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1 What are the limitations of the first law of thermodynamics? One mole of a gas, 10
assumed to be perfect, at 0 °C is heated at constant pressure till its volume is
twice its initial value. Calculate the amount of heat absorbed. Given,
C,=20- 97-mol 'K 'andR=8-3]-mol ' -K".

2 Two solids A and B have Debye temperatures 200 K and 300 K respectively. At 10
T = 20 K, compare their specific heats.

3 Calculate the pressure at which water will boil at 150 °C, given that the change 15
in specific volume when 1 gram of water is converted into steam is 1676 cm®.
Given, latent heat of vaporization for steam = 540 cal per gram,
J =4-2x10 ergs/cal and one atmospheric pressure = 10° dynes/cmz.

4 Why does the specific heat of solids depend on material at low temperatures but 5
become independent of material at high temperatures?

5 A reversible heat engine operates with three reservoirs at 300 K, 400 K and 10
1200 K. It absorbs 1200 kJ energy as heat from the reservoir at 1200 K and
delivers 400 kJ work. Determine the heat interactions with the other two
reservoirs.

6 A ternary system consists of three components (A, B and C) in equilibrium with 15
two phases. Determine the number of degrees of freedom using the Gibb’s phase
rule and discuss the effect of pressure and temperature variations on the phase
equilibrium.

7 Discuss briefly the considerations which led Van der Waals to modify the gas 15
equation. What are the critical constants of a gas ? Calculate the values of these
constants in terms of the constants of the Van der Waals equation.

8 Explain why, at equilibrium, the chemical potential of a component must be the 15
same in all coexisting phases. Derive the equilibrium condition for a binary
liquid-vapour system in terms of chemical potential.

9 For silver, the specific heat at constant pressure in the range of 50 K to 100 K is 8
given by : C, = 0-076 T — 0 - 00026 T® —0- 15 cal mol 'deg ' If 2 moles of silver
are heated from 50 K to 100 K, calculate the change in entropy.

10  One gram of water (1 cm®) becomes 1671 cm® of steam when boiled at constant 10
pressure of 1 atm (1 - 013 x 10° Pa). The heat of vapourisation at this pressure is
L = 2-256 x 10° J/kg. Calculate : (i) The work done by the water when it
vapourizes, and; (ii) Increase in its internal energy.
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Q1. What are the limitations of the first law
of thermodynamics? One mole of a gas, as-
sumed to be perfect, at 0 °C is heated at con-
stant pressure till its volume is twice its ini-
tial value. Calculate the amount of heat ab-

sorbed. Given,C, =20-9]- mol ' - K ! and
1

R=8-3]-mol  -K"

INTRODUCTION:

The first law of thermodynamics is the principle of
conservation of energy applied to a thermodynamic
system. With heat supplied to the gas taken as posi-
tive and work done by the gas taken as positive, it is
written as

AU =Q-W, or Q=AU+W.

It relates heat, work and the change in internal en-
ergy, but by itself does not specify whether a process
can occur spontaneously or in which direction it will
proceed.

For the calculation, the gas is assumed to remain ideal
and in quasistatic equilibrium while being heated at
constant pressure. Let T1, V] and T, V, denote its ini-
tial and final temperatures and volumes. The given
middle dots in the numerical data are interpreted as
decimal points:

C, = 20.9 Jmol K1, R=283]Jmol 'K L

The initial absolute temperature is
T, = 273.15K,

and the final volume satisfies V, = 2V;.
SOLUTION:
The limitations of the first law are as follows:

1. It gives only an energy balance; it does not in-
dicate the natural direction of a process. For ex-
ample, it does not explain why heat flows spon-
taneously from a hotter body to a colder body
and not conversely.

2. Tt provides no criterion for spontaneity or ther-
modynamic equilibrium. Processes having the
same energy balance may differ in whether
they can actually occur.

3. It does not distinguish between reversible and
irreversible processes and gives no measure of
the degradation or quality of energy.

4. Tt places no restriction, by itself, on the con-
version of heat into work. Although it forbids
a perpetual-motion machine of the first kind,
which would create energy, it cannot rule out a

Sample Preview - Complete files can be purchased from abhi-physics.com

hypothetical cyclic engine that converts all the
heat received from a single reservoir into work.
That restriction follows from the second law.

5. It does not determine the maximum possible ef-
ficiency of a heat engine or the coefficient of
performance of a refrigerator.

6. It does not introduce entropy and hence cannot
account for entropy production in irreversible
processes.

7. It gives no information about the rate at which
a permitted process occurs.

For the numerical part, the ideal-gas equation is
PV = nRT.

Since P and n remain constant,
Vo, T
Vi Ty
Using V, = 2V,

T,
T =2 T,=2T =2(27315K) = 54630K.
1
Therefore,

AT =T, —T; = 546.30 — 273.15 = 273.15 K.

For one mole of an ideal gas,
AU = nC,AT.
The work done during constant-pressure expansion is
W = P(V, — V).
Using PV = nRT at the initial and final states,
P(Vy —Vy) = nR(T, — Ty) = nRAT.

Hence, from the first law,

Q=AU +W =nC,AT + nRAT = n(C, + R)AT.
Thus the constant-pressure molar heat capacity is

c

5 =Cy+R=209+83=29.2]Jmol 'K

The heat absorbed is therefore
Q = nC,AT
= (1.00 mol)(29.2 Jmol'K~1)(273.15 K)

=7975.98 ]
~7.98x10%]J.

For physical consistency, both AU = nC,AT and W =
nRAT are positive because the gas is heated and ex-
pands. Consequently Q = AU + W > 0, as required
for heat absorbed by the gas.
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CONCLUSION:

The first law expresses conservation of energy but
does not determine the direction or spontaneity of
a process, distinguish reversible from irreversible
change, introduce entropy, set the maximum effi-
ciency of heat engines, rule out complete cyclic con-
version of heat from a single reservoir into work, or
predict process rates.

