|
Yo

Sample Preview - Complete files can be purchased from abhi-physics.com

The displacement lags the driving force by approxi-

mately
=w7]

which is close to the expected 90° lag at weakly
damped resonance.

The oscillator quality factor is

=5.00,

3

&
<[5

=

which is dimensionless. These results apply to the lin-
ear steady-state motion with viscous damping, after
the transient has decayed. The value Q = 5 indicates
a moderately sharp resonance, while the conditions
B/wy = 0.10 and w? > 0 confirm that the assumed
weakly damped resonance is physically admissible.

IFoS - 2024 - 15 MARKS

Q6. Consider a damped harmonic oscilla-
tor given by the equation ¥ + 2ux + wix = 0.
Obtain the displacements for (i) overdamped,
(ii) underdamped and, (iii) critically damped
motion.

INTRODUCTION:

The required displacement is obtained by solving the
homogeneous, linear equation of motion

¥+ 2p% + wix = 0.

Here x(t) is the signed displacement from the stable
equilibrium position, measured along a fixed x-axis;
x > 0 and x < 0 denote the two opposite directions
along this axis. The motion is described in an inertial
frame. The parameter w, > 0 is the natural angular
frequency of the corresponding undamped oscillator,
while y > 0 is the damping constant per unit mass.
Thus

[u] =[] =T7".

The equation assumes linear restoring force, viscous
damping proportional to velocity, constant coeffi-
cients, and the absence of an external driving force.

For a mechanical oscillator of mass m, spring constant
k, and viscous coefficient b,
g=E =l
m m
so the three regimes are distinguished by comparing
the damping rate p with the natural frequency wy. For
completeness, let

x(0) = xp, x(0) = v,
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where x; and v, are arbitrary initial displacement and
velocity. The general solutions and their correspond-
ing initial-value forms will both be obtained.

SOLUTION:

Since the coefficients are constant, take the trial dis-
placement
x(t) = €.

Then
¥ = A%,

x = e,
Substitution into the equation of motion gives
(2 +2p) + }) M=o
Because e # 0, the characteristic equation is
A2+ 2pd + 0§ =0,
whose roots are

Mo = —pEp? = of.

The nature of these roots determines the form of the
displacement.

(i) For overdamped motion, p > wy.

Define
a =\ —wi>0.

The two characteristic roots are real and dis-
tinct:
M=—p+a, Ay =—p—a.

Since wy > 0,

a=A\p?-wf <p,

and therefore both roots are negative:
A1 <0, Ay < 0.

Hence the general displacement is

x(t) = CyelHO! 4 C,el—Hat

a=\p? - .

Equivalently,

x(t) = e H (Cle‘” + Cze’”‘t) =e M (Acoshat + Bsinhat).

To express the constants in terms of x, and vy,
use
x(0) = A = x;.

Differentiating,

% =e M [—u(Acoshat + Bsinhat) + a (Asinhat + Beoshat)].

12/22

le Preview - C

Att =0,
vy = —pA + aB.
Thus N
W X
B= o T H o’
o

and the initial-value form is

T
x(t) = e M | x, cosh(at) + D% sinh(at)] ,
a

a=\p?—wf.

No sinusoidal factor occurs, so there is no sus-
tained oscillation. Depending on the initial con-
ditions, the oscillator can approach equilibrium
from one side or cross the equilibrium at most
once before approaching it asymptotically. At
sufficiently large ¢, the more slowly decaying
mode dominates:

x(t) ~ Cle_(”_“)t.

In the strong-damping limit p > «y,

SO

Consequently, the slow part of the displace-
ment behaves as

g
x(t) ~ Crexp|——t],
2u

showing that very large damping can make the
final return to equilibrium slow.

For underdamped motion, 0 < p1 < wy.

Define the damped angular frequency

wg = Jw§ — % > 0.
K = 0 = iog,

and the characteristic roots are the complex
conjugate pair

Then

/11)2 =—u + i(/)d.

The corresponding real general displacement is

x(t) = e M (Cy cos wgt + Cy sinwyt),

It may also be written as

x(t) = Age M cos(wgt — ¢) ‘,

where A and ¢ are determined by the initial
conditions.

lete files can be purchased from abhi-physics.com
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Using x(0) = x, gives
C1 = Xp-
Differentiating,
X = e M [—p(Cy cos wgt + Cy sin wgt) — wgCy sin wgt + wyCy cos wgt] .

