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(i) Define cyclic coordinates and find their connections with the symmetries of =~ 10+5=
the system.; (ii) A system with two degrees of freedom is described by the 15
Lagrangian L = émqu + %mzqfqg - i, a is constant. Find the cyclic coordinates,
conserved quantities and symmetries for this system, if any.

A particle of mass m kg having an initial velocity Vj, is subjected to a retarding 10
force proportional to its instantaneous velocity. Obtain the expression for the
velocity and position of the particle as a function of time.

The Lagrangian of a system is given by L(F,v) = im({f +d)?+b-v—C-Fwhere,d, 8
b and ¢ are constant vectors. Construct the Hamiltonian of the system and find
the canonical equations of motion.

Construct the Lagrangian of a simple pendulum whose string is replaced by a 10
spring with spring constant k and rest length [, oscillating in a vertical x — y
plane. Find the equations of motion.

A force F is given by F = x?y% + 2% + xz°%. Determine whether or not the 10
force is conservative.

What are the coordinates of the centre of mass of the system of masses shownin 8
the figure?

T 2 lSkg

ms3

4 kg

my 1 2

z(m) —

Consider a particle of mass m moving in a potential field of the form 8
V(7)) = Vo (x* + y?), where V,, is a constant. What are the conserved physical
quantities for the particle ?

A small block of mass m slides without friction down a wedge-shaped block of 15
mass M and opening angle « as depicted below.

Yy \

o

The wedge-shaped block itself slides along the horizontal frictionless floor along
the +ve x-direction. Find the horizontal acceleration X = dZX/ dt’ of the
wedge-shaped block by the Lagrangian method and using the displacements X
and S of the blocks as generalized coordinates.

A body of mass m at rest splits into two masses m; and m, by an explosion. After 15
the split the bodies move with a total kinetic energy T in opposite direction.
2Tm

Show that their relative speed is .
mymy
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10  During take-off, an aircraft accelerates horizontally in a straight line at a rate A. 10 2021 IFoS 19
A small bob of mass m is suspended on a string attached to the roof of the cabin,
and a hydrogen balloon (total mass m) is tethered to the floor by a string. For
each, determine the tension in the string and the equilibrium angle  between
string and vertical. Draw a neat diagram to explain your answer.
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Q1. (i) Define cyclic coordinates and find
their connections with the symmetries of the
system.; (ii) A system with two degrees of
freedom is described by the Lagrangian L =
%mqu + %mzqfqg - q%’ « is constant. Find the
cyclic coordinates, conserved quantities and
symmetries for this system, if any:.

INTRODUCTION:

The problem asks for the relation between cyclic co-
ordinates, continuous symmetries, and conservation
laws, and then for its application to the given two-
degree-of-freedom system.

Let the generalized coordinates be g;, with generalized
velocities ¢;, and let

L = L(%" qi, t).

A coordinate gy is called cyclic, ignorable, or redun-
dant when the Lagrangian has no explicit dependence
on that coordinate:
AL _,
9y
The Lagrangian may nevertheless depend on the cor-
responding velocity gx. The conjugate generalized
momentum is
o= 2L
k= 5o -
94k
The relevant governing principles are the Euler—
Lagrange equations and Noether’s theorem. A cyclic
coordinate generates a continuous translation in con-
figuration space,

G — Gk t & dq = ¢,

where ¢ is a constant infinitesimal parameter. Since
the Lagrangian is independent of gy, this transforma-
tion leaves the Lagrangian and hence the action in-
variant. Noether’s theorem then identifies py as the
conserved charge.

For the given system, my,my, and « are taken to be
constants, my,my; > 0, and the motion is restricted
to a regular domain with gq; # 0. The positive g-
direction is defined as the direction of increasing gs;
consequently, the sign of p, specifies the sense of mo-
tion along that coordinate. No particular physical di-
mensions are assigned to q; and ¢y, although if ¢; is
a radial coordinate and g, an angle, the g,-translation
is an ordinary rotation.

SOLUTION:
(i) The Euler-Lagrange equation for gy is

d(aL) oL
—(=)]-==o.
dt \oqgx) oy

Sample Preview - Complete files can be purchased from abhi-physics.com

If gy, is cyclic, then

AL _y
Gk
and hence
d ( oL )
Z(=)=0
dt aqk
Therefore,

JoL
Pr = —— = constant.
94k

The connection with symmetry follows directly.
Under the infinitesimal transformation

5‘]1’ = €5ik, 5% =0, ot = 0,
the change in the Lagrangian is

oL oL oL
0L = —dq; + —d6¢; =e— =0.
Z ag; @ Zl: 9 ql Eaka

1

Thus the action

sszm

is invariant under translations along the gg-
direction.