At constant pressure, doubling the volume of the ideal

gas doubles its absolute temperature. Thus

T, = 54630 K
AT =273.15K

Cp=29.2Jmol 'K~

Therefore, the amount of heat absorbed by one mole
of the gas is

Q0=798x10%]=7.98K]|

CSE - 2026 - 10 MARKS

Q2. Two solids A and B have Debye tem-
peratures 200 K and 300 K respectively. At
T = 20 K, compare their specific heats.

INTRODUCTION:

The temperature is much smaller than either Debye
temperature:
T 20 T 20

= 2 =0.10, —— = == =0.0667.
©pa 200 ©pp 300

Hence the low-temperature Debye T3 law is applica-
ble. The comparison is understood to be between the
molar lattice specific heats of the two solids, with the
same number of vibrational degrees of freedom per
mole. Their electronic contributions, if any, are ne-

glected.
SOLUTION:

For a three-dimensional Debye solid at T < ©p, the
molar heat capacity at constant volume is

_ 127t

3
R(l> .
5 \@p

oy = 2%

At the same temperature, all factors except the Debye
temperature cancel in the ratio:

3
Cva _ (T/6pa) (®D,B )3
Cv.p (T/ ®D,B)3

Op.a
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Substituting the given Debye temperatures,

2

G 3 3
VA _ (300 K) _ (3) _ 27 _ 3.375,
Cvp 200 K 8

Numerically, using

4
IZT”R ~ 1.944 x 103 Jmol 'K,

one obtains

3
Cy.a = 1.944 x 10° (%) = 1.944 Jmol 'K,

and

3
Cy g = 1.944 x 103 (2) =0.576 Jmol 'K 1.
’ 300
Thus the solid with the lower Debye temperature has
the larger low-temperature lattice heat capacity, be-
cause a larger fraction of its phonon modes is ther-
mally excited.

CONCLUSION:

At 20 K, within the low-temperature Debye approxi-
mation,

‘CV,A : CV,B:27 : 8‘

or

‘CV,A =3375Cy ‘

The corresponding molar lattice heat capacities are
approximately

Cya=194Jmol 'K,  Cyp=0576mol 'K L.

Therefore, solid A has about 3.4 times the specific heat
of solid B at the stated temperature, provided lattice
vibrations dominate and T < ©p.

CSE - 2026 - 15 MARKS

Q3. Calculate the pressure at which wa-
ter will boil at 150 °C, given that the change
in specific volume when 1 gram of water is
converted into steam is 1676 cm®. Given,
latent heat of vaporization for steam =
540 cal per gram, J = 4 -2 x 107 ergs/cal and
. 6 2
one atmospheric pressure = 10° dynes/cm".

INTRODUCTION:

The required quantity is the absolute pressure p, at
which liquid water and steam coexist in equilibrium
at

T, = 150°C = 423K.

At the normal boiling point,

2

T, = 100°C = 373K, p; = 1latm = 10° dyncm™2.
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For liquid-vapour equilibrium, the variation of satu-
ration pressure with temperature is governed by the
Clapeyron equation

dp _ L
dT ~ TAV

where L is the latent heat of vaporization per unit
mass and

AV = Vgteam — Vivater-

The sign convention is

Av >0, Ap = py — py.

Thus dp/dT > 0, as expected for vaporization.

Because only one value each of L and Av is sup-
plied, both are assumed constant over the interval
373-423 K. The phases are assumed to remain in ther-
modynamic equilibrium along the saturation curve.

SOLUTION:

The latent heat in cgs mechanical units is

er
L =580 425107 8 2268 x 100 erg .
g cal

The given specific-volume change is

Av =1676 cm3 g1,
With L and Av constant, the Clapeyron equation must
be integrated while retaining its 1/T dependence:

_Lar

p Av T’
Integrating between the normal boiling point (p;, T;)
and the required state (p,, Ty),

JPz L JTZ dT
dp=— —,
s Av T, T

and hence

Now,

2.268 x 1010 erg g ™!
L_ B8 _ 13s532x107 ergcm™>.
Av 1676 cm3 g1

Since
lerg = 1dyne cm,

it follows that

lergem™ = 1dynecm™2,

SO

L 13532107 dyncm 2.
Av

Sample Preview - Complete files can be purchased from abhi-physics.com

Therefore,
423
— p; = 13532 x 107 ln(—) dyncm™2.
P2—p1 373 y
Using
In (ﬁ) = In(1.13405) = 0.12579,
373

we obtain

po — p1 = (1.3532 x 107)(0.12579) dyn cm ™2 = 1.702 x 10% dyn em™2.
Thus
Py = p1+(py — p1) = (1.000 + 1.702) x 10° dyn cm ™2,
or

Py = 2.702 x 10° dyn cm 2.

Since 1atm = 10° dyn cm™2,

po = 2.70 atm.

The result has the required physical sign: because
L > 0, Av > 0, and T, > Tj, the saturation pres-
sure increases. Moreover, for a very small tempera-
ture change,

<T2 ) L-T
In(=)=—=—,
I I

so the integrated result reduces to the local Clapeyron
form, as it should.

CONCLUSION:

Under the approximation that the latent heat and
specific-volume change remain constant between
100°C and 150°C, water boils at 150°C when the ab-
solute pressure is

P2 = 2.70 x 10° dyn cm™2 = 2.70 atm |,

Thus the boiling point rises to 150°C when the exter-
nal pressure is increased to approximately 2.70 atmo-
spheres.

CSE + 2026 + 5 MARKS

Q4. Why does the specific heat of solids
depend on material at low temperatures but
become independent of material at high tem-
peratures?

