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Question Index
No. Question Marks Year Exam Page
1 Are the nucleons inside the nucleus governed by the laws of quantum physics?

Justify your answer.
10 2026 CSE 3

2 Binding energy and rest mass energy of a two-nucleon bound state are denoted
by 𝐵 and 𝑀𝑐2, respectively, where 𝑐 is the speed of light. Calculate the minimum
energy of a photon required to dissociate this bound state in terms of 𝐵 and 𝑀𝑐2.

10 2026 CSE 4

3 A nucleus of rest mass 𝑀 is initially in an excited state whose energy is Δ𝐸 above
its ground state. The nucleus emits a 𝛾 -ray of energy ℎ𝜈 and makes a transition
to its ground state. Calculate the fractional change in energy for the nucleus.

10 2026 CSE 5

4 By considering the three-dimensional harmonic oscillator potential, explain the
energy levels of nucleons inside the nucleus. Also, derive the zero-point energy
of nucleons. Why did this assumption fail to explain the existence of nuclei with
higher magic number?

20 2026 CSE 6

5 What do you understand by the packing fraction ’𝑓 ’ and the binding energy ’𝐸𝑏’
of a nucleus? Draw the graphs for packing fraction 𝑓 versus mass number (𝐴)

and binding energy fraction 𝑓𝑏 (=
𝐸𝑏
𝐴 ) versus mass number (𝐴). Further, explain

how the graphs of the variation of 𝑓 and 𝑓𝑏 with 𝐴 have complementary
approaches.

10 2026 CSE 8

6 What is the criticality of a self-sustained nuclear reactor? Write the basic
processes affecting the nuclear chain reactions of a finite-size nuclear reactor.
Also, write the critical size of reactors of different shapes in terms of geometrical
buckling constant.

20 2026 CSE 10

7 The total binding energies of 158 O, 168 O and 178 O are 111 ⋅ 96 MeV, 127 ⋅ 62 MeV and
131 ⋅ 76 MeV respectively. Determine the energy gap between 1𝑝1/2 and 1𝑑5/2
neutron shells for the nuclide whose mass number is close to 16.

15 2025 CSE 12

8 What is the minimum energy required to break a 42He nucleus into free protons
and neutrons? [ Given, 𝑚H = 1 ⋅ 007825 amu, 𝑚𝑛 = 1 ⋅ 008665 amu,
𝑚𝑒 = 0 ⋅ 00055 amu and 𝑚He = 4 ⋅ 002603 amu ]

15 2025 CSE 13

9 Consider a uranium nucleus (92U
236) breaking up spontaneously into two equal

parts. Estimate the reduction of electrostatic energy of the nucleus considering
uniform charge distribution. [ Assume that nuclear radius is 1 ⋅ 2 × 10−13𝐴1/3 cm ]

15 2025 CSE 14

10 State the basic assumption of single-particle shell model. How do the centrifugal
and spin-orbit terms remove the degeneracy of three-dimensional spherical
harmonic oscillator?

10+10=
20

2025 CSE 15
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CSE · 2026 · 10 MARKS

Q1. Are the nucleons inside the nucleus
governed by the laws of quantum physics?
Justify your answer.

INTRODUCTION:

Yes. Protons and neutrons inside a nucleus are mi-
croscopic particles confined to a region of linear di-
mension of order a few femtometres. Their motion
must therefore be described by quantum mechanics
rather than by classical trajectories. This can be jus-
tified quantitatively by comparing the nucleon’s de
Broglie wavelength with the nuclear size and is also
confirmed by characteristic nuclear phenomena such
as discrete energy levels, spin and parity, shell struc-
ture, tunnelling, and the Pauli exclusion principle.

Let a nucleon of mass 𝑚𝑁 be localized within a nu-
cleus of radius

𝑅 ≃ 𝑟0𝐴1/3, 𝑟0 ≃ 1.2 fm,
where 𝐴 is the mass number and 1 fm = 10−15 m.

SOLUTION:

Localization of a nucleon to a distance of order 𝑅 im-
plies, from the Heisenberg uncertainty principle,

Δ𝑟 Δ𝑝 ≳ ℏ
2 .

Taking Δ𝑟 ∼ 𝑅, the characteristic momentum is at
least of order

𝑝 ∼ ℏ
𝑅 .

Consequently, the corresponding reduced de Broglie
wavelength is

𝜆
2𝜋 = ℏ

𝑝 ∼ 𝑅,

or equivalently,
𝜆 ∼ 2𝜋𝑅.

Thus the matter-wave length scale of a confined nu-
cleon is comparable to, or larger than, the dimensions
of the nucleus. The nucleon cannot be represented as
a localized classical particle following a definite orbit;
its wave character is essential throughout the nuclear
volume.

The same conclusion follows from the characteristic
confinement energy. In the non-relativistic approxi-
mation,

𝐸conf ∼
𝑝2
2𝑚𝑁

∼ ℏ2
2𝑚𝑁𝑅2

.

For a representative nuclear length 𝑅 ∼ 2 fm, using

ℏ𝑐 ≃ 197MeV fm, 𝑚𝑁 𝑐2 ≃ 939MeV,

one obtains

𝐸conf ∼ (ℏ𝑐)2
2(𝑚𝑁 𝑐2)𝑅2

= (197MeV fm)2
2(939MeV)(2 fm)2 ≃ 5.2MeV.

This energy scale is comparable to typical nuclear ex-
citation and binding-energy scales, so quantum con-
finement is not a small correction to classical motion.
It determines the nuclear states themselves. More-
over,

𝑝𝑐
𝑚𝑁 𝑐2

∼ ℏ𝑐
𝑅𝑚𝑁 𝑐2

≃ 197
2 × 939 ≃ 0.10,

so this illustrative estimate is consistent with a pre-
dominantly non-relativistic quantum treatment, al-
though relativistic and subnucleonic corrections may
be required for greater precision.

Several observed properties of nuclei provide direct
evidence:

1. Nuclei possess discrete energy levels. Their
emission and absorption of 𝛾 -rays occur at def-
inite energies

𝐸𝛾 = 𝐸𝑖 − 𝐸𝑓 ,
as expected for transitions between quantized
stationary states.

2. Protons and neutrons are spin- 12 fermions.
Identical nucleons obey the Pauli exclusion
principle, so they fill nuclear quantum states
rather than all collapsing into the lowest state.
This produces Fermi motion even in the nuclear
ground state.

3. Nuclear states have definite angular momen-
tum and parity. The observed shell structure
and the enhanced stability of nuclei having
magic numbers are consequences of quantized
single-particle states in an effective nuclear po-
tential.

4. Processes such as 𝛼-decay occur by quantum
tunnelling through the Coulomb barrier. Clas-
sically, an 𝛼-particle whose energy is below the
barrier could not escape, whereas quantum me-
chanics gives a finite penetration probability.

5. A nucleus is described by a many-nucleon
wavefunction,

Ψ(r1, … , r𝐴; 𝜎1, … , 𝜎𝐴),
which evolves according to the quantumHamil-
tonian,

𝐻̂Ψ = 𝐸Ψ
for a stationary state. The wavefunction must
have the appropriate antisymmetry under in-
terchange of identical protons or identical neu-
trons.
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The uncertainty-principle estimate also gives the cor-
rect classical limit: if the confining length 𝑅 were
made very large compared with the reduced de
Broglie wavelength, then ℏ/(𝑝𝑅) ≪ 1, quantum in-
terference would become less important, and a clas-
sical description could emerge. In an actual nucleus,
however, ℏ/(𝑝𝑅) is of order unity, so that limit is not
applicable.

CONCLUSION:

The nucleons inside a nucleus are necessarily gov-
erned by quantum physics. Their de Broglie wave-
length is comparable to the nuclear dimensions, and
confinement produces momenta and energies of nu-
clear magnitude. Hence nucleons do not follow
definite classical trajectories; they occupy quantized
many-body states characterized by energy, angular
momentum, spin and parity. Discrete spectra, nu-
clear shell structure, Fermi motion, the Pauli exclu-
sion principle and quantum tunnelling provide exper-
imental manifestations of this quantum behaviour.