More generally, on using the Euler-Lagrange
equations, the variation of L under a continu-
ous coordinate transformation can be written

as
d
oL =~ (ZL: Pi5qi)-

For the cyclic-coordinate transformation dqy =
¢, this becomes

0=0L= d
TORT

which again gives

dpy
X _o
dt

Hence the chain of implications is

oL

3 0 < @ — g+ ¢is acontinuous symmetry
K

= pi = constant.

The equivalence here refers to an ordinary con-
stant translation of the coordinate for which
the Lagrangian itself is invariant. More general
transformations may leave the action invariant
up to a total time derivative and lead to the gen-
eralized form of Noether’s theorem.
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(ii)

4/22

If the Lagrangian has no explicit time depen-
dence,
oL _
or
the system is also invariant under time transla-
tions

3

t—t+e.

The corresponding conserved Noether charge
is the energy

E:Zqipi_L-
i

Time is not one of the configuration coor-
dinates ¢;, so this is an additional symme-
try rather than an additional cyclic coordinate
among the given g;.

The Lagrangian is

. 1 . 1 . a
(g1, 92,915 G2) = 5’"1‘]12 + 5’”2‘]125122 -
q1

Its explicit coordinate derivatives are

oL - m q qz 4 (04 oL _
— =myqiy + =, — =
Iq qi g,

0.

Therefore g, is cyclic, whereas g is not cyclic
for the stated Lagrangian.

The conjugate momenta are

p1= % =mqy,
94
and
P2 = % = myq{qy.
2p

The Euler-Lagrange equation for ¢, gives

d )
at (m26h2‘h) =0.

Thus

‘Pz = mquzqz =]= constant,‘

where J denotes the conserved generalized mo-
mentum associated with the g,-symmetry.

Equivalently,
J

5
maq,q

Go =

Thus, when J > 0, the motion is in the direc-
tion of increasing g,; when J < 0, it is in the
direction of decreasing g,; and when | = 0, ¢,
remains constant as long as g; # 0.

The corresponding finite continuous transfor-
mation is

91 = a1, 9 =q e t'=t.

le Preview - C

Since
41 =41 4 = G2,

one has

L(q1, 95, 415 43) = L(q1: G2, 15 G2)-

Therefore the continuous symmetry group con-
tains translations along g,. If ¢, is an angular
coordinate, this is rotational symmetry, g, —
q> + ¢, and J has the interpretation of the cor-
responding angular momentum. Without that
geometrical interpretation, J should simply be
called the conserved generalized momentum
conjugate to gs.

For completeness, the equation of motion for
the non-cyclic coordinate g; is

‘() 2k,

dt\og ) aqy
or “
myy —myqigs — — = 0.
4
Hence
.. .2 [¢4
miqy = myqiq; + —-
4
Substitution of the conserved quantity
.
92 = B
ma2q1
gives
. J? a
mlql = _3 + _2
myqi 41

This explicitly shows that no analogous con-
stant p; follows, because the generalized force
conjugate to ¢ is generally nonzero.

The Lagrangian also contains no explicit time
dependence:

oL
Z -0
ot
It is therefore invariant under time translations,
I—1t+e,
and the energy is conserved. Using
E=qip1+qp2— L
one obtains
.2 2.9 1 ., 1 2.2 o
E=mq{ + myqi gy — 5mdi + 5Medg: — a

1 .2 1 2.2 o
= omgy + omyqiqy + —.
2 2 1

lete files can be purchased from abhi-physics.com
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Therefore,

1 .2 1 2.2 a
E=-mgqg{+-m + —
5 191 2 241 92 @

= constant.

Eliminating ¢, in favour of J gives the one-
dimensional energy form

2
E= lmlql2 + ]—2 + 2
2 2meqi G

Thus an effective potential for the g;-motion is

J? a
Ver(q1) = S+ —.
2myqi @

Indeed,
L dVer 1 ( J? a)
-m = — ,

+_
' dqy mi\myq?  qf

which agrees with the directly derived equation
for ¢.
The conservation of energy can also be checked

explicitly:

dE

- . L a
- Mmant Myq1G1d5 + maqiqada — %
0

. .. . 2 o . d 2.
qu{mgr = maqi9y — 5 |t 27y (maqide)
4
= 0,
where both Euler-Lagrange equations have
been used.