INTRODUCTION:

The temperature dependence follows from the quan-
tization of lattice vibrations. A crystalline solid con-
taining N atoms has 3N normal vibrational modes,
which may be treated, in the harmonic approxima-
tion, as independent quantum oscillators of angular
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frequencies w,. Their frequencies depend on the elas-
tic constants, atomic masses, crystal structure, and
interatomic forces; hence the vibrational spectrum is
material-dependent.

Let Cy denote the heat capacity at constant volume,
kg the Boltzmann constant, and

h(x)D
Op = —
D kB

the Debye temperature corresponding to the max-
imum Debye frequency wp. The low- and high-
temperature regimes mean I’ < ©p and T > Op, re-
spectively. The discussion primarily concerns the lat-
tice heat capacity of a non-magnetic crystalline solid.
In metals, an additional electronic contribution is rel-
evant at sufficiently low temperatures.

SOLUTION:

For a normal mode of frequency o, the allowed ener-
gies are

En:<n+%>hw, n=20,1,2,....

Its temperature-dependent mean energy is

= 1) ho
E(a), T) = 7 + —ehw/(kBT) _ 1.

The zero-point term hw/2 is independent of T and
therefore does not contribute to the heat capacity. Dif-
ferentiation gives the heat capacity of one mode:

I S
@~ "B\ kgT (eho/sT) — 1)*

At low temperature, a mode with fiw > kgT has an
exponentially small thermal occupation. Thus only
long-wavelength acoustic modes of sufficiently low
frequency are appreciably excited. In the Debye ap-
proximation, their density of states is

IN
glw) = —30)2,
@p

0 <w< wp,

where the normalization satisfies

wp
J- g(w)dw = 3N.
0

The thermal lattice energy is therefore

“p ho
U = J'o Wg(w) do.
On introducing
how hop _ ©p

kgT’ keT T

6/16

one obtains

3 (0p/T 3
Uth:9NkBT(®l) J X dx.

D 0 er—1
Hence
3 +0p/T 4 x
Cy = 9Nkg (i) j NG
Op/ Jo (e¥ —1)?

For T « ®p, the upper limit can be replaced by infin-
ity. Using
© 3 4
J x dx = ﬂ—,
0o e¥—1 15

the energy and heat capacity become

4 4
Uy = 2 Nkg—,
5 07

and

4 3
5 o)

Thus the Debye T law is obtained. Since
2.N1/3 hvp 5 /3
wp = vp(61°n)/>, Op = k—(67‘[ n)'/>,
B

where n = N/V is the number density and vp is an
appropriate average sound velocity, ©p depends on
density, atomic mass, and elastic constants. Conse-

quently, the coefficient of T3,

Cy _ 127 Nkg
3 5 03
™ 5 e

5

is different for different materials. This is the origin of
the strong material dependence at low temperature.

For a metal, thermally excited electrons near the
Fermi surface add a term proportional to T, so that
at sufficiently low temperature

127 Nkg
Cy =yT + T3, p="———
5 03

Both y, which depends on the electronic density
of states at the Fermi energy, and f are material-
dependent.

At high temperature, T > Op, one has

hw
x=—x1
kgT

for essentially every lattice mode. Since
eX —1=x,

the mean thermal energy of each mode approaches

hw
i L
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This is also the classical equipartition result: each har-
monic mode has one quadratic kinetic term and one
quadratic potential term, contributing

1 1
—kgT + —=kgT = kgT.
9 B 9 B B
Because a solid of N atoms has 3N vibrational modes,
Uy = 3NkgT,

and hence

oU
a :(-J ~ 3Nkg.
v ol /v B

For one mole, N = Ny, and therefore
Cym = 3Npkp = 3R = 24.9 Jmol 'K 1.

This is the Dulong—-Petit law. The mode frequencies,
and hence the microscopic material properties, dis-
appear from the leading high-temperature result be-
cause all 3N modes are fully thermally excited and
each contributes the same classical amount kg.

The statement of material independence applies to
heat capacity per atom or per mole of atoms. If “spe-
cific heat” means heat capacity per unit mass, then

Cvm 3R

== =
where M is the molar mass. It therefore retains a de-
pendence on molar mass even in the classical high-
temperature limit. Moreover, strong anharmonicity,
thermal expansion, phase changes, or differences be-
tween Cp and Cy can produce corrections to the ideal
Dulong—Petit value.

CONCLUSION:

At low temperatures, only low-frequency acoustic
phonons are excited, and their spectrum is fixed by
material-specific atomic masses, number density, elas-
tic constants, and sound velocities. Consequently,

4 3
CVZ 12—”NkB <l> s T < @D,
5 op

with an additional material-dependent electronic
term yT in metals.

At high temperatures, every one of the 3N lattice
modes reaches the classical equipartition limit and
contributes kg, giving

Cy = 3Nkg, Cym = 3R =24.9 Jmol 'K}, T > Op.

Thus the high-temperature lattice heat capacity per
atom, or molar heat capacity per mole of atoms, is
approximately independent of material because it de-
pends only on the number of vibrational degrees of
freedom. The heat capacity per unit mass remains
3R/M and is not strictly material-independent.

Sample Preview - Complete files can be purchased from abhi-physics.com
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Q5. A reversible heat engine operates with
three reservoirs at 300 K, 400 K and 1200 K.
It absorbs 1200 k] energy as heat from the
reservoir at 1200 K and delivers 400 k] work.
Determine the heat interactions with the
other two reservoirs.

INTRODUCTION:

The heat interactions are determined by applying
both the first law of thermodynamics and the Clau-
sius equality for a reversible cyclic heat engine.

Let Qr denote the heat transferred to the engine from
a reservoir at absolute temperature T. The sign con-
vention is

Or>0
for heat absorbed by the engine

or<o
for heat rejected by the engine.