CSE · 2026 · 10 MARKS

Q2. Binding energy and rest mass energy
of a two-nucleon bound state are denoted by
𝐵 and𝑀𝑐2, respectively, where 𝑐 is the speed
of light. Calculate the minimum energy of
a photon required to dissociate this bound
state in terms of 𝐵 and 𝑀𝑐2.

INTRODUCTION:

Consider the bound state initially at rest in the lab-
oratory frame. Let 𝑚1 and 𝑚2 be the rest masses of
the two free nucleons. By definition of the binding
energy,

𝐵 = (𝑚1 + 𝑚2 − 𝑀)𝑐2
so that

(𝑚1 + 𝑚2)𝑐2 = 𝑀𝑐2 + 𝐵.
The photon is taken to propagate along the positive
𝑧-direction. Four-momenta are written as

𝑝𝜇 = (𝐸𝑐 ,p)

with metric signature (+, −, −, −), so that 𝑝𝜇𝑝𝜇 =
𝑚2𝑐2. Energy and momentum conservation are most
conveniently imposed through the invariant mass of
the complete initial system. At threshold, the two out-
going nucleons have zero relative momentum in their
centre-of-momentum frame, which minimizes their
total invariant energy.

SOLUTION:

If 𝐸𝛾 is the incident photon energy, the four-momenta
of the stationary target and the photon are

𝑃𝜇 = (𝑀𝑐, 0), 𝑘𝜇 = (
𝐸𝛾
𝑐 , 0, 0, 𝐸𝛾𝑐 ) .

Since the photon is massless,

𝑘2 = 0,
and

𝑃 ⋅ 𝑘 = (𝑀𝑐) (
𝐸𝛾
𝑐 ) = 𝑀𝐸𝛾 .

Therefore, the squared total initial four-momentum is

(𝑃 + 𝑘)2 = 𝑃2 + 2𝑃 ⋅ 𝑘 + 𝑘2 = 𝑀2𝑐2 + 2𝑀𝐸𝛾 .

In the centre-of-momentum frame of the final nucle-
ons, their momenta are equal and opposite:

p ∗
1 = q, p ∗

2 = −q.
Their total energy in that frame is

𝐸∗𝑓 (𝑞) = √𝑚21𝑐4 + 𝑞2𝑐2 + √𝑚22𝑐4 + 𝑞2𝑐2.
This is minimized at 𝑞 = 0. Hence, at the dissociation
threshold,

𝐸∗𝑓 ,th = (𝑚1 + 𝑚2)𝑐2,
and the squared final total four-momentum is

(𝑃𝑓 )2 = (𝑚1 + 𝑚2)2𝑐2.

Four-momentum conservation gives 𝑃 + 𝑘 = 𝑃𝑓 , so at
threshold

𝑀2𝑐2 + 2𝑀𝐸𝛾 ,min = (𝑚1 + 𝑚2)2𝑐2.
Multiplying by 𝑐2 and using

(𝑚1 + 𝑚2)𝑐2 = 𝑀𝑐2 + 𝐵,
we obtain

𝑀2𝑐4 + 2𝑀𝑐2𝐸𝛾 ,min = (𝑀𝑐2 + 𝐵)2.
Thus,

2𝑀𝑐2𝐸𝛾 ,min = (𝑀𝑐2 + 𝐵)2 − 𝑀2𝑐4
= 2𝑀𝑐2𝐵 + 𝐵2,

which yields

𝐸𝛾 ,min = 𝐵 + 𝐵2
2𝑀𝑐2 = 𝐵 (1 + 𝐵

2𝑀𝑐2 ) .

The threshold exceeds 𝐵 because a photon carries mo-
mentum 𝐸𝛾/𝑐. Since the target is initially at rest,
the final two-nucleon system must carry this momen-
tum in the positive 𝑧-direction even when its inter-
nal relative kinetic energy is zero. For weak binding,
𝐵 ≪ 𝑀𝑐2,

𝐸𝛾 ,min = 𝐵 (1 + 𝐵
2𝑀𝑐2 ) ≃ 𝐵,
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with the small positive recoil correction 𝐵2/(2𝑀𝑐2).
CONCLUSION:

For an isolated two-nucleon bound state of rest en-
ergy 𝑀𝑐2, initially at rest, the minimum photon en-
ergy required for dissociation is

𝐸𝛾 ,min = 𝐵 (1 + 𝐵
2𝑀𝑐2 ) .

Here 𝐸𝛾 ,min, 𝐵, and 𝑀𝑐2 are all measured in energy
units. At threshold the two nucleons have zero rela-
tive momentum in their centre-of-momentum frame,
while their total laboratory momentum is directed
along the incident photon.

CSE · 2026 · 10 MARKS

Q3. A nucleus of rest mass 𝑀 is initially in
an excited state whose energy is Δ𝐸 above
its ground state. The nucleus emits a 𝛾 -ray
of energy ℎ𝜈 and makes a transition to its
ground state. Calculate the fractional change
in energy for the nucleus.

INTRODUCTION:

The emitted photon carries momentum

𝑝𝛾 = ℎ𝜈
𝑐 .

Since the initial nucleus is at rest, conservation of mo-
mentum requires the ground-state nucleus to recoil
with equal and opposite momentum. Consequently,
the photon energy is slightly smaller than the excita-
tion energy Δ𝐸.
Let 𝑀 denote the rest mass of the ground-state nu-
cleus. The initial energy is then

𝐸𝑖 = 𝑀𝑐2 + Δ𝐸.
If 𝐸𝛾 = ℎ𝜈 is the photon energy, the recoiling nucleus
has momentum magnitude 𝑝 = 𝐸𝛾/𝑐 and relativistic
energy

𝐸𝑁 = √𝑀2𝑐4 + 𝑝2𝑐2.

SOLUTION:

Energy and momentum conservation give

𝑀𝑐2 + Δ𝐸 = 𝐸𝛾 + √𝑀2𝑐4 + 𝐸2𝛾 .

Therefore,

𝑀𝑐2 + Δ𝐸 − 𝐸𝛾 = √𝑀2𝑐4 + 𝐸2𝛾 .

Squaring both sides,

(𝑀𝑐2 + Δ𝐸)2 − 2𝐸𝛾 (𝑀𝑐2 + Δ𝐸) + 𝐸2𝛾 = 𝑀2𝑐4 + 𝐸2𝛾 .
After cancellation,

2𝑀𝑐2Δ𝐸 + (Δ𝐸)2 = 2𝐸𝛾 (𝑀𝑐2 + Δ𝐸),
so that

𝐸𝛾 = ℎ𝜈 = Δ𝐸(2𝑀𝑐2 + Δ𝐸)
2(𝑀𝑐2 + Δ𝐸) .

Equivalently,

ℎ𝜈 = Δ𝐸 (1 − Δ𝐸
2(𝑀𝑐2 + Δ𝐸)) .

The energy retained by the nucleus as recoil kinetic
energy is

𝑇𝑅 = Δ𝐸 − ℎ𝜈 = (Δ𝐸)2
2(𝑀𝑐2 + Δ𝐸) .

Hence the fractional change, i.e. the fraction of the
transition energy going into nuclear recoil, is

Δ𝐸 − ℎ𝜈
Δ𝐸 = Δ𝐸

2(𝑀𝑐2 + Δ𝐸) .

For ordinary nuclear transitions,

Δ𝐸 ≪ 𝑀𝑐2,
and therefore

Δ𝐸 − ℎ𝜈
Δ𝐸 ≃ Δ𝐸

2𝑀𝑐2 .

In the same approximation,

𝑇𝑅 ≃ (Δ𝐸)2
2𝑀𝑐2 , ℎ𝜈 ≃ Δ𝐸 (1 − Δ𝐸

2𝑀𝑐2 ) .

This agrees with the non-relativistic recoil expression

𝑇𝑅 = 𝑝2
2𝑀 = (ℎ𝜈)2

2𝑀𝑐2 ≃ (Δ𝐸)2
2𝑀𝑐2 .