The dimensions are consistent because every
term in L and E has the dimensions of energy:

[m1g?] = [mpqlad] = [1] _ [E].
91
Consequently,
= [Ellg].  U1=lp] = [ﬁ]
92

If g, is dimensionless, as for an angle measured
in radians, then

[J1 = [E]IT],

the dimensions of angular momentum. In SI
units thisis J s = kg m? s 7!, while E is measured
in joules.

As a limiting check, if J = 0, then

1 .
E=-mgf+<,

42 =0,
? 2 )

Sample Preview - Complete files can be purchased from abhi-physics.com

so the system reduces consistently to one-
dimensional g;-motion. If ¢; is constant during
a motion, conservation of J requires ¢, to be
constant. For @ > 0, g; > 0, and J # 0, both
terms on the right-hand side of

2

+

a
3 2
mqr  q1

migy =

are positive, confirming that the acceleration
is toward increasing g; under the adopted sign
convention.

There is also a discrete reflection invariance

G2 — —q2, G — —qa,

provided the coordinate domain admits this re-
flection. It changes J to —J and therefore
reverses the sense of motion. Because it is
a discrete rather than a continuously param-
eterized symmetry, it does not by itself pro-
duce an additional Noether conserved quantity.
Similarly, the velocity-quadratic autonomous
Lagrangian is invariant under time reversal,
which reverses both generalized momenta but
introduces no further independent continuous
Noether charge.

CONCLUSION:
A cyclic coordinate is one that is absent explicitly
from the Lagrangian,

a_,

94k

It represents invariance under translations in the cor-
responding configuration-space direction,

Gk = Gk T &
and its conjugate momentum

Pk = oL
9

is conserved.

For the given system, the only cyclic coordinate

among q; and g, is

Its continuous symmetry and conserved generalized
momentum are

Q@ > g2t €,

The sign of J gives the direction of motion: J > 0
corresponds to increasing ¢y, J < 0 to decreasing gy,
and J = 0 to fixed ¢,. If g, is an angle, this symmetry
is rotational invariance and J is angular momentum
with SI unit Js.

J=p = mquzqz = constant |
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Since L is autonomous, the system also has time-
translation symmetry,

=y

with conserved energy

1 .2 1 2.2 [04

E=—-mgqi +-myq{qy +—
2 2 1

2

3 + & = constant.

2myqi 0

1 a2l
2 191

The energy has SI unit joule, and dimensional consis-
tency requires

la] = [Ellq:].

The results are valid for constant m;,ms,a, with
my,my > 0, on any regular portion of the motion for
which ¢; # 0. The physical inference is that the in-
dependence of the dynamics from the absolute value
of g, makes only changes in g, physically relevant
and enforces conservation of its conjugate general-
ized momentum, while invariance under a shift of the
time origin enforces conservation of total energy.

CSE + 2024 - 10 MARKS

Q2. A particle of mass m kg having an ini-
tial velocity V|, is subjected to a retarding
force proportional to its instantaneous veloc-
ity. Obtain the expression for the velocity
and position of the particle as a function of
time.

INTRODUCTION:

The problem requires the velocity and position of a
particle moving under linear resistive damping. Let
the motion be one-dimensional along the x-axis, and
choose the positive x-direction to be the direction of
the initial velocity. Thus,

v(0) =V, >0, x(0) = xp.

Since the force is retarding, it acts opposite to the in-
stantaneous velocity. If k > 0 is the constant of pro-
portionality, the force law is

F,. = —kv,

where k is assumed constant and the particle is sub-
ject to no other force along the direction of motion.
Newton’s second law then gives the governing equa-
tion p
v
mo = kv.
The minus sign is fixed by the stated coordinate con-
vention: while v > 0, the force and acceleration are

6/22

in the negative x-direction. The magnitude of the re-
tarding force is kv, so

_B:kgms’2 )

] ms™!

(k]

Consequently, m/k has the dimensions of time. De-
fine the relaxation time

r="
k.

SOLUTION:

Using Newton’s second law and the linear retarding-
force law,

dv
Y kv,
mdt V.
or k
Lov=—La
v m

Integrating from the initial state (¢,v) = (0,V;) to the

state (¢, v(t)),
vt) , , t
J’ dV — _EJ‘ dt’,
v, VvV m Jo

ln<@> = —Et.

VO m

Exponentiation therefore yields

which gives

v(t) = Vyexp (—£t> =|Vpet/7|.
m

The acceleration is

kV,
a(t) = dv_ o exp (—£t>.
dt m m

For V; > 0, this is negative at every finite time, con-
firming that the force is indeed retarding. Moreover,

ma(t) = —kV, exp( k ) = —kv(t),

——t
m
so the obtained velocity satisfies the original equation

of motion.