Let W > 0 denote work delivered by the engine. The
given quantities are

Q1200 = 1200 K],

The unknown heat interactions are Qspy and Q-
The engine is assumed to complete a thermodynamic
cycle, so its changes in internal energy and entropy
over one cycle are both zero. Since the engine is re-
versible, the total entropy change of the reservoirs
and engine is zero.

W = 400 kJ.

SOLUTION:

For a cyclic heat engine, the first law gives

Yo=w.

Therefore,

Q300 + Qa0 + Q1200 = W.

Substituting the given values,
Q300 + Q400 + 1200 kJ =400 k_],

and hence
Q300 + Q400 = —800 kJ. (1)

Because the cycle is reversible, the Clausius equality

1S
§ 5Qrev —0.
T

As each heat interaction occurs with a constant-
temperature reservoir,

Q1200

Q300 N Q100 _
1200 K

300K 400K
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Substituting Q;599 = 1200 kJ,

Q300 N Quo0  1200K] _
300K 400K  1200K ’
so that
Qso0 Qa0 _ WK @)
300K 400K

Multiplying equation (2) by 1200 K gives
4Q300 + 3Q400 = —1200 kJ. 3)
Multiplying equation (1) by 3 gives
3Q300 + 3Q400 = —2400 kJ. (4)
Subtracting equation (4) from equation (3),
Q300 = (—1200 + 2400) kJ = 1200 kJ.
Using equation (1),

Q400 = —800 kJ — 1200 kJ = —2000 kJ.

The energy balance is verified by
1200 KkJ + 1200 kJ — 2000 kJ = 400 k] = W.

Thus, the total heat absorbed is 2400 kJ, of which
2000 KJ is rejected and the remaining 400 kJ appears
as work.

The entropy balance is

1200 N 1200 2000

—(1+4-5KK =0,
1200 '~ 300 400

as required for a reversible cycle. Every term Q/T has
units of entropy, kJ K", so the entropy equation is di-
mensionally consistent.

The positive value of Q39 means that the engine ab-
sorbs heat even from the lowest-temperature reser-
voir. This is physically possible because the device
is not a simple two-reservoir heat engine: part of
the high-temperature energy enables reversible heat
transfer from the 300 K reservoir to the 400 K reser-
voir while the composite device delivers net work.

CONCLUSION:

Subject to the stated assumptions of cyclic operation
and complete reversibility,

Qs00 = +1200 k]|, | Qa0 = —2000 k] |

Therefore, the engine absorbs 1200 kJ of heat from
the 300 K reservoir and rejects 2000 kJ of heat to the
400 K reservoir. Together with the given absorption
of 1200 kJ from the 1200 K reservoir, these interac-
tions conserve energy, produce 400 kJ of work, and
generate zero net entropy.

8/16
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Q6. A ternary system consists of three com-
ponents (A, Band C) in equilibrium with two
phases. Determine the number of degrees of
freedom using the Gibb’s phase rule and dis-
cuss the effect of pressure and temperature
variations on the phase equilibrium.

INTRODUCTION:

The demand is to determine the number of indepen-
dent intensive variables required to specify the equi-
librium state and to explain how variations of temper-
ature and pressure affect the two-phase equilibrium.

Assume that the system is non-reacting, that A, B, and
C are chemically independent components, and that
the two phases are homogeneous bulk phases in com-
plete thermal, mechanical, and chemical equilibrium.
Surface, gravitational, electric, and magnetic effects
are neglected.

Let <![CDATA[

C = number of independent components, P = number of phases,

F = number of degrees of freedom.
]]> For the present system,

C=3, P =2

The phases will be denoted by 1 and 2, with mole frac-
tions
(1) (2)

X X s

i=A,B,C.
Temperature T and pressure p are common to both
phases. The thermodynamic pressure convention is
that dp > 0 denotes an increase in pressure. Dif-
ferences between the partial molar properties of the
phases are defined by

A5 =52 -3 Ay =3P 50,

The governing principle is Gibbs’ phase rule,
F=C-P+2

which follows from counting the independent in-
tensive variables and subtracting the independent
chemical-equilibrium conditions.

SOLUTION:
For each phase «, the mole fractions satisfy

xl(f) + xl(;a) + xgx) =1
Therefore, only C — 1 mole fractions are independent
in each phase. Before imposing chemical equilibrium,
the complete intensive description contains:

le Preview - C
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1. the common temperature T;
2. the common pressure p;

3. C — 1 independent composition variables for
each of the P phases.

Thus, the number of intensive variables before impos-
ing the equilibrium constraints is

Nyar =2+ P(C—1).

Chemical equilibrium requires that every component
have the same chemical potential in all coexisting
phases:

2) (p

e i=12,..,C

For any one component, equality among P phases
supplies P — 1 independent equations. Consequently,
the number of independent chemical-equilibrium con-
straints is

Neon = C(P — 1).

The number of degrees of freedom is therefore
F = Nyar — Neon
=[2+P(C-1)]-C(P-1)
=2+PC-P-CP+C
=C—-P+2

For the ternary two-phase system,

F=3-2+2=3|

Hence the system is trivariant. Three independent
intensive variables can be specified while retaining
two-phase equilibrium. One convenient choiceis T, p,
and one independent parameter identifying the pair
of equilibrium phase compositions. Once these three
variables are fixed, the remaining intensive composi-
tion variables are determined by

o_ @

w =, =

A=A

The result under commonly imposed restrictions is as
follows:

1. If both temperature and pressure are variable,
then
F=3.

2. If pressure is fixed externally, one degree of
freedom has already been specified. The re-
duced phase rule gives

Fp:C—P+1=3—2+1=2.

Thus, temperature and one independent com-
positional parameter may be varied within the
two-phase equilibrium region.