CONCLUSION:

The photon energy is reduced below the excitation
energy because the ground-state nucleus must recoil.
The fractional energy change is

Δ𝐸 − ℎ𝜈
Δ𝐸 = Δ𝐸

2(𝑀𝑐2 + Δ𝐸) ≃ Δ𝐸
2𝑀𝑐2

(Δ𝐸 ≪ 𝑀𝑐2).
Thus the nucleus receives the recoil energy

𝑇𝑅 ≃ (Δ𝐸)2
2𝑀𝑐2 ,
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in the direction opposite to the emitted 𝛾 -ray, while

ℎ𝜈 ≃ Δ𝐸 (1 − Δ𝐸
2𝑀𝑐2 ) .

CSE · 2026 · 20 MARKS

Q4. By considering the three-dimensional
harmonic oscillator potential, explain the en-
ergy levels of nucleons inside the nucleus.
Also, derive the zero-point energy of nucle-
ons. Why did this assumption fail to explain
the existence of nuclei with higher magic
number?

INTRODUCTION:

In the independent-particle shell model, each nucleon
is assumed to move in an average, spherically sym-
metric potential produced by all the other nucleons.
Near the centre of a smooth potential well, its lead-
ing radial dependence is approximately quadratic. We
therefore take

𝑉 (𝑟) = −𝑉0 + 1
2𝑚𝜔

2𝑟2,

where 𝑚 is the nucleon mass, 𝜔 is the oscillator fre-
quency, and −𝑉0 is the value of the mean potential at
its minimum. The coordinate r is measured from the
nuclear centre, and the single-particle energy is mea-
sured relative to the zero chosen outside the potential.
Thus, the excitation energy above the bottom of the
well is independent of 𝑉0.
The assumptions are that the nucleons move indepen-
dently, the mean field is central and identical in form
for all nucleons of a given species, and residual inter-
actions, Coulomb corrections and spin-orbit coupling
are initially neglected. Protons and neutrons fill their
respective levels separately according to the Pauli ex-
clusion principle. Each spatial state can contain two
identical nucleons because the nucleon has spin 𝑠 = 1

2 .
SOLUTION:

1. The three-dimensional oscillator spectrum

The single-particle Hamiltonian is

𝐻 = −𝑉0 +
p2

2𝑚 + 1
2𝑚𝜔

2𝑟2.

Since 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 and p2 = 𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧 ,
it separates into three one-dimensional oscilla-
tors:

𝐻 = −𝑉0 + ∑
𝑖=𝑥,𝑦 ,𝑧

( 𝑝
2𝑖

2𝑚 + 1
2𝑚𝜔

2𝑥2𝑖 ) .

The energy eigenvalues are consequently

𝜀𝑛𝑥𝑛𝑦𝑛𝑧 = −𝑉0 + ℏ𝜔 (𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 + 3
2)

𝑛𝑥 , 𝑛𝑦 , 𝑛𝑧 = 0, 1, 2, … .
Introducing the principal oscillator quantum
number

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 ,
one obtains

𝜀𝑁 = −𝑉0 + (𝑁 + 3
2) ℏ𝜔 .

Thus all states with the same value of 𝑁 are de-
generate in the pure oscillator model. In spher-
ical coordinates,

𝑁 = 2𝑛𝑟 + 𝑙,
where 𝑛𝑟 = 0, 1, 2, … is the radial quantum
number and 𝑙 is the orbital angular-momentum
quantum number. Hence

𝜀𝑛𝑟 𝑙 = −𝑉0 + (2𝑛𝑟 + 𝑙 + 3
2) ℏ𝜔.

For a given 𝑁 , the allowed values are

𝑙 = 𝑁 , 𝑁 − 2, 𝑁 − 4,… ,
ending at 𝑙 = 0 or 𝑙 = 1. The parity of every
state in the 𝑁 -th oscillator shell is

𝜋 = (−1)𝑙 = (−1)𝑁 .

The number of non-negative integer triples sat-
isfying 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 = 𝑁 is

𝑔(spatial)𝑁 = (𝑁 + 2
2 ) = (𝑁 + 1)(𝑁 + 2)

2 .

Including the two possible spin projections, the
capacity of the 𝑁 -th shell for protons or neu-
trons separately is

𝑔𝑁 = 2𝑔(spatial)𝑁 = (𝑁 + 1)(𝑁 + 2).
Therefore the shell capacities and cumulative
occupation numbers are

𝑁 orbitals in the shell 𝑔𝑁
𝑁
∑
𝑛=0

𝑔𝑛
0 1𝑠 2 2
1 1𝑝 6 8
2 1𝑑, 2𝑠 12 20
3 1𝑓 , 2𝑝 20 40
4 1𝑔, 2𝑑, 3𝑠 30 70
5 1ℎ, 2𝑓 , 3𝑝 42 112
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Indeed,

𝑁
∑
𝑛=0

(𝑛 + 1)(𝑛 + 2) = (𝑁 + 1)(𝑁 + 2)(𝑁 + 3)
3 .

The pure three-dimensional harmonic oscil-
lator therefore predicts the shell-closure se-
quence

2, 8, 20, 40, 70, 112, …
for neutron number or proton number sepa-
rately. It correctly accounts for the first three
observed magic numbers 2, 8, and 20.

2. Derivation of the zero-point energy

For each Cartesian coordinate, define the anni-
hilation and creation operators

𝑎𝑖 = √
𝑚𝜔
2ℏ 𝑥𝑖 + 𝑖

√2𝑚ℏ𝜔
𝑝𝑖

𝑎†𝑖 = √
𝑚𝜔
2ℏ 𝑥𝑖 − 𝑖

√2𝑚ℏ𝜔
𝑝𝑖.

Using [𝑥𝑖, 𝑝𝑗] = 𝑖ℏ𝛿𝑖𝑗 , one finds

[𝑎𝑖, 𝑎†𝑗 ] = 𝛿𝑖𝑗
and

𝑝2𝑖
2𝑚 + 1

2𝑚𝜔
2𝑥2𝑖 = ℏ𝜔 (𝑎†𝑖 𝑎𝑖 + 1

2) .

Consequently,

𝐻 + 𝑉0 = ℏ𝜔 ∑
𝑖=𝑥,𝑦 ,𝑧

(𝑎†𝑖 𝑎𝑖 + 1
2) .

Since the eigenvalues of 𝑎†𝑖 𝑎𝑖 are the non-
negative integers 𝑛𝑖, the smallest possible oscil-
lator energy occurs for

𝑛𝑥 = 𝑛𝑦 = 𝑛𝑧 = 0.
It is

𝐸zp = ℏ𝜔 (12 + 1
2 + 1

2) = 3
2ℏ𝜔 .

Thus the lowest single-particle energy, includ-
ing the depth of the nuclear mean field, is

𝜀0 = −𝑉0 + 3
2ℏ𝜔 .

The quantity 3
2ℏ𝜔 is the zero-point energy

above the bottom of the well. It cannot be re-
moved while retaining the oscillator potential
because simultaneous vanishing of all three co-
ordinate and momentum uncertainties would
violate the uncertainty principle.

For 𝐴 independent occupied single-particle
states, the oscillator contribution to the total en-
ergy is

𝐸osc =
𝐴
∑
𝑖=1

(𝑁𝑖 + 3
2) ℏ𝜔 = ℏ𝜔

𝐴
∑
𝑖=1

𝑁𝑖 + 3𝐴
2 ℏ𝜔.

The Pauli principle prevents all identical nucle-
ons from occupying 𝑁𝑖 = 0, so the total en-
ergy also contains the shell-filling contribution
ℏ𝜔∑𝑖 𝑁𝑖. A commonly used phenomenological
nuclear estimate is

ℏ𝜔 ≃ 41𝐴−1/3 MeV,
which gives the oscillator level spacing and
makes the single-nucleon zero-point energy ap-
proximately

𝐸zp ≃ 61.5𝐴−1/3 MeV.

3. Failure for the higher magic numbers

The experimentally established higher magic
numbers are

28, 50, 82, 126,
whereas the pure oscillator gives 40, 70, 112, ….
The failure follows from the excessive degener-
acy of the harmonic oscillator. Its energy de-
pends only on

𝑁 = 2𝑛𝑟 + 𝑙
and is independent of both 𝑙 and the total angu-
lar momentum

j = l + s.
Hence the two states

𝑗 = 𝑙 + 1
2 , 𝑗 = 𝑙 − 1

2
are predicted to have the same energy.