To determine the position, use

dx k
i v(t) =V exp (—;t) .

Integrating from x(0) = x, to x(¢),

t

x(t) —xp = J- Vo exp (—Et’> dtr’.
m

0

Since
J k ’ ’ m k ’
exp (——t )dt =——exp (——t ),
m k m

le Preview - C
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one obtains At long times,
! mV,
x(t) —xy =V [—m exp (—kt')] lim v(t) = 0, hm x() = xg + — 0
k m /lo t—e0 k

and hence

x(t) = x + mTVO (1-exp (fﬁt)) = ‘ %o+ Vor (1—¢7/7) |

If the origin is chosen at the initial position, so that
Xy = 0, this reduces to

7kt/m) i

x(t)zmTVO(l—e

Differentiating the position expression verifies the
kinematic relation:

ix_ o

2r —kt/m _ —kt/m _
1 p m) e Voe v(t).

The dimensions are consistent. The exponential argu-
ment is dimensionless because

(kgs™)(s)
[g]:M:

and the displacement scale has dimensions

kg(ms kg(ms™)

[ mVO
kgs~

For short times t « 7, using

2
e*t/T:1_£+t_+...’
T 272
the velocity and position become
kV,
V(t):VO (1_£> VO——OZ'
T m

and v
x(t) = xp + Vot — —212.
2m

Thus the initial acceleration is

KV,
a(0) = ——*,
m

as required directly by ma(0) = —kV,.

The zero-damping limit also recovers uniform motion.

Ask — 0,
v(t) = Vo,

while

lim —

mVO
k—0 ( !

- e_kt/m) = Vot,

so that
x(t) - Xo + Vot.

Sample Preview - Complete files can be purchased from abhi-physics.com

Therefore, although the particle approaches zero
speed only asymptotically, it travels only the finite

total distance
mVO

Soo P
from its initial position.

As an energy check, the kinetic energy is

K@) = %mvz(t) = %mVoze_Zkt/m.

Its rate of change is

‘fj[: vZ—‘t}—v( kv) = —kv? < 0.
This equals the power delivered by the retarding
force,
P = Fwv = (=kv)v = —kv?,

confirming that mechanical energy is continuously
dissipated and that the sign convention is physically
consistent.

CONCLUSION:

For the linear retarding force
F. = —kv, k>0,

with x(0) = x; and v(0) = V,, the velocity and posi-
tion are

v(t) = Voe_kt/m inms™!,

and
mVO —kt .
x(t) = xy + T(l—e /’") in m.
Ifxo = 0,
_mY —kt
x(t)—T(l—e /m)

The characteristic decay time is

T_m ins
P .

For V;; > 0, the acceleration and retarding force point
in the negative x-direction, while the velocity remains
in the positive x-direction and decreases exponen-
tially. The motion approaches rest asymptotically,
and the total distance travelled is finite:

mVO .
So0o = —/— m m.

k

7/22


https://abhi-physics.com

Mechanics

UPSC PHYSICS OPTIONAL

These results hold when the mass and damping coef-
ficient are constant, the resistive force is exactly pro-
portional to and opposite the instantaneous velocity,
and no other force acts along the direction of motion.

IFoS - 2024 - 8 MARKS

Q3. The Lagrangian of a system is given by
L(7. %) = m(3+a)*+b-¥—C 7 where,d, band
¢ are constant vectors. Construct the Hamil-

tonian of the system and find the canonical
equations of motion.

INTRODUCTION:

The generalized coordinate is the position vector 7,
and the corresponding generalized velocity is

S5
vV=r.

The Hamiltonian is obtained by the Legendre trans-
formation

where the canonical momentum is

oL
P=o
Since 4, Z, and ¢ are constant vectors and m # 0, the
relation between p and V is invertible. Thus the La-
grangian is regular and a Hamiltonian formulation ex-
ists. All vectors and derivatives are taken in a fixed
inertial Cartesian frame. The canonical equations are

5 oH 5 oH
r=-—, pP=—=
ap ar

SOLUTION:

Differentiating the Lagrangian with respect to v, com-
ponent by component, gives

M=§£=mwﬁﬂ0+h
v

Hence, in vector form,
p=mH@+a)+b.

The Hessian with respect to the velocity components
is

2 2
i=m5,~j, det oL =m> =0,
V;0V; 9V;0v;
which explicitly verifies that the velocity can be ex-

pressed uniquely in terms of the canonical momen-
tum.