Sample Preview - Complete files can be purchased from abhi-physics.com

3. If temperature is fixed externally,
FT =C—-P+1=2.

Pressure and one independent compositional
parameter remain variable.

4. If both temperature and pressure are fixed,
Fr,=C-P=3-2=1

Thus there remains one independent intensive
compositional parameter. The compositions
of the two phases cannot be chosen indepen-
dently; they must satisfy all three chemical-
potential equalities.

The total or overall composition is distinct from the
equilibrium composition of either phase. Once the
equilibrium phase compositions are known, chang-
ing the overall composition along the appropriate
two-phase combination generally changes the rela-
tive amounts of the phases rather than their equi-
librium intensive compositions. If n; and n, are the
amounts of the two phases, material balance gives

nlxi(l) + n2xi(2)

zZj = 5
nq +n2

i=ABC,

where z; is the overall mole fraction. Thus, phase
amounts are extensive variables and are not counted
in F.

For each component in a multicomponent phase,
1 op

dy; = —5dT +v;dp+ Y (—’) dx;,

=1 \%%j

where s; and v; are the partial molar entropy and par-
tial molar volume of component i. Subtracting this
relation for phase 1 from that for phase 2 gives

(1 - V) = - A5.dT + A dp
Cc-1 (2) Cc-1 (1)
op; ©) op; 1)
+ Z (_(2)> dxj - Z ) dxj .
j=1 axj Tp j=1 3xj Tp

For continued two-phase equilibrium this expression
must vanish separately for

i=A B, C,
because @ ”
W= =0.
At fixed pressure,
dp =0,

so a change in temperature produces the direct con-
tribution

2 1
d (/1-( '

1

= —Agi dT

) fixed compositions
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Hence increasing T lowers the chemical potential of
component i more strongly in the phase in which
its partial molar entropy is larger. To restore equal-
ity of all three chemical potentials, the compositions
x,-(l) and xl-(z) generally readjust. Therefore, tempera-
ture variation can shift the equilibrium phase compo-
sitions, alter the two-phase region, and, for a specified
overall composition, change the relative amounts of
the phases. If a phase boundary is crossed, one phase
can disappear or an additional stable phase can ap-
pear.

At fixed temperature,

dT =0,

and the direct pressure contribution is
2 1
d@é)—ﬁé)

Thus increasing pressure raises the chemical potential
of component i more strongly in the phase in which
its partial molar volume is larger. The equilibrium
compositions must again change so that

= A;l dp

)ﬁxed compositions

=

remains satisfied for every component. Pressure ef-
fects are usually relatively small when both phases
are condensed and have similar partial molar vol-
umes, but they may be substantial when one phase
is gaseous or when the phases have appreciably dif-
ferent densities.

No universal statement that an entire phase is
favoured merely because it has a larger molar entropy
or molar volume can be made for arbitrary ternary
phases of different compositions. The correct coex-
istence criterion is the component-wise equality of
chemical potentials. A definite prediction of the di-
rection and magnitude of the composition shifts re-
quires the partial molar entropies, partial molar vol-
umes, and composition dependence of the three chem-
ical potentials.

As a dimensional check,
[15] = Jmol ™,
while
[5;dT] = Jmol 'K™! K = Jmol !,

and
[vidp] = m®mol™! Pa = Jmol L.

Thus every term in dy; has the correct dimensions.

As a limiting check, setting C = 1 and P = 2 gives

F=1-2+2=1,

10/16

which is the familiar result that two phases of a
pure substance coexist along a one-parameter curve:
choosing either T or p fixes the other. This confirms
the consistency of the phase-rule counting.

CONCLUSION:

For a non-reacting ternary system containing two ho-
mogeneous phases in equilibrium,

|[F=C-P+2=3]

The system is therefore trivariant. The corresponding
restricted degrees of freedom are

=2 Fr=2  Fr,=1|

Temperature affects equilibrium through the partial
molar entropy terms

-
T | px

whereas pressure affects it through the partial molar

volume terms
(5),
—_— = Vi'
ap Tx

Consequently, variations in T or p generally shift the
compositions of the two coexisting phases so that

@o_ @

po=w,  i=ABC

continues to hold. For a specified overall compo-
sition, these shifts can also alter the relative phase
amounts, and sufficiently large variations can cause
a phase boundary to be crossed. The result is valid
provided there are three independent non-reacting
components, two bulk equilibrium phases, and no
additional externally imposed thermodynamic con-
straints.

CSE - 2025 - 15 MARKS

Q7.  Discuss briefly the considerations
which led Van der Waals to modify the gas
equation. What are the critical constants of
a gas ? Calculate the values of these con-
stants in terms of the constants of the Van
der Waals equation.

INTRODUCTION:
The ideal-gas equation for one mole,
PV, = RT,

is based on two simplifying assumptions: the
molecules occupy negligible volume, and no inter-
molecular forces act between them except during per-
fectly elastic collisions. Real gases depart appreciably
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from this equation at high pressure and low tempera-
ture, where molecular size and intermolecular attrac-
tion become important.

Van der Waals therefore introduced two corrections.
If b is the excluded molar volume, the volume actu-
ally available for molecular motion is V,, — b, rather
than V,,,. If a measures the strength of intermolecular
attraction, the observed pressure is smaller than the
pressure that would exist without attraction. The cor-
responding pressure correction for one mole is a/V;2.
Thus the Van der Waals equation is

(P+ ‘%)(Vm —b) = RT,

m

or
RT a

T Ve-b V2

Here P is the pressure, T the absolute temperature, V,,
the molar volume, R the universal gas constant, and
a,b > 0 are characteristic constants of the gas.