In an actual nucleus there is a strong spin-orbit
interaction,

𝑉𝑙𝑠(𝑟) l ⋅ s,
and

l ⋅ s = 1
2 [𝑗(𝑗 + 1) − 𝑙(𝑙 + 1) − 𝑠(𝑠 + 1)] ℏ2.

For 𝑠 = 1
2 ,

l ⋅ s =
⎧
⎨
⎩

𝑙
2ℏ

2, 𝑗 = 𝑙 + 1
2 ,

− 𝑙 + 1
2 ℏ2, 𝑗 = 𝑙 − 1

2 .

The nuclear spin-orbit interaction has the ob-
served ordering in which the aligned state 𝑗 =
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𝑙 + 1
2 is lowered substantially relative to the

𝑗 = 𝑙 − 1
2 state. The splitting grows with 𝑙, so

high-𝑙 orbitals may be displaced across the gap
between adjacent oscillator shells.

For example, immediately above the closure at
20, the 1𝑓7/2 level is pulled down. Its degener-
acy is

2𝑗 + 1 = 2 (72) + 1 = 8.
Filling this level therefore gives

20 + 8 = 28,
producing the observed magic number 28 in-
stead of the oscillator closure at 40. Analogous
rearrangements involving the 1𝑔9/2, 1ℎ11/2,
and 1𝑖13/2 orbitals lead to the closures at 50, 82,
and 126, respectively.
The finite nuclear surface also makes the real-
istic mean field closer to a Woods–Saxon po-
tential than to an oscillator at large 𝑟 , thereby
removing part of the accidental 𝑁 -shell degen-
eracy. Nevertheless, the strong spin-orbit inter-
action is the decisive ingredient required to re-
produce the higher magic numbers.

CONCLUSION:

For a nucleon moving in the spherical harmonic-
oscillator mean field,

𝑉 (𝑟) = −𝑉0 + 1
2𝑚𝜔

2𝑟2,

the single-particle energies are

𝜀𝑁 = −𝑉0 + (𝑁 + 3
2) ℏ𝜔

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 = 2𝑛𝑟 + 𝑙.
The zero-point energy per nucleon, measured upward
from the potential minimum, is

𝐸zp = 3
2ℏ𝜔 ,

or approximately 61.5𝐴−1/3 MeV when the phe-
nomenological estimate ℏ𝜔 ≃ 41𝐴−1/3 MeV is used.

Including spin, the 𝑁 -th oscillator shell can contain

𝑔𝑁 = (𝑁 + 1)(𝑁 + 2)

protons or neutrons separately, giving the predicted
closures

2, 8, 20, 40, 70, 112, … .
Thus the oscillator approximation is useful near the
centre of a spherical nuclear mean field and explains
the first three magic numbers, but it fails for higher

shells because it neglects the finite-surface form of the
potential and, most importantly, the strong spin-orbit
splitting. The lowering of the aligned 𝑗 = 𝑙+ 1

2 orbitals
reorganizes the spectrum and produces the observed
higher magic numbers

28, 50, 82, 126 .

CSE · 2026 · 10 MARKS

Q5. What do you understand by the pack-
ing fraction ’𝑓 ’ and the binding energy ’𝐸𝑏’ of
a nucleus? Draw the graphs for packing frac-
tion 𝑓 versus mass number (𝐴) and binding

energy fraction 𝑓𝑏 (=
𝐸𝑏
𝐴 ) versus mass num-

ber (𝐴). Further, explain how the graphs of
the variation of 𝑓 and 𝑓𝑏 with 𝐴 have com-
plementary approaches.

INTRODUCTION:

The question requires the definitions of packing frac-
tion and nuclear binding energy, their qualitative vari-
ations with mass number 𝐴, and the physical reason
for the complementary nature of these variations.

Consider a nuclide containing 𝑍 protons and 𝑁 =
𝐴 − 𝑍 neutrons. Let 𝑀(𝐴, 𝑍) be its ground-state
atomic mass, 𝑢 the unified atomic mass unit, 𝑚H the
mass of a hydrogen atom, and 𝑚𝑛 the neutron mass.
The binding-energy sign convention adopted here is

𝐸𝑏 > 0
for a bound nucleus; thus 𝐸𝑏 is the energy required
to separate the nucleus completely into free nucleons
at rest and at infinite separation. Atomic masses will
be used, with electronic binding-energy corrections
neglected because they are very small on the nuclear-
energy scale.

Since different isobars with the same 𝐴 have differ-
ent masses, the smooth curves represent nuclei on or
near the valley of stability. Shell, pairing, and odd–
even effects produce local deviations from these aver-
age trends.

SOLUTION:

1. The packing fraction is the fractional excess
or deficiency of the actual isotopic mass over
the integral mass number, conventionally mul-
tiplied by 104:

𝑓 = 104𝑀/𝑢 − 𝐴
𝐴 = 104𝑀 − 𝐴𝑢

𝐴𝑢 .
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It is dimensionless. Some authors omit the fac-
tor 104; that convention changes only the nu-
merical scale of the vertical axis.

The sign convention is therefore

𝑓 > 0
⟺

𝑀 > 𝐴𝑢
𝑓 < 0
⟺

𝑀 < 𝐴𝑢.
Thus a negative packing fractionmeans that the
average atomic mass per nucleon is less than 𝑢.

2. The nuclear binding energy is the work re-
quired to disintegrate the nucleus into its 𝑍 free
protons and 𝑁 free neutrons. It is also the en-
ergy released when these free nucleons com-
bine to form the nucleus. In terms of nuclear
masses,

𝐸𝑏 = [𝑍𝑚𝑝 + 𝑁𝑚𝑛 − 𝑚nuc(𝐴, 𝑍)] 𝑐2.
Using atomic masses and neglecting the small
electronic binding-energy correction,

𝐸𝑏 ≃ [𝑍𝑚H + (𝐴 − 𝑍)𝑚𝑛 − 𝑀(𝐴, 𝑍)] 𝑐2 .
The binding energy per nucleon, called the
binding-energy fraction in the question, is

𝑓𝑏 =
𝐸𝑏
𝐴 ,

usually expressed in MeVnucleon−1. It mea-
sures the average energy needed to remove a
nucleon, although individual separation ener-
gies need not equal 𝐸𝑏/𝐴.

3. The required qualitative graphs are shown be-
low. The first zero crossing of the smooth
packing-fraction curve occurs near 𝐴 ≃ 15–16;
the light nuclei with 𝐴 ≃ 12–15 are therefore
not to be represented on the negative branch of
the smooth curve.

𝑓

𝐴1
16 56

∼ 215240

min

𝑓𝑏

𝐴1 5662 240

8.8 max

For the lightest nuclei, 𝑓 is positive and falls
rapidly with increasing 𝐴. Its smooth trend
crosses the zero line near 𝐴 ≃ 15–16, be-
comes negative, and reaches a broad minimum

in the iron–nickel region. It then rises gradu-
ally and becomes positive again for sufficiently
heavy nuclei, with the second crossing occur-
ring roughly in the 𝐴 ≃ 210–220 region.

For a single free nucleon, 𝐸𝑏 = 0, so 𝑓𝑏 = 0. As
nucleons form light nuclei, 𝑓𝑏 rises rapidly. It
attains a broad maximum of approximately

𝑓𝑏 ≃ 8.7–8.8 MeVnucleon−1

in the iron–nickel region, approximately 𝐴 ≃
56–62, and then decreases slowly for heavier
nuclei.

4. The complementary behavior follows directly
from mass–energy conservation. The atomic-
mass expression for binding energy gives

𝑀(𝐴, 𝑍) ≃ 𝑍𝑚H + 𝑁𝑚𝑛 −
𝐸𝑏
𝑐2 .

Subtracting 𝐴𝑢, where 𝐴 = 𝑍 + 𝑁 , yields

𝑀 − 𝐴𝑢 ≃ 𝑍(𝑚H − 𝑢) + 𝑁(𝑚𝑛 − 𝑢) − 𝐸𝑏
𝑐2 .