Att =0,
Vg = —HCy + wgCy,
and hence
a0
= o

G

Therefore,

vy + X,
x(t) = e ' | xy cos(wgt) + D% sin(wgt) | -
w4

The motion is oscillatory, but its amplitude is
bounded by an exponentially decreasing enve-
lope proportional to

e Mt

The damped period is

2 2
szw_”:—”_
4 [w? - g2

Since wy < wy, damping reduces the oscillation
frequency and increases the period:
2
T > —ﬂ:
@o
Successive extrema of the same sign, separated
by one damped period, have amplitudes in the

ratio
X+ Tl o,
[x(®)| ’
so the logarithmic decrement is
2O 2
x(t + T ©q

The undamped limit supplies an immediate
check. When y — 0,

g —> Wy, e -1,
and the displacement becomes

Y .
x(t) = xp cos wyt + — sin wyt,
Wo

which is the standard displacement of an un-
damped simple harmonic oscillator.

Sample Preview - Complete files can be purchased from abhi-physics.com

(iii) For critically damped motion, y = wy.

The characteristic equation becomes
A2 + 2004 + 0 =0,

or
(/1 + 0)0)2 =0.

Thus there is a repeated root
A=—wy=—p.

For a repeated root of a second-order linear
differential equation, the two linearly indepen-
dent solutions are

e M and te M.

Hence the general displacement is

x(t) = (Cy + Cyt)e ™™ | "= .

Applying the initial conditions,
x(0) = Cy = xp.
Differentiation gives
x = [Cy — p(Cy + Cyt)] e M.
Therefore,
vy = %(0) = Cy — pCy,

SO
C2 =% + HXp.

The displacement is consequently

x(t) = [xg + (vo + pxo)t] ™M, H = wp.

This motion is non-oscillatory. Critical damp-
ing marks the boundary between oscillatory
and non-oscillatory motion and gives the
fastest non-oscillatory return to equilibrium for
the usual release conditions.

The critically damped expression can also be
checked as the continuous limit of the under-
damped solution. With fixed x; and v,

i t
x(t) = e ' | x cos(wgt) + (vy + yxo)M .

As i — wy , one has wy — 0, and

sin(wgt)

lim cos(wgt) =1, lim t.
wg—0

wg—0 Wy
Therefore,
x(t) =[x + (vo + pxo)t] e,

which is exactly the critically damped result.

13/22
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The characteristic time dependence in the three
regimes may be represented schematically as follows;
the curves correspond to representative initial condi-
tions and illustrate only the qualitative distinction be-
tween monotonic decay and decaying oscillation:

x x

X
t W >t t

A general physical check follows from the mechanical
energy

1 . 1
E=-mx%+ —ma)gxz.
2 2
Its time derivative is
dE L. 2 . s 2
— = mxX + mojxx = mx (x + (oox) .

dt

Using the equation of motion,
X+ a)gx = —2ux,

gives

dE .2
— =2mux“<0|
dt s

Thus the damping force continuously removes me-
chanical energy in all three regimes. For 1 > 0, every

solution tends to

x(t) = 0, x(t) >0 as t— o

£}

in agreement with the oscillator ultimately reaching
equilibrium.

All exponents are dimensionless because pt, at, and
wyt are dimensionless. In each initial-value formula,
the coefficients multiplying the trigonometric or hy-
perbolic functions have dimensions of displacement:

[v0+px0] _ [v0+/1x0] _1
a Wy ’

and
[(vo + pxo)t] = L.
The solutions are therefore dimensionally consistent.

CONCLUSION:

For the signed displacement x(t), with [u] = [wy] =
s~1, the three damping regimes are:

1> wy (overdamped):
x(t) = Cyel =81t 4 el =n=lP=flt,
0<pu<w (underdamped):
x(®)=eH [Cl cos(m t) +G sin( W — 42 t)] ’

U =wy (critically damped):
x(t) = (Cy + Cyt)e M,

14/22

For specified initial displacement x in metres and ini-
tial velocity v, in metres per second, these become

Vo + pixq
Xoyer(t) = e M [xo cosh(at) + DT % sinh(at)] , a=J12 - ok,

a

Vo + X
L Sin(wdf)], w1 = \of — 12,

xunder(t) = eiu[ [xo Cos(wdt) +

Xeritical () = [x0 + (o + pixo)t] et o= wy-

The underdamped oscillator crosses the equilibrium
repeatedly, alternately moving in the positive and
negative x-directions, while its amplitude decreases
as e M. The overdamped and critically damped os-
cillators return without sustained oscillation; criti-
cal damping is the limiting case separating oscilla-
tory from non-oscillatory behavior and provides the
fastest non-oscillatory return under the usual release
conditions. In every case with p > 0, the displace-
ment and velocity tend to zero and the oscillator ul-
timately comes to rest at its equilibrium position be-

cause
dE

= = omux?<o.
dt pr =

IFoS - 2024 - 8 MARKS

Q7. Calculate the group and phase veloci-
ties for the wave packet corresponding to a
relativistic particle.