8/22

Solving the momentum relation for v,
m(+3) = p—b,

so that

S
)
|
SV

1‘7’_

m

<
Il

S
v+a=

s

?

The Hamiltonian is
H=p-v—L

Substituting the Lagrangian,

H:ﬁ.v—ém(ma)z—z.mz.?.
Combining the terms linear in v,
H:(ﬁ—Z)-U—%m({5+5)2+3-?.
Using
p—b=m@+2), a=5—_7’—a,
m

the first term becomes

I 2y SR W ¢ 2 C
(5-b) = (p—b)-(p— —a) =P a-b),
m m
while
F-b\ (5D

lm(\7+5)2:lm(p_ ) _(p— )

2 2 m 2m
Therefore,

- 77)2

- ( - -> - 7 > o
H(r,ﬁ)zpw—a-(p—b)+c-r.

Equivalently, on completing the square,

The two forms are identical; the final constant term in
the second form does not affect Hamilton’s equations.

For the first canonical equation,

s oH
r=-—.
ap
Since
o |G=br]_pt 2 -i-(-b)|=-d
aﬁ 2m m a[)’ ’
one obtains
. p-b
r=———ajl
m

S le Preview - C

lete files can be purchased from abhi-physics.com



https://abhi-physics.com

UPSC PHYSICS OPTIONAL

Mechanics

This agrees with the previously inverted momentum-
velocity relation and therefore provides an internal
consistency check.

For the second canonical equation,

5__ﬁi
or’

Only the term ¢ - ¥ depends on 7, and hence

oH

— = C.

or
Therefore,

p=—¢|

The physical equation of motion follows by differen-

tiating the first canonical equation. Since @ and b are
constant,

=~
Il

3

Using p = —¢,

mr = |
Thus the system describes a particle subjected to the
constant force

F=-C

For initial data

F0) =7,  p(0) = po,
the canonical equations can also be integrated explic-
itly:

p(®) = po — ¢t

and

p-b . ¢
—a— —t.
m m

F(t) =
Therefore,

-, - D _Z - ¢
1) =ro+(p0 —a)t— =12,
m 2m

The dimensions are consistent:

[5] = [b] = MLT"!

[d] = LT!
[¢] = MLT2.
Consequently,
—>_z 2 .
[(pz—)] =[a-(5-b)| = [¢-7] = ML*T,
m

so every term in H has the dimension of energy.

Sample Preview - Complete files can be purchased from abhi-physics.com

Because the Lagrangian and Hamiltonian have no ex-
plicit time dependence,

dH _ oH _
dt ot
The Hamiltonian is therefore conserved along the mo-
tion. Indeed, using Hamilton’s equations,
dH oH

5 oH s RN
—=—=r+—-p=c-r+r-(-c)=0.
d o ap p 9

a=b=0,
then
22
L=tmiz_zr  m=L .y
2m

which are the standard equations for a particle in the
linear potential
Vi) =¢c-7.

The role of the constant vectors @ and b can also be
seen by expanding the Lagrangian:

L:%mW+oﬁ+E¢n%ma

-

2_¢.n

Since p
(ma+b)-v= o [(ma+b)-?] ,

the velocity-linear term is a total time derivative,
while 2ma? is a constant. These terms alter the defini-
tion of the canonical momentum and shift the Hamil-
tonian by canonical-momentum and constant terms,
but they do not change the physical equation mr = —¢.

CONCLUSION:

The canonical momentum is

p=m@E+a) +b|

The Hamiltonian, expressed entirely in terms of the
canonical variables (7, ﬁ) is

HEp) = —— —G-(p-b)+¢-7

(5 - b
2m

or, equivalently,

(5 — b—ma)?
2m

I

+c-r—-ma
2

H(, p) =

The canonical equations of motion are

Y
|
SV

N

N 5
—a, p=-—cl|

~i-
Il

?
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They imply

3
mr = —c|,

so the particle has the constant acceleration

=~

C
m

directed opposite to ¢. This result is valid for constant
a, 7) and ¢, with m # 0. The vectors d and b shift the re-
lation between canonical momentum and mechanical
velocity but do not change the physical force, which
is F=—¢.

IFoS - 2024 - 10 MARKS

Q4. Construct the Lagrangian of a sim-
ple pendulum whose string is replaced by a
spring with spring constant k and rest length
[, oscillating in a vertical x—y plane. Find the
equations of motion.