Dividing by 𝐴𝑢 and using 𝑓𝑏 = 𝐸𝑏/𝐴,

𝑀 − 𝐴𝑢
𝐴𝑢 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

Hence

𝑓
104 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

The first two terms specify the mass per nu-
cleon of the corresponding unbound proton–
neutron mixture. Along the valley of stabil-
ity they vary comparatively slowly with 𝐴,
whereas the binding contribution enters with
a negative sign. Greater binding energy per nu-
cleon removes more rest mass per nucleon; con-
sequently,

𝑓𝑏 increasing ⟹ 𝑓 decreasing,
and

𝑓𝑏 decreasing ⟹ 𝑓 increasing.
Thus the broad maximum of 𝑓𝑏 lies approxi-
mately in the same iron–nickel region in which
𝑓 has its broad minimum.

The two graphs are complementary but are
not exact mirror images. The reason is that
the neutron-to-proton ratio, and therefore 𝑍/𝐴
and 𝑁/𝐴, changes systematically along the val-
ley of stability. Shell structure, pairing, and
odd–even effects also introduce local irregular-
ities.
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The maximum of 𝑓𝑏 has an immediate ener-
getic implication. Fusion of light nuclei can
release energy when the product lies nearer
the iron–nickel maximum and therefore has a
larger 𝐸𝑏/𝐴. Fission of a very heavy nucleus
can likewise release energy when its medium-
mass fragments have a larger 𝐸𝑏/𝐴 than the par-
ent.

CONCLUSION:

For a nuclide of atomic mass 𝑀(𝐴, 𝑍), the conven-
tional packing fraction is

𝑓 = 104𝑀 − 𝐴𝑢
𝐴𝑢 ,

and the positive binding energy and binding energy
per nucleon are

𝐸𝑏 ≃ [𝑍𝑚H + (𝐴 − 𝑍)𝑚𝑛 − 𝑀(𝐴, 𝑍)] 𝑐2

𝑓𝑏 =
𝐸𝑏
𝐴 .

Here 𝑓 is dimensionless, 𝐸𝑏 is an energy, and 𝑓𝑏 is nor-
mally quoted in MeVnucleon−1.
For nuclei near the valley of stability, the smooth
𝑓 (𝐴) curve falls through zero near 𝐴 ≃ 15–16,
reaches a broad minimum near the iron–nickel re-
gion, and then rises, becoming positive again among
very heavy nuclei. In the complementary variation,
𝑓𝑏 rises from zero at 𝐴 = 1 to approximately 8.7–
8.8 MeVnucleon−1 near 𝐴 ≃ 56–62, and thereafter
decreases slowly.

This complementarity results from the negative bind-
ing term in

𝑓
104 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

Subject to the gradual change of nuclear composition
and local structure effects, a maximum of binding en-
ergy per nucleon therefore corresponds to aminimum
of packing fraction. The iron–nickel region contains
the most strongly bound nuclei on average, and mo-
tion toward this region permits energy release by fu-
sion of light nuclei or fission of very heavy nuclei.

CSE · 2026 · 20 MARKS

Q6. What is the criticality of a self-
sustained nuclear reactor? Write the basic
processes affecting the nuclear chain reac-
tions of a finite-size nuclear reactor. Also,
write the critical size of reactors of different

shapes in terms of geometrical buckling con-
stant.

INTRODUCTION:

A reactor is self-sustained when the neutron popu-
lation reproduces itself from one generation to the
next. Its criticality is therefore specified by the effec-
tive neutron multiplication factor

𝑘eff =
number of neutrons in one generation

number of neutrons in the preceding generation
.

Thus,
𝑘eff < 1

subcritical

𝑘eff = 1
critical

𝑘eff > 1
supercritical.

Equivalently, the reactivity is

𝜌 = 𝑘eff − 1
𝑘eff

,

so that 𝜌 = 0 at criticality.

For the size calculation, consider a bare, homoge-
neous reactor in the one-group diffusion approxima-
tion. Let 𝜙(r) be the neutron flux, 𝐷 the diffusion coef-
ficient, Σ𝑎 the macroscopic absorption cross-section,
Σ𝑓 the macroscopic fission cross-section, and 𝜈 the
mean number of neutrons emitted per fission. The
geometrical dimensions appearing in the diffusion
boundary condition are extrapolated dimensions: the
flux is taken to vanish a small extrapolation distance
𝛿 outside the physical surface.

SOLUTION:

The neutron life cycle in a finite reactor contains the
following basic processes.

1. A neutron is absorbed in a fissile nucleus and
produces fission. If 𝜈 neutrons are emitted per
fission, this is the principal neutron-production
process.

2. Some fast neutrons produce additional fissions
before slowing down. This increases the neu-
tron population by the fast-fission factor 𝜖.

3. Elastic and inelastic scattering reduce neutron
energies. In a thermal reactor, moderation car-
ries the neutrons from fission energies to ther-
mal energies, where the fission probability of
fuels such as 235U is large.

4. During slowing down, some neutrons undergo
non-fission capture, particularly in resonance-
energy regions. The resonance escape probabil-
ity 𝑝 is the fraction that reaches thermal energy
without such absorption.
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5. Thermal neutrons may be absorbed in the fuel,
moderator, coolant, structural material, control
material, or fission products. The thermal uti-
lization factor 𝑓 is the fraction of all thermal-
neutron absorptions that occur in the fuel.

6. Absorption in the fuel may cause either fission
or radiative capture. The reproduction factor 𝜂
is the number of fission neutrons produced per
thermal neutron absorbed in the fuel.

7. Since the reactor has finite dimensions, fast
and thermal neutrons may escape through its
boundary. If 𝑃𝑓 and 𝑃𝑡 are the fast and thermal
non-leakage probabilities, respectively, leakage
reduces the multiplication factor.

For a thermal reactor, these processes are summarized
by the six-factor formula

𝑘eff = 𝜂 𝜖 𝑝 𝑓 𝑃𝑓 𝑃𝑡 .
The first four factors give the infinite-medium multi-
plication factor,

𝑘∞ = 𝜂𝜖𝑝𝑓 ,
whereas 𝑃𝑓 𝑃𝑡 < 1 accounts for leakage from a finite re-
actor. A self-sustained steady chain reaction requires

𝜂𝜖𝑝𝑓 𝑃𝑓 𝑃𝑡 = 1.
Delayed neutrons do not appreciably alter the static
critical-size condition, but they are essential for the
controllable time-dependent response of a reactor
near criticality.

In one-group diffusion theory, the neutron balance
eigenvalue equation is

−𝐷∇2𝜙 + Σ𝑎𝜙 = 𝜈Σ𝑓
𝑘eff

𝜙.

At exact criticality, 𝑘eff = 1, and hence

−𝐷∇2𝜙 + Σ𝑎𝜙 = 𝜈Σ𝑓 𝜙.
Therefore,

∇2𝜙 + 𝐵2𝑚𝜙 = 0, 𝐵2𝑚 = 𝜈Σ𝑓 − Σ𝑎
𝐷 ,

where 𝐵2𝑚 is the material buckling. It measures the ex-
cess neutron production available to compensate leak-
age.

For a reactor of a specified shape, the fundamental
spatial mode satisfies

∇2𝜙 + 𝐵2𝑔𝜙 = 0,

with zero flux at the extrapolated boundary. Here 𝐵2𝑔
is the geometrical buckling, which measures leakage

imposed by the size and shape. The criticality condi-
tion is consequently

𝐵2𝑔 = 𝐵2𝑚 .

For a fixed material, a smaller reactor has larger 𝐵2𝑔
and hence excessive leakage, whereas a larger reactor
has smaller 𝐵2𝑔 .
For the common reactor geometries, the critical di-
mensions follow as below.

1. For a slab of physical thickness 𝑇 , infinite in the
other two directions, let

𝑇𝑒 = 𝑇 + 2𝛿
be its extrapolated thickness. The fundamental
flux is proportional to

sin (𝜋𝑥𝑇𝑒
) ,

and therefore

𝐵2𝑔 = ( 𝜋𝑇𝑒
)
2
.

At criticality,

𝑇𝑒 = 𝜋
𝐵𝑚

, 𝑇𝑐 = 𝜋
𝐵𝑚

− 2𝛿 .