INTRODUCTION:

The question requires the phase velocity of the indi-
vidual matter-wave components and the group veloc-
ity of the wave-packet envelope representing a free
relativistic particle.

Consider a one-dimensional, narrowly localized wave
packet constructed from positive-energy plane waves,

¥(x,t) = J A(k) explitkx — w(k)t}] dk,

where A(k) is sharply peaked about the central wave
number ky. We choose the +x-axis as the propagation
direction; hence ky > 0 and the particle momentum
is p > 0. The corresponding results remain valid for
signed p and k, with the signs specifying the direction
of propagation.

For each plane-wave component, the de Broglie and
Planck relations are
p = hk, E = ho.

For a free particle of rest mass m, the relativistic
energy-momentum relation is

E? = p2c? + m2ct,

le Preview - C
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where the positive-energy branch E > 0 is used. The
particle velocity in the chosen inertial frame is de-
noted by v, with

1

The phase velocity and group velocity are defined re-
spectively by

p=ymv, E = ymc?, Yy =

W _dow
Vph—z, Vg—%

ko

The identification of v, with the particle velocity as-
sumes a free particle, a sufficiently narrow distri-
bution in k, and a dispersion relation that varies

smoothly over the significant spectral width of the
packet.

SOLUTION:

Using E = how and p = hk, the relativistic dispersion
relation is
h2w? = h2k%c? + m2ct.

Thus, for positive frequency,

204

(k) = k22 + & zc )

The phase velocity of a component with wave number
k+0is

v =@ _EM_E
Tk T p/m

From the relativistic expressions for energy and mo-

mentum,

E _ymc® (2
; B ymv T
Therefore,
o E_ 2
ph p v

For a massive particle, 0 < |[v| < ¢, so

cZ

>c.
vl

|Vph| =

This superluminal phase velocity does not represent
the transport of a localized particle, energy, or infor-
mation; it describes the motion of surfaces of constant
phase of a monochromatic component.

To find the group velocity, consider two neighboring
components of the packet,

¥, = cos(kx — wt)
¥, = cos[(k + Ak)x — (w + Aw)t].

Their superposition contains a slowly varying enve-
lope whose constant-phase condition is

Ak x — Awt = constant.
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Differentiating this condition gives the envelope ve-
locity

dx _ Ao
dt Ak’
In the narrow-packet limit Ak — 0,
_do
’Vg = %
Since
E = ho, p = hk,
the chain rule gives
_d(E/h) _dE

© T Ap/n) ~ dp’

Differentiating

E = | p*c® + m2ct

with respect to p, one obtains

dE 1 -1 c?
i =3 (p%c? + m?c*) / (2pc?) = P
Hence
2
_ e
Vg = E

Using p = ymv and E = ymc?,

3 (ymv)c?

V,
—

Therefore,
Vg =V}

so the wave-packet envelope propagates with the clas-
sical relativistic velocity of the particle.

The two velocities obey

_(EN(P° _ 2
Vphvg— ; ? =cC,

— 2
VphVg =€

or

Several checks establish the consistency of these re-
sults.

The dimensions are

E] kgm? 52 B
=|=—=———=ms"},
| p kgms~!
and
21 “1\( 2 —2
pt] _Ggms Dmts )
E | kgm? s—2

so both expressions have the dimensions of velocity.
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In the non-relativistic limit p < mc,

2

E = \Jm2c* + p2c? = mc® + p_
2m

Consequently,

dE _ P
V== =v<Le,
dp m
whereas, if the full relativistic frequency including the
rest-energy term is used,
E _ mc 4 p c?

Vh=— = 4= >
PR T Toam v

Thus the envelope moves slowly with the particle,
while the carrier phase moves rapidly, as expected.

In the ultra-relativistic limit p > mc,
E = pc,

and hence

Vg =, Vph = C.