INTRODUCTION:

The system is an elastic pendulum consisting of a
point mass m attached to the lower end of a massless
Hookean spring. The upper end of the spring is fixed
at a pivot O, and the motion is restricted to a verti-
cal plane. The problem requires the Lagrangian and
the coupled nonlinear equations governing the radial
extension and angular motion.

Choose an inertial Cartesian frame with origin at O,
the x-axis horizontal towards the right, and the y-axis
vertically upward. Let r(t) > 0 be the instantaneous
length of the spring, and let 6(¢) be the angle measured
from the vertically downward direction towards the
positive x-direction. Thus,

x =rsin0, y = —rcosb.

The generalized coordinates are

QG =" q2 = 0.

The following assumptions are made:

1. The bob is a point mass m, while the spring is
massless.

2. The spring remains straight and obeys Hooke’s
law throughout the motion.

3. The motion is planar, and the pivot is fixed in
an inertial frame.

4. Damping and air resistance are absent, so all
forces are conservative.

5. The spring length remains positive, r > 0.

10/22

With the outward radial unit vector directed from the
pivot towards the mass, Hooke’s law gives

F, = —k(r — ) é,.

Thus, when r > [, the stretched spring pulls the mass
inward.

The governing principle is Hamilton’s principle,
12}
5-[ Ldt =0, L=T-V,
21
which leads to the Euler-Lagrange equations
dfaLy_aL_,
dt 8q, aql
SOLUTION:

The coordinate and sign conventions are represented
by the following diagram.

y

mg

From

x =rsin0, y = —rcosb,

the velocity components are
% =Fsin@ +rf cos 6,

and

y = —Fcos@ + rfsin 6.
Therefore,
. 2 . 2

22+ = (i" sinf +rfcos0) + (—fcos@ +r0sin0)

=2 (sin2 6 + cos® 9) +r6? (sin2 6 + cos? 9)

+ 2ri0 sin @ cos @ — 2rif sin 6 cos 0

=4 P,

Hence the kinetic energy is
e )]

Taking the gravitational potential energy to be zero
at the level of the pivot,

Vg = mgy = —mgr cos 0.

le Preview - C
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The elastic potential energy of the spring is
k
Vs = E(F — D)%
Thus,

V=Vi+Vg= ]Ec(r —1y)? — mgr cos 6.

The Lagrangian is consequently

L(r,6,7,0) = % (1"2 + rzéz) — g(r —1y)? + mgrcosf|.

For the radial coordinate r,

oL . d <8L) N
— =mr, — | = | = mi#,
or dt \ or

and

aa—L =mrd? —k(r — ) + mg cos 6.
-

The Euler-Lagrange equation for r is therefore
mi — {mr@2 —k(r—1y) + mg cos 9} =0.

Hence,

m(# —r0?) = mgcos0 — k(r — ) |

Equivalently,

F—r0? = gcosh — %(r—lo) .

This equation has the expected radial-force interpre-
tation. The outward radial component of the acceler-
ation is
a, =F— ré?.
The component of gravity along the outward radial
direction is
mg cos 0,

whereas the spring force is
—k(r — ).

Thus the radial equation is also obtained directly from
Newton’s second law along é,.

For the angular coordinate 0,

oL _ e,
20
Therefore,
i (%> = mr20 + 2mri0.
dt \ 50
Also,
oL _ —mgr sin 6
90 & '

Sample Preview - Complete files can be purchased from abhi-physics.com

The angular Euler-Lagrange equation becomes
mr20 + 2mrif + mgr sin@ = 0.

For m > 0 and r > 0, division by mr gives

0 + 20 + gsinf =0 |,

Equivalently,
0+250+ §sin9= 0|
r r
The term .
256
r

expresses the coupling between radial and angular
motion due to the changing distance of the mass from
the pivot.

The angular equation can also be checked by tak-
ing moments about O. Since the spring force passes
through O, it exerts no torque about the pivot. The
angular momentum about O is

o = mr?,

while the gravitational torque in the positive-0 con-
vention is
70 = —mgrsin6.

Thus,

d 2/ .

— (mr©6) = —mgrsin0,

7 (mri0) = -mg
which reproduces the angular equation.
For the static downward equilibrium,
F=0=F=0=0.

Beq = O,

The radial equation then gives
0=mg— k(req =),

so that

req=10+7.

Therefore, gravity produces the physically expected
extension mg

req—1027>0.

At the inverted position 0 = r,
mgcos T = —mg,

so gravity has an inward radial component, consis-
tently with the adopted convention.