The critical constants are the critical temperature T,
critical pressure P, and critical molar volume V. At
T., the distinction between the liquid and vapour
phases disappears. The critical isotherm has a station-
ary point of inflection at (P,, V,); hence

(8P> . (azp) o
Vml1y, Va1 v,

SOLUTION:

The reasons for modifying the ideal-gas equation are
as follows.

1. Finite molecular volume:

Real molecules are not point particles. At suf-
ficiently high pressure, their own volume is no
longer negligible compared with the volume of
the vessel. Moreover, because two molecules
cannot occupy the same region of space, the
volume available for translational motion is
smaller than the measured molar volume. Van
der Waals represented this reduction by replac-

ing
Vip — Vi, —b.

2. Intermolecular attraction:

A molecule well inside the gas is attracted ap-
proximately equally in all directions, so the re-
sultant force on it is nearly zero. A molecule
approaching a wall, however, is attracted pre-
dominantly back into the gas. Its momentum
transfer to the wall, and hence the measured
pressure, is therefore reduced.

The reduction is proportional both to the num-
ber density of molecules near the wall and
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to the number density of molecules attracting
them. It consequently varies as the square of
the density:

2
AP <L> .
Vim
Writing the proportionality constant as a,

a
Pideal interaction—free = P + T2
Vin

Combining the pressure and volume correc-
tions gives

<P+ %)(Vm—b) = RT.

m
To calculate the critical constants, write the equation
of state explicitly as

RT a
P ‘/ ,1 =

At the critical point, the first derivative of pressure
with respect to molar volume at constant temperature
vanishes:

( oP ) RT 2a
—_— =+ —.
an T (Vm - b)z Vn31

Therefore,
RT,
—c 4 2_a =0,
(Vc - b)z Vc3
so that RT
2a
—02 == (1)
(Vc - b) Vc
The second derivative is
(£2) =t
aVnZ1 T (Vm - b)3 Vr‘rlz .
At the critical point,
ZRTC 6a _
V. —-b?* V&
or RT
3a
=t @)
(Vc - b) Vc

Dividing equation (2) by equation (1) eliminates T:

1 3a/VE 3

Vo—b  2a/V3 2V,

Hence
2V, =3(V, - b),

which gives
V. =3b|
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Substituting V, = 3b into equation (1),

RTC _ 2a
Bb—-b)?  (3b)3
Thus
RT, _ 2
4b2  27b%°
and therefore
_ 8a
¢ 27Rb |

The critical pressure follows from the equation of
state:

RT,
p=—¢ 4%
Ve—b ch
Using V, = 3b and RT, = 8a/(27D),
_ 8a/(27b) a
© 3b-b  (3b)?
Therefore,
_ 8a _a _ 4a _ 3a
¢ 54b2 92 27b2  27b%°
so
__a
© 27p? |

These expressions satisfy the critical-point derivative
conditions explicitly. For example,

< opP ) RT, 2a 2a 2a
[ :_—+—:——+—:’
Vo, V,-b? V3 27b%  27b3
and
(aZ_P) _ 2R, 6a _ 2a _ 2a _
i), V.—-b3 vE 27t 27p*
The dimensional checks are
[a] = [P][V;]?, [6] = [Vinl.
Consequently,
a a
o gl
= [gl-m

as required for P, and T,.
A further consistency check is the critical compress-

ibility factor:

_ BV, (a/2710*)(3b)
e =5 |

°© RT,  8a/(27b)

Thus the Van der Waals equation predicts the same
dimensionless critical compressibility factor for all
gases. In the dilute-gas limit V,,, > b, with a/V? neg-
ligible, the equation reduces to

PV,, = RT,

12/16

recovering ideal-gas behaviour.
CONCLUSION:

Van der Waals modified the ideal-gas equation to ac-
count for the finite size of molecules through the
excluded-volume constant b, and for intermolecular
attraction through the pressure correction a/V;2. For
one mole,

<P+ %)(Vm—b) = RT.

m

The critical constants obtained from the stationary-
inflection conditions on the critical isotherm are

a 8a
V. =3b], P.=—| = .
< ¢ 27b? ©  27Rb
They also obey
PV 3
RT, 8]

Hence the Van der Waals parameters determine the
pressure, temperature, and molar volume at which the
liquid and gaseous phases become indistinguishable.

CSE - 2025 - 15 MARKS

Q8. Explain why, at equilibrium, the chem-
ical potential of a component must be the
same in all coexisting phases. Derive the
equilibrium condition for a binary liquid-
vapour system in terms of chemical poten-
tial.

INTRODUCTION:

The chemical potential of component i in a phase is
the partial molar Gibbs free energy,

n=(5)
Yo T.P.nj.

It therefore measures the change in Gibbs free energy
when an infinitesimal amount of that component is
added to the phase at fixed temperature and pressure.

Consider a closed, non-reacting system containing
homogeneous coexisting phases. The phases are as-
sumed to have a common temperature T and pres-
sure P, and interfacial, gravitational, and other finite-
size contributions are neglected. The total amount of
each component is conserved, but matter may pass
between phases. At fixed T and P, stable equilibrium
requires the total Gibbs free energy to be stationary
against every allowed infinitesimal transfer and to be

le Preview - C

lete files can be purchased from abhi-physics.com


https://abhi-physics.com

UPSC PHYSICS OPTIONAL

Thermal Physics

a minimum with respect to finite admissible varia-
tions.

For the binary liquid-vapour system, let the compo-
nents be 1 and 2, and use superscripts [ and v for the
liquid and vapour phases. Thus,

)ull:;uil(TaP9xl’x2)’ lulV: ;}(T’P’yl’yz)’

where x; and y; are the liquid- and vapour-phase mole
fractions, with

X1+XZ:1, y1+y2:1.

The required equilibrium conditions follow by mini-
mizing the total Gibbs free energy subject to conser-
vation of both components.