For an exactly massless particle, E = |plc, so both ve-
locities have magnitude c¢. For a massive particle at
p = 0, the group velocity is zero, while v, = w/k
is not defined at k = 0, because there is no spatially
propagating carrier phase at that point.

For signed momentum, the positive-energy relation
gives

Both velocities therefore have the sign of p, so both re-

verse direction when the momentum reverses, while

their product remains c?.

CONCLUSION:

For a free relativistic particle with

E =/ p?c? + m2c4,

the phase and group velocities are

p = hk,

and

_do _dE _pc

T ak Tdp  E

Both are measured in ms™!, and their signs give the
direction of propagation relative to the chosen +x-
axis. They satisfy

— 2
VphVg =€

16/22

For a massive particle, [v;| = [v| < ¢ while [y,p| > c.
The superluminal phase velocity does not violate rel-
ativity because it does not transport the particle, en-
ergy, or information. Under the free-particle and
narrow-wave-packet assumptions, it is the group ve-
locity that gives the physical propagation velocity
of the relativistic particle. In the massless or ultra-
relativistic limit, both velocity magnitudes approach
c.

CSE - 2023 - 10 MARKS

Q8. Using Huygens’ principle for a plane

wave travelling from rarer medium 1 to a
sini v o

denser medium 2, show that — = < = o
sinr Vo
where i and r are the angles of incidence and
refraction, respectively. v;, g, and v, yi, are
the velocities and refractive indices in media

1 and 2, respectively.

INTRODUCTION:

The required result is Snell’s law obtained from the
Huygens construction of the refracted wavefront. Ac-
cording to Huygens’ principle, every point of a wave-
front acts as a source of secondary wavelets, and the
forward envelope of these wavelets gives the subse-
quent wavefront.

Assume that both media are homogeneous, isotropic,
transparent, and stationary, and that their refractive
indices are positive. The plane interface is taken to be
y =0, with medium 1in y > 0 and medium 2in y < 0.
The wave travels from medium 1 toward decreasing
y. The angles i and r are measured from the normal
to the interface. Since medium 2 is optically denser,
Ho > s Vy <y

At the fixed frequency of the incident wave, the re-
fractive index and phase velocity are related by

where c is the speed of light in vacuum.

Let AB be an incident plane wavefront. Point A
reaches the interface first. After a time interval
7, point B reaches the interface at C. During the
same time, the secondary wavelet emitted from A in
medium 2 has radius AD. The tangent CD drawn
from C to this wavelet is the refracted wavefront.

SOLUTION:

The Huygens construction is represented schemati-
cally below.
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medium 1

A
pay

medium 2 »

The incident ray BC is normal to the incident wave-
front AB, so
AB 1 BC.

The normal to the interface is perpendicular to AC.
Hence the angle between the incident ray BC and the
interface normal is equal to the angle between AB and
AC. Therefore,

2BAC =i.

In the time interval z, point B of the incident wave-
front travels through medium 1 to C. Thus,

BC = wvr.

Since AB 1 BC, triangle ABC is right-angled at B.
Therefore,

.. . BC T
sini = sin£BAC = — = L.
AC AC
Equivalently,
T
AC = - (1)
sin i

During precisely the same interval 7, the secondary
wavelet originating at A travels through medium 2.
Its radius is consequently

AD = WT.

The line CD is tangent to this secondary wavelet at D.
A radius drawn to the point of tangency is perpendic-
ular to the tangent, so

AD 1 CD.

Thus triangle ACD is right-angled at D.

The refracted rays are normal to the refracted wave-
front CD. Since the interface normal is perpendicular
to AC, the angle between the refracted ray and the in-
terface normal equals the angle between the refracted
wavefront CD and the interface AC. Hence,

2ZACD =r.

Sample Preview - Complete files can be purchased from abhi-physics.com

It follows from right triangle ACD that

. . AD Wwr
sinr = sin £ZACD = 22 = 2,
AC AC
Equivalently,
WT
AC = 2. )
sinr

Equating the two expressions for the common dis-
tance AC from Egs. (1) and (2),
VT WT

sini sinr’

Since 7 # 0,
vy sinr = v sini,
and hence
sini v 3)
sinr vy |
Using
c c
vi=—, Vo = —,
H H2
the velocity ratio becomes
vi_¢/i_
Voo ¢/ m

Substitution in Eq. (3) gives

sini Vi _ 2

sint v, gy |

All three ratios are dimensionless: sini and sinr are
dimensionless, v; /v is a ratio of velocities, and 5 /1
is a ratio of refractive indices.