2. For a rectangular parallelepiped having physi-
cal side lengths 𝑎, 𝑏, and 𝑐, define
𝑎𝑒 = 𝑎 + 2𝛿, 𝑏𝑒 = 𝑏 + 2𝛿, 𝑐𝑒 = 𝑐 + 2𝛿.

Separation of variables gives the fundamental
mode

𝜙 ∝ sin (𝜋𝑥𝑎𝑒
) sin (𝜋𝑦𝑏𝑒

) sin (𝜋𝑧𝑐𝑒
) ,

so that

𝐵2𝑔 = 𝜋2 ( 1
𝑎2𝑒

+ 1
𝑏2𝑒

+ 1
𝑐2𝑒
) .

The critical dimensions satisfy

𝐵2𝑚 = 𝜋2 [ 1
(𝑎 + 2𝛿)2 + 1

(𝑏 + 2𝛿)2 + 1
(𝑐 + 2𝛿)2 ] .

For a cube of physical side 𝐿,

𝐵2𝑔 = 3𝜋2
(𝐿 + 2𝛿)2 , 𝐿𝑐 = √3 𝜋

𝐵𝑚
− 2𝛿 .

3. For a finite right circular cylinder of physical
radius 𝑅 and height 𝐻 , take

𝑅𝑒 = 𝑅 + 𝛿, 𝐻𝑒 = 𝐻 + 2𝛿.
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The fundamental radial solution is
𝐽0(2.405 𝑟/𝑅𝑒), since 2.405 is the first pos-
itive zero of 𝐽0. Including the axial mode
gives

𝐵2𝑔 = (2.405𝑅𝑒
)
2
+ ( 𝜋

𝐻𝑒
)
2
.

Thus its critical dimensions obey

𝐵2𝑚 = ( 2.405𝑅 + 𝛿 )
2
+ ( 𝜋

𝐻 + 2𝛿 )
2
.

A unique pair (𝑅𝑐 , 𝐻𝑐) is obtained only after
specifying the cylinder’s aspect ratio or one of
its dimensions.

4. For a sphere of physical radius 𝑅, let
𝑅𝑒 = 𝑅 + 𝛿.

The finite spherically symmetric solution is

𝜙(𝑟) = 𝐶
sin(𝐵𝑔 𝑟)

𝑟 .
Regularity at 𝑟 = 0 selects this solution, and
the extrapolated boundary condition 𝜙(𝑅𝑒) = 0
gives

𝐵𝑔𝑅𝑒 = 𝜋.
Hence

𝐵2𝑔 = ( 𝜋
𝑅𝑒

)
2
, 𝑅𝑒 = 𝜋

𝐵𝑚
,

and the physical critical radius is

𝑅𝑐 = 𝜋
𝐵𝑚

− 𝛿 .

Since 𝐵𝑚 and 𝐵𝑔 both have the dimension of inverse
length, their equality consistently determines a criti-
cal length. The relations also show the expected phys-
ical limit: increasing a reactor dimension decreases
𝐵2𝑔 , reduces neutron leakage, and moves the reactor
toward supercriticality; decreasing the dimension in-
creases leakage and moves it toward subcriticality.

CONCLUSION:

A self-sustained nuclear reactor is critical when

𝑘eff = 1 , 𝜌 = 0 ,
so that neutron production exactly balances absorp-
tion and outward leakage. In life-cycle notation this
is

𝜂𝜖𝑝𝑓 𝑃𝑓 𝑃𝑡 = 1 .
In the bare, homogeneous, one-group diffusionmodel,
the equivalent critical-size condition is

𝐵2𝑔 = 𝐵2𝑚 = 𝜈Σ𝑓 − Σ𝑎
𝐷 ,

where 𝐵𝑔 and 𝐵𝑚 have units of inverse length.

Using extrapolated dimensions, the geometrical buck-
lings are

𝐵2𝑔 =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

( 𝜋𝑇𝑒
)
2
, slab,

𝜋2 ( 1
𝑎2𝑒

+ 1
𝑏2𝑒

+ 1
𝑐2𝑒
) , rectangular parallelepiped,

(2.405𝑅𝑒
)
2
+ ( 𝜋

𝐻𝑒
)
2
, finite cylinder,

( 𝜋
𝑅𝑒

)
2
, sphere.

Accordingly,

𝑇𝑐 = 𝜋
𝐵𝑚

− 2𝛿

𝐿𝑐 = √3𝜋
𝐵𝑚

− 2𝛿

𝑅𝑐,sphere = 𝜋
𝐵𝑚

− 𝛿

while the critical radius and height of a finite cylinder
satisfy

( 2.405
𝑅𝑐 + 𝛿 )

2
+ ( 𝜋

𝐻𝑐 + 2𝛿 )
2
= 𝐵2𝑚 .

These results apply within diffusion theory to a
bare homogeneous reactor; reflectors, heterogeneous
cores, multigroup effects, and anisotropic leakage re-
quire the corresponding modified boundary condi-
tions and neutron-balance equations.

CSE · 2025 · 15 MARKS

Q7. The total binding energies of 158 O, 168 O
and 178 O are 111 ⋅ 96 MeV, 127 ⋅ 62 MeV and
131 ⋅ 76 MeV respectively. Determine the en-
ergy gap between 1𝑝1/2 and 1𝑑5/2 neutron
shells for the nuclide whose mass number is
close to 16.

INTRODUCTION:

The proton number is fixed at 𝑍 = 8, while the neu-
tron numbers of the three isotopes are

𝑁(15O) = 7, 𝑁 (16O) = 8, 𝑁 (17O) = 9.
In the independent-particle shell model, 16O is a dou-
bly magic closed-shell nucleus. Its highest occupied
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neutron orbit is 1𝑝1/2, whereas the next neutron
added to form 17O occupies the 1𝑑5/2 orbit.

Let 𝐵(𝐴) denote the positive total binding energy of
𝐴O. The one-neutron separation energy is

𝑆𝑛(𝐴) = 𝐵(𝐴) − 𝐵(𝐴 − 1).
Neglecting changes in the mean nuclear field and
residual-particle correlations among the three neigh-
bouring isotopes, 𝑆𝑛(16O) gives the binding of a neu-
tron in the last occupied 1𝑝1/2 orbit, while 𝑆𝑛(17O)
gives the binding of the added neutron in the 1𝑑5/2
orbit.

Single-particle energies are measured relative to the
neutron-emission threshold, so bound-state energies
are negative:

𝜖𝑛ℓ𝑗 ≃ −𝑆𝑛 .
The required shell gap is therefore

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2).

SOLUTION:

The energy required to remove the eighth neutron
from 16O, leaving 15O, is

𝑆𝑛(16O) = 𝐵(16O) − 𝐵(15O)
= 127.62 MeV − 111.96 MeV

= 15.66 MeV.
Thus, in the shell-model approximation,

𝜖(1𝑝1/2) ≃ −15.66 MeV.

Similarly, the energy required to remove the ninth
neutron from 17O, leaving the closed-shell 16O core,
is

𝑆𝑛(17O) = 𝐵(17O) − 𝐵(16O)
= 131.76 MeV − 127.62 MeV

= 4.14 MeV.
Hence,

𝜖(1𝑑5/2) ≃ −4.14 MeV.

The separation between the two single-neutron levels
is consequently

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2)
= (−4.14) − (−15.66) MeV

= 11.52 MeV.
Equivalently,

Δ𝐸 = 𝑆𝑛(16O)− 𝑆𝑛(17O) = 2𝐵(16O)−𝐵(15O)−𝐵(17O).
The positive value is physically consistent: the occu-
pied 1𝑝1/2 neutron is more deeply bound than the
1𝑑5/2 neutron lying above the 𝑁 = 8 shell closure.

CONCLUSION:

The neutron-shell energy gap near mass number 𝐴 =
16 is

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2) = 11.52 MeV .

Thus the 1𝑑5/2 neutron level lies approximately
11.52 MeV above the 1𝑝1/2 level. This inference as-
sumes that the neighbouring oxygen isotopes can be
described as one-neutron particle or hole states about
the closed-shell 16O core, with changes of the mean
field and residual correlation energies neglected.