The dimensional consistency of the radial equation
follows from

[7] = [r6°] = [g] = ms™2,
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and

-1 k -2
[E("_lo)] e m=-" m=ms2
m kg kg

In the angular equation,

-2 [£] -

because the angle in radians is dimensionless.

Since the Lagrangian has no explicit time dependence,
the corresponding energy function

90

is conserved. Substitution gives

E= % (¥ +r%0%) + g(r — 1) = mgrcosf |

This conservation law may be verified directly with-
out assuming the result. Differentiating E gives

Z—Ij = m#i + mrid® + mr?00 + k(r — )i

— mgi cos 0 + mgrf sin 6.
Regrouping the terms according to the two equations

of motion,

dE

i #[mi — mro? + k(r —Iy) — mg cos 0]

+0 [mrzé + 2mri6 + mgr sin 0] .

Each square bracket vanishes by the corresponding
Euler-Lagrange equation. Therefore,

dE
= =0
dt

confirming conservation of total mechanical energy.

As a limiting check, suppose the spring is sufficiently
stiff that radial departures from equilibrium are negli-
gible. Then

F=Teq = constant, F=0.

The angular equation reduces to

0+ ésinGz 0,
Teq

which is the nonlinear equation of an ordinary simple
pendulum of length req. For small angular displace-
ments,

sinf = 0,
and hence

0+20=o.
req

12/22

Thus,

as expected for a simple pendulum.

For small oscillations about the stable downward equi-
librium, write

r=Teqtps lpl K Tegs 0] < 1.
To first order in the small quantities,
sinf = 0, cosO =1,

while ' '
ro?, 00, po
are of second order and are neglected. Using
k(req —lp) =mg,

the radial equation becomes

mp = —kp,
or L

p+—p=0.

m

The angular equation becomes

i+29=o.
req

Thus the radial and angular motions decouple to lin-
ear order, with frequencies

w:JE o |[£- [
r m’ Teq ly+mg/k’

CONCLUSION:

For a point mass m suspended from a massless
Hookean spring of spring constant k and rest length
ly, with r measured outward from the pivot and 6
measured from the vertically downward direction to-
wards positive x, the Lagrangian is

L= % (72 +r260%) — S(r —1y)? +mgrcosf|.

The coupled nonlinear equations of motion are

m (r - r@z) =mgcost—k(r—1y)

in the outward radial direction, and

‘r9+2f9+gsin9:0

in the direction of increasing 6.
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Here r and [, are measured in m, m in kg, k in Nm™!,
0 in radians, and g in ms~2. The stable downward
equilibrium is

Qeqzo, req:lo+—,

k

so the equilibrium extension is mg/k in the down-
ward direction.

The conserved mechanical energy is

E= % (fz + rzéz) + g(r —1y)? — mgr cos§ = constant |

The equations are valid for planar motion with r > 0,
a fixed pivot, a point bob, a massless spring obeying
Hooke’s law, and negligible dissipative forces. In the
stiff-spring limit the angular equation reduces to the
ordinary simple-pendulum equation. Near the stable
equilibrium, the radial and angular small-oscillation
frequencies are

w=JE o &
" m’ 0 Iy +mg/k |

CSE - 2023 - 10 MARKS

Q5. A force Fis given by F = x2y% + 22§ +
xz%2. Determine whether or not the force is
conservative.

INTRODUCTION:

The demand is to determine whether the given force
field can be expressed as the gradient of a single-
valued scalar potential. Write

F=F&+Fj+F3

F. = x%y
F, = zy?
F, = xz°%.

The field is polynomial and hence continuously differ-
entiable throughout the simply connected domain R3.
Therefore, a necessary and sufficient condition for F
to be conservative on this domain is

Vxﬁza

at every point. Equivalently, the relevant mixed par-
tial derivatives of the components must agree. The
standard right-handed Cartesian coordinate system is
used.

SOLUTION:

Sample Preview - Complete files can be purchased from abhi-physics.com

The curl of the force field is

x 9z
GeFo|2 2 2
= ox oy oz
x*y zy? x2°

Expanding the determinant,

- (9F, OF 9F,  9F, 9k, oF,
vxF= (2S5 (52 -0)54 (52-52)2
ady 0z 0z ox ox ady

The required derivatives are

OF, a(xz*) _ 0 oF, oz |,
ay oy oz oz
oF,  a(x%y) 0 OF, a(xz?) 9
_ = =0, _— = = z°,
2z 0z ox ox

and

oFy _ a(zy?) o

ax ox

oF, 8(x2y) )
ay  dy '

s

Hence

VxF=—-y?%—2%9 - x?2|

This curl is not identically zero. It vanishes only at
the isolated point

x=y=2z=0,
which is insufficient: conservativeness requires the
curl to vanish throughout an open domain.