As a consistency check, if the two media become op-
tically identical, then
sinr = sini.

=Kk = Ww=vi =

For 0 < i,r < m/2, this gives r = i, so there is no
bending, as expected. At normal incidence, the limit-
ing form gives i = r = 0, and the ray continues along
the normal.

For the stated passage from a rarer to a denser
medium,

o>l = B
1
Therefore,
sini . ..
—>1 = sinr <sini
sinr

Since the relevant angles are acute,
r<i.

Thus the refracted ray bends toward the normal on
entering the denser medium.

CONCLUSION:
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Huygens’ construction gives, for the same propaga-
tion time 7,

BC =1, AD = wr,

and the two right triangles sharing the distance AC
give

.._uT . V2T
sini = —,
AC

Consequently,

sini Vi H

sinr vy oy |

This result is valid for homogeneous, isotropic media
with positive refractive indices and with v; = ¢/p; at
the common wave frequency. Because medium 2 is
denser, v, < v; and py > py, so r < i: the transmitted
ray bends toward the normal.

CSE + 2023 + 20 MARKS

Q9. Write equation for damped harmonic
oscillations and obtain expression for loga-
rithmic decrement. In a damped harmonic
motion, the first amplitude is 10 cm, which
reduces to 2 cm after 50 oscillations, each of
period 4 seconds. Determine the logarithmic
decrement. Also, calculate the number of os-
cillations in which the amplitude decreases
to 25%.

INTRODUCTION:

The problem requires the equation of a freely damped
harmonic oscillator, the derivation of its logarithmic
decrement, and the use of the observed decay of am-
plitude to determine both the decrement and the num-
ber of oscillations required for a specified reduction.

Let x(¢) be the displacement, measured from the equi-
librium position along the positive x-axis. For viscous
damping, the restoring force and damping force are
taken as

Fy = —cx,

where m is the mass, k is the force constant, and c is
the viscous damping coefficient. The damping force
is opposite to the instantaneous velocity. No external
periodic force is present.

The motion is assumed to be underdamped,
¢ < amk,

so that the body continues to oscillate while its ampli-
tude decreases exponentially. Define

k c
wy = -, = z 2
m 2m

18/22

where «, is the undamped natural angular fre-
quency, y is the amplitude-decay constant, and wy is
the damped angular frequency. The corresponding
damped period is

21

T, =2
w4

The logarithmic decrement § is defined as the natural
logarithm of the ratio of two successive amplitudes
measured on the same side of the equilibrium posi-
tion.

SOLUTION:
1. From Newton’s second law,
mix = F, + Fg = —kx — cx.

Hence the differential equation for free damped
harmonic oscillations is

mx+cx+kx=0]|

On division by m,
3'c'+2y5c+a)§x:0.
To solve it, take a trial solution
x =e%.
Substitution gives the auxiliary equation
32+2ys+wg =0,
whose roots are

s:—y:t\/yz—wg.

For underdamped motion, y < wy, so that

s=—y+iJwi —y? = —y +iwg.

Therefore,
x(t) = eV (Cy cos wgt + Cy sinwgt) .

Equivalently,

x(t) = Age " cos (wgt + @) |,

where Aj and ¢ are fixed by the initial condi-
tions. Thus the slowly varying amplitude, or
envelope, is

A(t) = Aoe_yt.

Consider amplitudes A, and A,,; of two suc-
cessive maxima on the same side of equilibrium.
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These maxima are separated by one damped pe-
riod Ty. If the first maximum occurs at time t,
then

Ar = Aoe_yt,

and
Ay = Age VT,

Their ratio is therefore

Ar . Aoe _ ede.

A1 Age V(1)

By definition, the logarithmic decrement is

A
5=ln< 4 )
Ar+1

F=rm}

Using y = ¢/(2m) and Ty = 27/ wy,

Consequently,

_ CTd _ 271')/ _ Jc

2m o m, /wg —c2/(4m?)

More generally, if the amplitudes A, and A, ,
are separated by n complete oscillations, then

Apin = AeMa = A e,

Thus
Ar né

=e s
Arin

A
5:11n( r )
n Arin

The logarithmic decrement is dimensionless,
since it is the logarithm of a ratio of two am-
plitudes. This is also consistent with

and hence

[yTql =s"'s = 1.