CSE · 2025 · 15 MARKS

Q8. What is the minimum energy required
to break a 42He nucleus into free protons and
neutrons? [ Given, 𝑚H = 1 ⋅ 007825 amu,
𝑚𝑛 = 1 ⋅ 008665 amu, 𝑚𝑒 = 0 ⋅ 00055 amu and
𝑚He = 4 ⋅ 002603 amu ]

INTRODUCTION:

The 42He nucleus contains two protons and two neu-
trons. The minimum energy required to separate it
into free nucleons is its nuclear binding energy. It is
obtained from the mass defect,

Δ𝑚 = (2𝑚𝑝 + 2𝑚𝑛) − 𝑚4He nucleus,
using Einstein’s mass–energy relation,

𝐸min = Δ𝑚 𝑐2.
The tabulated masses 𝑚H and 𝑚He are atomic masses.
Hence

𝑚𝑝 = 𝑚H − 𝑚𝑒 , 𝑚4He nucleus = 𝑚He − 2𝑚𝑒 ,
where the negligible atomic electron binding energies
are ignored.

SOLUTION:

Substituting the nuclear masses into the mass-defect
expression gives

Δ𝑚 = 2(𝑚H − 𝑚𝑒) + 2𝑚𝑛 − (𝑚He − 2𝑚𝑒)
= 2𝑚H + 2𝑚𝑛 − 𝑚He.

Thus the electron masses cancel, as expected because
both sides contain two electrons when atomic masses
are used consistently.

Numerically,

Δ𝑚 = [2(1.007825) + 2(1.008665) − 4.002603] amu

= [2.015650 + 2.017330 − 4.002603] amu

= 0.030377 amu.
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Using
1 amu 𝑐2 ≃ 931.5 MeV,

the required energy is

𝐸min = (0.030377 amu)(931.5 MeV/amu)
≃ 28.30 MeV.

Equivalently, since 1 MeV = 1.602 × 10−13 J,

𝐸min = (28.30)(1.602 × 10−13) J
≃ 4.53 × 10−12 J.

The positive mass defect confirms that energy must
be supplied to overcome the binding of the nucleons.
This value also corresponds to an average binding en-
ergy of

28.30
4 ≃ 7.07 MeV

per nucleon, consistent with the strong binding of the
4He nucleus.

CONCLUSION:

The minimum energy required to break one 4
2He nu-

cleus completely into two free protons and two free
neutrons is

𝐸min ≃ 28.3 MeV ≃ 4.53 × 10−12 J .

This is the total binding energy of the 42He nucleus and
is the threshold energy, neglecting recoil and atomic
electron-binding corrections.

CSE · 2025 · 15 MARKS

Q9. Consider a uranium nucleus (92U
236)

breaking up spontaneously into two equal
parts. Estimate the reduction of electrostatic
energy of the nucleus considering uniform
charge distribution. [ Assume that nuclear
radius is 1 ⋅ 2 × 10−13𝐴1/3 cm ]

INTRODUCTION:

The electrostatic self-energy of a uniformly charged
spherical nucleus of charge 𝑄 = 𝑍𝑒 and radius 𝑅 is

𝐸C = 3
5

1
4𝜋𝜀0

𝑄2
𝑅 .

We compare the self-energy of the original spherical
nucleus with the sum of the self-energies of two equal
spherical fragments after they are sufficiently sepa-
rated that their mutual electrostatic interaction is neg-
ligible.

For the parent nucleus,

𝐴 = 236, 𝑍 = 92, 𝑄 = 92𝑒.
Equal division, with the proton-to-nucleon ratio un-
changed, gives

𝐴𝑓 = 236
2 = 118, 𝑍𝑓 = 92

2 = 46,
so charge and nucleon number are conserved. Writ-
ing the parent and fragment radii as 𝑅 and 𝑅𝑓 , respec-
tively, the given radius law implies

𝑅 = 𝑟0𝐴1/3, 𝑅𝑓 = 𝑟0 (𝐴2 )
1/3

= 𝑅
21/3 ,

where
𝑟0 = 1.2 × 10−13 cm = 1.2 fm.

SOLUTION:

The radius of the original uranium nucleus is

𝑅 = (1.2 fm)(236)1/3.
Since

2361/3 ≃ 6.18,
we obtain

𝑅 ≃ (1.2)(6.18) fm ≃ 7.42 fm.

Using
𝑒2
4𝜋𝜀0

= 1.44MeV fm,
the electrostatic self-energy of the parent nucleus is

𝐸(𝑖)C = 3
5

1
4𝜋𝜀0

𝑍 2𝑒2
𝑅 .

Therefore,

𝐸(𝑖)C = 3
5
(92)2(1.44MeV fm)

7.42 fm .
Numerically,

𝐸(𝑖)C = 0.6 × 8464 × 1.44
7.42 MeV ≃ 9.86 × 102 MeV.

Each fragment has charge 𝑍𝑒/2 and radius 𝑅/21/3. Its
self-energy is

𝐸C,𝑓 = 3
5

1
4𝜋𝜀0

(𝑍𝑒/2)2
𝑅/21/3 .

The total self-energy of both fragments is conse-
quently

𝐸(𝑓 )C = 2𝐸C,𝑓
= 2 [35

1
4𝜋𝜀0

𝑍 2𝑒2/4
𝑅/21/3 ]

= 3
5

1
4𝜋𝜀0

𝑍 2𝑒2
𝑅 2−2/3

= 𝐸(𝑖)C 2−2/3.
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Since
2−2/3 ≃ 0.630,

the final electrostatic self-energy is

𝐸(𝑓 )C ≃ (9.86 × 102)(0.630)MeV ≃ 6.21 × 102 MeV.

Hence the reduction in electrostatic energy is

Δ𝐸C = 𝐸(𝑖)C − 𝐸(𝑓 )C

= 𝐸(𝑖)C (1 − 2−2/3)
≃ (9.86 × 102)(1 − 0.630)MeV

≃ 3.65 × 102 MeV.
In SI units,

Δ𝐸C ≃ (3.65 × 102)(1.602 × 10−13) J ≃ 5.85 × 10−11 J.
The positive value is physically consistent: division
spreads the same total charge over two separated
nuclei, thereby lowering the total electrostatic self-
energy.

CONCLUSION:

For uniform spherical charge distributions, the spon-
taneous equal division

23692 U ⟶ 11846 𝑋 + 11846 𝑋
reduces the electrostatic self-energy by

Δ𝐸C ≃ 3.65 × 102 MeV

or equivalently

Δ𝐸C ≃ 5.85 × 10−11 J .
Thus approximately 365MeV of electrostatic energy
is released in the direction of fragment separation, un-
der the assumptions of equal charge division, spher-
ical uniform-charge fragments, unchanged nuclear
density, and negligible mutual Coulomb interaction
in the final sufficiently separated state.

CSE · 2025 · 10+10=20 MARKS

Q10. State the basic assumption of single-
particle shell model. How do the centrifugal
and spin-orbit terms remove the degeneracy
of three-dimensional spherical harmonic os-
cillator?

INTRODUCTION:

The single-particle shell model assumes that, to a
good approximation, each nucleon moves indepen-
dently in a time-independent average potential pro-
duced by all the other nucleons. The complicated

residual two-nucleon interactions are replaced at lead-
ing order by a common, spherically symmetric mean
field. The Pauli exclusion principle is imposed sepa-
rately on protons and neutrons, and the residual inter-
action is treated as a comparatively small correction.

For a nucleon of mass 𝑚, the single-particle Hamilto-
nian may be written as

𝐻 = p2

2𝑚 + 𝑉 (𝑟) + 𝑉𝑙𝑠(𝑟) l ⋅ s.

For the ideal three-dimensional isotropic harmonic os-
cillator,

𝑉 (𝑟) = 1
2𝑚𝜔

2𝑟2

𝐸(0)𝑁 = (𝑁 + 3
2) ℏ𝜔

𝑁 = 2𝑛𝑟 + 𝑙
where 𝑛𝑟 = 0, 1, 2, … is the radial quantum number
and 𝑙 is the orbital angular-momentum quantum num-
ber. Thus all states having the same oscillator quan-
tum number 𝑁 , but different allowed values

𝑙 = 𝑁 , 𝑁 − 2,… ,
have the same energy. Including spin, a major oscil-
lator shell has degeneracy

𝑔𝑁 = 2∑
𝑙
(2𝑙 + 1) = (𝑁 + 1)(𝑁 + 2).