SOLUTION:

For a multicomponent homogeneous phase, the fun-
damental Gibbs relation is

dG =-SdT +VdP+ ) ydn;.
i

At fixed T and P, this reduces to

dG = Z Hi di’ll'.

Consider first one component i distributed between
two coexisting phases « and . Let a positive infinites-
imal amount dn; be transferred from phase « to phase
B. Conservation of the total amount of component i
gives

dnf = —dn;, dn,-ﬁ = +dn;.

The corresponding change in the total Gibbs free en-
ergy is

dGior = i dn' + .Uiﬂ d”iﬁ

= — " dn; +.Uiﬂ dn;
= (Mﬁ - llia) dn;.

At equilibrium, an allowed infinitesimal transfer in ei-
ther direction must produce no first-order change in
Giot- Since dn; is arbitrary,

dGiot =0 = .fo:/liﬁ-

The physical meaning can also be seen from the sign

of thOt' If

w>

then transfer from a to f§ gives

dGot = (ﬂlﬁ - llza> dn; <0,

so the transfer is spontaneous. Thus a component
moves, in the thermodynamic sense, from a phase of
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higher chemical potential to one of lower chemical
potential. Such transfer ceases only when its chemi-
cal potentials are equal. For more than two coexisting
phases,

R &

for every component i.
Now consider a binary liquid-vapour system. Its total
Gibbs free energy is

G = GX(T, P,n},nb) + G(T, P,n",nY).
Because the system is closed and non-reacting, the to-
tal amount of each component is fixed:

l

ny +ny = Ny, b +ny = N,

Hence the allowed variations satisfy

dn} = —dnl, dn} = —dnl,.

At fixed T and P, the variation of the total Gibbs free
energy is

dG =y dnb + f dnly + ¥ dn + i dn}.
Using the conservation constraints,
dG = py dn} + py dny — py dn’ — 13 dr
= (4 = ) dn + (1 — 153) .

The amounts of components 1 and 2 may be indepen-
dently redistributed between the two phases while
their respective total amounts remain fixed. There-
fore dnl1 and dnlz are independent admissible varia-
tions. The equilibrium condition dG = 0 for every
such variation requires the coefficient of each varia-
tion to vanish:

P (T, Py xy, x0) = 1 (T, Py, ) |

ph(T, P, xy, %) = piS(T, P, y1, ) |

Together with

Tl - TV Pl - pv
these are the conditions for thermal, mechanical, and
diffusive equilibrium, respectively.

The result may equivalently be obtained with con-
strained minimization. Introduce Lagrange multipli-
ers A; and A, for conservation of the two components:

® =G +G" = M(nh +nl — Ny) = A,(nh + 1) — Ny).

Stationarity with respect to the four independently
varied phase amounts gives

22 _
8nll

w
ony
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and
0o I oo v
_:/12_/12:0> —:‘UZ—AZZO.
8nlz ony
Consequently,
=M= ==

which reproduces the equilibrium conditions.

For a general non-ideal mixture, the chemical poten-
tial may be expressed in terms of fugacity:

(T, P, composition) = 1(T) + RT ln(%) ,

At the same temperature, equality of chemical poten-
tials is therefore equivalent to equality of component
fugacities:

= fil: Y, i=1,2.

W=

Thus the binary phase-equilibrium relations can also
be written as

FUT, P xy,x0) = (T, P,y )

FUT,P,xy,5%0) = (T, Pyy, y) |

As a check, if pll — g > 0, transferring component i
from liquid to vapour gives

dG = (i — phydn? <o,

so vaporization is favoured. If ,ull — 4 < 0, conden-
sation is favoured. When the two chemical potentials
are equal, neither direction lowers the Gibbs free en-
ergy, as required at phase equilibrium. Dimension-
ally, g has units of energy per mole, and y; dn; has
units of energy, consistent with its contribution to dG.

CONCLUSION:

At fixed common temperature and pressure, the equi-
librium state minimizes the total Gibbs free energy
subject to conservation of every component. An
infinitesimal transfer of component i between two
phases changes the Gibbs free energy by the chemical-
potential difference multiplied by the transferred
amount. Therefore, diffusive equilibrium requires

=

for each component in every pair of coexisting
phases.

For a closed, non-reacting binary liquid-vapour sys-
tem with homogeneous bulk phases and negligible in-
terfacial and gravitational effects, the complete phase-
equilibrium conditions are

=17, Pl=p

14/16

JA(T,P,x) = (T, Py),  p(T,P,x) = p(T,P,y),

where x = (x1,%), y = (1.32), x1 + % = 1, and
1 + ¥ = 1. Equivalently,

fi=f, f=f

A chemical-potential inequality produces net transfer
from the phase of higher chemical potential to that of
lower chemical potential; equality signifies that nei-
ther vaporization nor condensation of either compo-
nent can lower the Gibbs free energy.

IFoS - 2025 - 8 MARKS

Q9. For silver, the specific heat at con-
stant pressure in the range of 50 K to 100 K
is given by : C, = 0-076 T — 0 - 00026 T* —
0- 15 cal mol 'deg ' If 2 moles of silver are
heated from 50K to 100K, calculate the
change in entropy.

INTRODUCTION:

The demand is to calculate the entropy change of
n = 2 moles of silver when its temperature increases
from

T, =50K to T,=100K

at constant pressure.

Entropy is a state function. Hence its change may be
evaluated along a reversible constant-pressure path
between the same equilibrium states. For reversible
heating,

==

and, at constant pressure with no phase transition or
additional non-pV work,

ds

8Qrev = nCy(T)dT.