2. In the given motion,
Ay =10 cm, Asq =2cm, n = 50.

The two amplitudes are separated by 50 com-
plete oscillations. Therefore,

6= in(om).
50 2cm

The units cancel within the logarithm:

5=-1Ins.
50
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Using
In5 = 1.6094379,
one obtains

_ 1.6094379
50

§=322x10"2

1 = 0.0321888.

Hence,

per oscillation.
Since the period is
Tg=4s,
the decay constant may also be checked from

6 _ 0.0321888

y=—2 = =8.0472x 1073 s71,
T4 4s

Thus the amplitude as a function of time is pro-
portional to

Alt) = Aoe—(s.onlo*3 st
As a numerical consistency check, the elapsed
time in 50 oscillations is
t=50(4s) = 200 s.
Therefore,

A(Z/;)O s) Z eVt = (~(8.0472x1073571)(2005) _ ,—1.60944 _ 900
0

Hence

A(200 s) = (10 ¢m)(0.200) = 2.00 cm,

which reproduces the stated amplitude and ver-
ifies the calculation.

. Let N be the number of oscillations required for

the amplitude to become 25% of its initial value.
Then
Ay = 0.25A,.

Using
Ay = Age N9,

gives
0.25A9 = Age N,

After cancelling A,
0.25 = e N?,
Taking natural logarithms,
In(0.25) = —N&.

Since
—1n(0.25) = In4,

the required number is

In4
N=22
1)
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Substituting 6 = In5/50,

_ In4 :501n4
In5/50 In5

Numerically,

_50(1.3862944)
©1.6094379

43.06.

Thus, if a fractional number of periods is per-
mitted,

‘ N = 43.1 oscillations ‘

The corresponding time is

t = NTy = (43.06)(4 s) = 172.2 s.

If the answer is required in complete oscilla-
tions, the amplitude after 43 oscillations is

A
43 o438 — ,—43(0.0321888) . 0.2506,
Ag
which is still slightly greater than 25%. After 44

oscillations,

A
f = o440 _ ,—44(0.0321888) _ ( 9497,
0

which is below 25%. Hence the amplitude first
becomes no more than 25% after

44 complete oscillations |

As alimiting check, when ¢ — 0, onehasy — 0,
)
§=yTg—0

and A(t) — Aj. Thus the amplitude becomes
constant in the absence of damping, as required
by conservation of mechanical energy.

CONCLUSION:

For a freely oscillating mass subject to a linear viscous
damping force opposite to its velocity,

mi+cx+kx=0|

In the underdamped regime c?

ment and amplitude are

< 4mk, its displace-

x(t) = Aoefct/ @m) cos (wgt + ¢)

A(t) = Ageet/Cm)

where

20/22

The logarithmic decrement is the dimensionless quan-

tity
o( )]
Ari 2m @d

or, for amplitudes separated by n oscillations,

A
5:1m( ’).
n Ar+n

For the stated motion,

= 1%5 = 0.0322 per oscillation |,

with the equivalent decay constant

‘y ~8.05%x 1073571 \

The amplitude falls to exactly 25% of its initial value
after

‘ N = 43.1 oscillations ‘

or approximately

[=1725)

When only complete oscillations are counted, it first
becomes no more than 25% after

’ 44 complete oscillations ‘

The decreasing positive envelope represents dissipa-
tion of mechanical energy by a damping force di-
rected opposite to the velocity; the result is valid for
linear viscous damping and underdamped free mo-
tion.

IFoS - 2023 - 10 MARKS

Q10. Find an expression for the average en-
ergy of a forced oscillator in the steady-state
motion.

INTRODUCTION:

Consider a one-dimensional damped harmonic oscil-
lator of mass m, natural angular frequency w,, and lin-
ear damping constant b, driven by a sinusoidal force

F(t) = Fy cos wt.
Its equation of motion is
mi + bx + mwix = Fy cos wt.

It is convenient to define

28=2,
m
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so that
.. . 2 F 0
X+ 2% + wjx = — coswt.
m
Here w is the driving angular frequency and f is the
damping rate. The displacement x is measured from

the equilibrium position, with positive x chosen along
the positive direction of the applied force.

After the transient motion has decayed, the oscillator
executes steady-state motion at the driving frequency.
The required average energy is the time average, over
one driving period T = 27/, of the instantaneous
mechanical energy

E@®) = %mxz + %mw@xz.