The centrifugal contribution is examined in the radial
equation, while the spin-orbit interaction is evaluated
in the coupled basis

j = l + s, 𝑠 = 1
2 .

SOLUTION:

For a central potential, write the wavefunction as

𝜓𝑛𝑙𝑗𝑚(r, 𝜎) =
𝑢𝑛𝑙(𝑟)
𝑟 𝒴𝑙𝑗𝑚(r̂, 𝜎).

The radial Schrödinger equation is

[− ℏ2
2𝑚

𝑑2
𝑑𝑟2 + 𝑉 (𝑟) + ℏ2𝑙(𝑙 + 1)

2𝑚𝑟2 ] 𝑢𝑛𝑙(𝑟) = 𝐸𝑛𝑙𝑢𝑛𝑙(𝑟).

Hence the effective radial potential is

𝑉eff(𝑟) = 𝑉 (𝑟) + 𝑉cf(𝑟), 𝑉cf(𝑟) = ℏ2𝑙(𝑙 + 1)
2𝑚𝑟2 .

The centrifugal barrier vanishes for 𝑙 = 0 and in-
creases with 𝑙(𝑙 + 1). Consequently, states with dif-
ferent 𝑙 experience different effective radial potentials
and have different radial distributions. In a general
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nuclear mean field this makes the energy depend sep-
arately on 𝑛𝑟 and 𝑙:

𝐸𝑛𝑟 𝑙 ≠ 𝐸𝑛𝑟 𝑙′ for 𝑙 ≠ 𝑙′,
even when 2𝑛𝑟 + 𝑙 = 2𝑛′𝑟 + 𝑙′. The accidental degen-
eracy between different 𝑙-values within one oscillator
shell is therefore removed.

There is an important qualification. The centrifugal
term is already present in the exact radial solution of
the isotropic harmonic oscillator. For the special po-
tential 𝑉 (𝑟) = 𝑚𝜔2𝑟2/2, its 𝑙-dependence is exactly
compensated by the radial excitation energy, giving

𝐸(0)𝑛𝑟 𝑙 = (2𝑛𝑟 + 𝑙 + 3
2) ℏ𝜔 = (𝑁 + 3

2) ℏ𝜔.
Thus the centrifugal barrier by itself does not split an
exact isotropic oscillator shell. The 𝑙-splitting arises
when the oscillator is replaced by, or corrected to-
ward, a realistic finite-depth nuclear mean field. It is
often represented phenomenologically within amajor
shell by an 𝑙-dependent term such as

Δ𝐻𝑙 = 𝐷 l 2,
where the coefficient 𝐷, including its sign, depends
on the chosen mean-field parametrization. Its eigen-
value is

Δ𝐸𝑙 = 𝐷ℏ2𝑙(𝑙 + 1),
so states with different 𝑙 are no longer degenerate.
Equivalently, the centrifugal barrier in the radial
equation supplies the physical origin of the sensitiv-
ity to 𝑙, while the non-oscillator form of the central
potential prevents the exact oscillator cancellation.

The remaining degeneracy between the two possible
orientations of spin relative to the orbital angular mo-
mentum is removed by the spin-orbit interaction. Let

𝐻𝑙𝑠 = 𝑉𝑙𝑠(𝑟) l ⋅ s.
Using

j2 = (l + s)2 = l2 + s2 + 2l ⋅ s,
one obtains

l ⋅ s = 1
2 (j2 − l2 − s2) .

Therefore, in a state labelled by 𝑙 , 𝑠, 𝑗,

⟨l ⋅ s⟩ = ℏ2
2 [𝑗(𝑗 + 1) − 𝑙(𝑙 + 1) − 𝑠(𝑠 + 1)] .

For a nucleon, 𝑠 = 1
2 , so 𝑠(𝑠+1) = 3/4, and the allowed

total angular momenta are

𝑗 = 𝑙 + 1
2 and 𝑗 = 𝑙 − 1

2 (𝑙 ≠ 0).

For 𝑗 = 𝑙 + 1
2 ,

𝑗(𝑗 + 1) = (𝑙 + 1
2) (𝑙 +

3
2) = 𝑙(𝑙 + 1) + 𝑙 + 3

4 ,

and hence

⟨l ⋅ s⟩𝑗=𝑙+1/2 = ℏ2𝑙
2 .

For 𝑗 = 𝑙 − 1
2 ,

𝑗(𝑗 + 1) = (𝑙 − 1
2) (𝑙 +

1
2) = 𝑙2 − 1

4 ,

which gives

⟨l ⋅ s⟩𝑗=𝑙−1/2 = −ℏ2(𝑙 + 1)
2 .

If the radial dependence is replaced by its expectation
value in the orbit,

𝐶𝑛𝑙 = ⟨𝑉𝑙𝑠(𝑟)⟩𝑛𝑙 ,
the first-order shifts are

Δ𝐸𝑙𝑠 (𝑙 + 1
2) = 𝐶𝑛𝑙 ℏ

2𝑙
2 ,

and

Δ𝐸𝑙𝑠 (𝑙 − 1
2) = −𝐶𝑛𝑙 ℏ

2(𝑙 + 1)
2 .

The separation between the two spin-orbit partners is
consequently

𝐸𝑙+1/2 − 𝐸𝑙−1/2 = 𝐶𝑛𝑙 ℏ
2
2 (2𝑙 + 1).

Thus the magnitude of the splitting increases approx-
imately with 2𝑙 + 1.
In nuclei the effective spin-orbit coupling has the sign
for which the aligned state

𝑗 = 𝑙 + 1
2

lies below the anti-aligned state

𝑗 = 𝑙 − 1
2 .

With the convention used above, this corresponds to
𝐶𝑛𝑙 < 0. Each 𝑙-multiplet, originally containing

2(2𝑙 + 1)
states including spin, is divided into two levels:

𝑗 = 𝑙 + 1
2 , 2𝑗 + 1 = 2𝑙 + 2,

and
𝑗 = 𝑙 − 1

2 , 2𝑗 + 1 = 2𝑙.
Their total number of magnetic substates is con-
served:

(2𝑙 + 2) + (2𝑙) = 2(2𝑙 + 1).
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For 𝑙 = 0, only 𝑗 = 1/2 exists and

l ⋅ s = 0,
so there is no spin-orbit splitting of an 𝑠-orbit.
CONCLUSION:

The basic shell-model assumption is that every pro-
ton or neutron moves approximately independently
in a common, spherically symmetric mean field gen-
erated by all the other nucleons, with the Pauli princi-
ple enforced and residual interactions treated as cor-
rections.

The ideal three-dimensional harmonic oscillator has
energies

𝐸(0)𝑁 = (𝑁 + 3
2) ℏ𝜔, 𝑁 = 2𝑛𝑟 + 𝑙,

so different 𝑙-orbits belonging to the same 𝑁 -shell are
accidentally degenerate. The centrifugal barrier

ℏ2𝑙(𝑙 + 1)
2𝑚𝑟2

makes different 𝑙-states experience different effective
radial potentials. In an exact harmonic oscillator its

effect is cancelled in the total energy, but in a realis-
tic non-oscillator nuclear mean field this cancellation
is lost, producing an 𝑙-dependent splitting.
The spin-orbit interaction further divides every 𝑙 ≠ 0
orbit into the partners

𝑗 = 𝑙 + 1
2 and 𝑗 = 𝑙 − 1

2 ,

with

⟨l ⋅ s⟩ =
⎧
⎨
⎩

ℏ2𝑙
2 , 𝑗 = 𝑙 + 1

2 ,

−ℏ2(𝑙 + 1)
2 , 𝑗 = 𝑙 − 1

2 .
For the nuclear sign of the coupling, the aligned 𝑗 =
𝑙 + 1

2 level is lower, and the splitting has magnitude

|𝐸𝑙+1/2 − 𝐸𝑙−1/2| = |𝐶𝑛𝑙 | ℏ
2
2 (2𝑙 + 1).

The combined 𝑙-dependent central-field effect and
strong spin-orbit splitting destroy the large oscillator
degeneracy and generate the observed nuclear single-
particle shell structure.
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