Therefore,

g Cp(T)
AS = nj —dT.
, T

Here C,(T) is the molar heat capacity, T is the abso-
lute temperature, and AS = S, — S;. We use the lab-
oratory thermodynamic frame and the sign conven-
tion that heat absorbed by the silver is positive; con-
sequently, heating with C;, > 0 should give AS > 0.
The empirical expression is assumed valid throughout
50 < T < 100 K, with no phase change in this inter-
val. Since a temperature interval of one kelvin equals
one Celsius degree, calmol™! deg™! may be used as
calmol 1 K1,
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SOLUTION:

The given molar heat capacity is
Cp(T) = 0.076T —0.00026T* — 0.15 calmol ' K.

Dividing by the absolute temperature,

C,(T)
0,076 — 0.00026T — 212
T
Thus,

100 015
AS = ZJ (0.076 —0.00026T — —) dT.
50 T

Integrating term by term gives

100

T2 - 0.151n T] )
50

AS =2 [0.076T - %

Equivalently,
T.
AS =2 [0.076(T2 —Ty) = 0.00013(TZ — T?) — 0.151n (T—2>] .
1
Substituting T} = 50 K and T, = 100 K,

AS=2 [0.076(100 —50) — 0.00013(100% — 50%) — 0.151n (%)] calK™!

= 2[0.076(50) — 0.00013(10000 — 2500) — 0.15In 2] cal K~*
= 2[3.800 — 0.00013(7500) — 0.15(0.693147)] cal K
=2[3.800 — 0.975 — 0.103972] cal K™!

=2(2.72103) calK~!

=5.44206 cal K.

In SI units, using 1 cal = 4.184 ],

AS = 5.44206 cal K~! x 4.184 Jcal ™! = 22.77 JK~ L.

The dimensions are consistent because

cal mol 1 K™!

CP
nT dT ~ mol K = cal K71,

which is the correct dimension of entropy.

As a plausibility check,

Cp(50) = 0.076(50) — 0.00026(50)* — 0.15 = 3.00 cal mol * K™%,
and

Cp(100) = 0.076(100) — 0.00026(100)* — 0.15 = 4.85 cal mol * K.

Thus C,, > 0 throughout the interval, so heating must
produce a positive entropy change, in agreement with
the calculated sign. Also, in the limiting case T, — Ty,
every term in the integrated expression vanishes and
AS — 0, as required.

CONCLUSION:

For 2 moles of silver heated at constant pressure from
50 Kto 100 K,

AS = +5.44 cal K1
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or, equivalently,

AS = +228 JK 1|

The positive sign means that the entropy of the sil-
ver increases during heating. This result is valid pro-
vided the stated heat-capacity formula applies over
50-100 K, the initial and final states are equilibrium
states, and no phase transition occurs in the interval.
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Q10. One gram of water (1 cm®) becomes
1671 cm® of steam when boiled at constant
pressure of 1atm (1 - 013 x 10° Pa). The
heat of vapourisation at this pressure is L =
2 - 256 x 10° J/kg. Calculate : (i) The work
done by the water when it vapourizes, and;
(ii) Increase in its internal energy.

INTRODUCTION:

We consider a closed system consisting of m = 1g =
1.000x 1073 kg of water in the laboratory frame. State
1 is liquid water of volume V; = 1 cm3, and state 2 is
steam of volume V, = 1671 cm>. The vapourization
occurs at the constant external pressure

P =1.013 x 10° Pa.

The heat supplied to the system is positive, and the
boundary work W is defined as positive when done
by the water on its surroundings. With this conven-
tion, the first law of thermodynamics is

AU=Q-W.

We neglect changes in the macroscopic kinetic and
gravitational potential energies. Since the phase
change occurs at constant pressure and the stated la-
tent heat L is for that pressure,

Q=mlL.

The expansion work is obtained from
VZ
W:J Pexth:P(VZ_Vl):
V1

because the external pressure is constant.

SOLUTION:
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(i) The increase in volume is
AV =V, =V} = (1671 — 1) em® = 1670 cm®.

Using
1em? =107 m3,

we obtain

AV = 1670 x 107°m> = 1.670 x 1073 m3.

Therefore, the work done by the water is

W = PAV
= (1.013 x 10° Pa) (1.670 x 10> m?)
= 1.69171 x 10° Pam®.

Since 1Pam? = 1],

\W =1.692x 10%] =~ 169.2] \

The positive sign is consistent with the physi-
cal process: the water expands and does work
on the surroundings.

(if) The heat absorbed during vapourization is
Q=mL
= (1.000 x 103 kg) (2.256 x 10° Jkg™ 1)

=2.256%x10]
= 2256].

Applying the first law,

AU=Q-W
=2256] — 169.171]
= 2086.829].

Hence,

AU = 2.087 x 103 ] = 2.087 k] |.

Equivalently, at constant pressure the latent
heat supplies the enthalpy increase:

mL = AH = AU + PAV,

16/16

which reproduces the same result.

The dimensions are consistent:
3_ N _3
[PAV] = Pam’ = —m’ =Nm =].
m

Moreover,
0<W<Q,

so the internal energy increases while part of
the supplied heat is transferred outward as ex-
pansion work. Numerically,

W < 00750,
Q

so about 7.50% of the latent heat becomes ex-
pansion work and about 92.5% increases the in-
ternal energy. As a limiting check, if the vol-
ume change were negligible, PAV — 0, the first
law would give AU — Q, as expected.

CONCLUSION:

At 1.013 x 10° Pa, the vapourizing water expands by
1.670 x 107> m3. Thus,

‘ (i) Work done by the water on the surroundings = 1.692 x 10°

and

‘ (ii) Increase in internal energy = 2.087 x 103 J = 2.087 kJ |

These results assume constant external pressure, neg-
ligible changes in bulk kinetic and potential energies,
and the stated latent heat at the specified pressure.
The water transfers approximately 169.2 ] outward as
mechanical work, while its internal energy increases
by approximately 2.087 kJ; hence most of the absorbed
latent heat increases the molecular internal energy of
the steam.
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