Because damping continually dissipates energy, E(t)
is not constant; the applied force supplies, on aver-
age, exactly the energy dissipated during steady-state
motion.

SOLUTION:

The steady-state displacement may be written as
x(t) = Acos(wt — 6),

where A is the displacement amplitude and § is the
phase lag relative to the applied force. Differentiat-
ing,

x(t) = —Awssin(wt — §)

#(t) = —Aw? cos(wt — J).

To obtain A, it is useful to represent the steady-state
motion by

x(t) = acos wt + ¢ sin wt.

Then
X = —aw sin wt + cw cos wt,

and

. 2

# = —aw? cos wt — cw?

sin wt.
Substitution into the equation of motion gives
[(a)g —wa+ Zﬁmc] coswt + [(wg — e — Zﬁma] sinowt = B cos wt.
m

Equating the coefficients of cos wt and sin wt,
F
(0§ — 0¥)a + 2Pwc = =2
m

(0 — @) — 2Pwa = 0.

Squaring and adding the corresponding amplitude re-
lations yields

2

[(wg —?)? + 4,32@2] @+ = (%) .

Sample Preview - Complete files can be purchased from abhi-physics.com

Since A% = a® + c2,
Fy/m
\/(wg —w?)? + 4,52&)2.
Equivalently, in terms of b = 2mp,
Fo

\/mz(a)g — w?)? 4+ blw?

A=

A

The phase lag is determined by
2pw

wf — w?

tand =

with the quadrant selected so that 0 < § < x for posi-
tive damping.

The instantaneous kinetic energy is
K@) = Jmat = EmA w* sin”(wt — §),
while the instantaneous elastic potential energy is
U@t) = %mngz = %mngz cos®(wt — 8).

The average of a quantity Q(¢) over one driving period
is

L (o7

Q)= —J Q(r)dr.

T )y,

Since
<sin2(wt - 5)> = (cosz(wt - 5)) = %,
the average kinetic and potential energies are
(K) = imAzwz,

and .
U) = ‘—lmAzwg .

Therefore, the average total mechanical energy is
(B = (K) +(U) = 7mA%@* + o)

Substituting the steady-state amplitude,

F_O2 w? +w§

(E) =

4m (0} — w?)? + 4p20? |

In terms of the damping constant b, the same result is

Fim(o? + w?)

4 [mz(a)g —w?)? + bzwz] [

(E) =

The result passes the dimensional check. Since
[A] = m, [m(w? + w3)A?] = kgs?m? =],

the expression has the dimensions of energy.
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Several physical limits provide useful checks. In the
quasistatic limit w0 — 0,

F,
A— — (Ky — 0,

2

W

and hence
i
(E)y — >
4muw;

This is the time-averaged elastic energy associated
with the slowly varying displacement
F
x(t) = —2 coswt.

2
meg

At w = w,
Fy Fy

C2mPuwy by
and the mean kinetic and potential energies become
equal:

(K) = (U).
Consequently,
K mE
Elomen = e = 22

This finite resonant value requires nonzero damping.
In the idealized limit § — 0 at w = @, the assumed
bounded steady-state motion ceases to exist, and the
above steady-state energy diverges, consistently indi-
cating resonant growth.

As a steady-state energy-balance check, the average
rate of dissipation is

<Pdiss> = b<x2> = %bAzwz.
The average power delivered by the force is
(Pw) = (FOF(0) = 3 FyAwsin.

Using
Fysiné = bAw,

22/22

one obtains
(Pin) = (Piss) -
as required for a periodic steady state.
CONCLUSION:
For a linearly damped oscillator driven by F, cos wt,
the steady-state displacement is

x(t) = Acos(wt — §),

where
FO / m

2w
g — w?
2p=2.
m
Its average kinetic energy, potential energy, and total
mechanical energy are, respectively,

tand =

(K) = imAzwz !

U) = LllmAzwg ,

and

2 2

(0 — 0?)? + 4f2w? '

1 Fy
E) = ~mA%(o® + 0f) = —
(E) = [mA™@" +wp) =

The energy is measured in joules and is nonnegative.
The result applies after all transient motion has de-
cayed, for sinusoidal forcing and linear viscous damp-
ing. At w = wy, the mean kinetic and potential en-
ergies are equal, while nonzero damping keeps the
steady-state energy finite. The oscillator does not
conserve mechanical energy instantaneously; instead,
in steady state, the average power supplied by the
driving force equals the average power dissipated by
damping.
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