The conclusion can also be checked directly through
the equality of mixed derivatives that would follow
from a potential V. If

F=-wv,
then, for example,
OF, B aFy
dy  ox’
But here
oF, oF, o
ay B ox

which are unequal for x # 0. Thus no scalar potential
can generate the given field throughout R3.

As an independent circulation check, consider a rect-
angle in the plane z = 0, with
a<x<b, c<y<d,

oriented counterclockwise as viewed from +Z. By
Stokes’ theorem,

35 F-d?:ﬂ(vXﬁ)-fdA.
aS S

(VxF) % =—x2,

Since
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one obtains

d b _ 3 3
§ Fd?:—J' J xzdxdy:_w’
as ¢ Ja 3

which is generally nonzero. This confirms that the
work depends on the path and that the work around
a closed path need not vanish.

Dimensionally, each component of V x F has the di-
mensions of force per unit length, as expected after
taking one spatial derivative of a force field. For a
loop whose dimensions shrink to zero, the circulation
also tends to zero with the enclosed area and the local
curl; this limiting behavior is consistent with Stokes’
theorem but does not make the field conservative on
any finite open region where the curl is nonzero.

CONCLUSION:
The given force field is

not conservative

on R3, because

Vxﬁ:—yzﬁ—zzjz—xzéi(_))

in general. Consequently, no single-valued scalar po-
tential exists for this force over R?, the work done is
path-dependent, and the circulation around a closed
curve can be nonzero.

IFoS - 2023 - 8 MARKS

Q6. What are the coordinates of the centre
of mass of the system of masses shown in the
figure?

l8kg
T 2
msg

y(m) s ke
1 Qm2
3 kg
®
m 1 2
x(m) —

INTRODUCTION:

The system consists of three point masses in the xy-
plane. Taking the origin and the positive x- and
y-directions exactly as indicated in the figure, their
masses and position vectors are

m; = 3kg, 71 = (0m,0m),

14/22

my = 4kg, 7, = (2m, 1m),

and
m3 = 8kg, 73 = (1m,2m).

For discrete point masses, the centre-of-mass position
vector is the mass-weighted mean

Hence its Cartesian coordinates are

Zi m;X;

X = R
oM 2 m

You = i MiY;
cM = .
2im

SOLUTION:

The configuration represented by the given figure is

g

ms

3kg

m 1
x(m) ——>

The total mass is

M =m; +my +mg =3kg+4kg+8kg = 15kg.

The x-coordinate of the centre of mass is

mixy + mo Xy + msXxs
XcMm = M

_ (3kg)(0m) + (4kg)(2m) + (8kg)(1m)
B 15kg

Similarly, the y-coordinate is

myyy + mpy, + msys

yem = M
_ (3kg)(0m) + (4kg)(1 m) + (8 kg)(2m)
15kg
20k
= ﬁ = ém: 1.33m.
15kg 3
Thus

o = (225 +4)m
CM 15 31 -

Both coordinates lie between the minimum and max-
imum particle coordinates, 0 < xcp < 2m and 0 <
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yem < 2m, as required for a positive-mass weighted
mean.

CONCLUSION:

With respect to the origin and axes shown in the fig-
ure, the coordinates of the centre of mass are

16

(xems yem) = (E %)m =~ (1.07,1.33) m.

IFoS - 2022 - 8 MARKS

Q7. Consider a particle of mass m mov-
ing in a potential field of the form V(¥) =
Vo(x* + y?), where V, is a constant. What
are the conserved physical quantities for the
particle ?

INTRODUCTION:

The demand is to identify the constants of motion by
examining the continuous symmetries of the poten-
tial. We use a fixed Cartesian inertial frame with

p=x*+y%

and take positive rotations about the z-axis according
to the right-hand rule. The potential can then be writ-
ten as

F=xx+yy+zz,

V(7) = Vop®.

It is independent of time ¢, the coordinate z, and the
azimuthal angle ¢. By Noether’s theorem, these in-
variances imply conservation of total mechanical en-
ergy, linear momentum along the z-axis, and angular
momentum about the z-axis, respectively. The mo-
tion is assumed to be governed by the non-relativistic
Lagrangian

& = % (%% + 3% + 2%) = Vop(x® + y?),
with m and V; constant and with no non-conservative
or explicitly time-dependent forces.
SOLUTION:

The geometry and the force directions in the trans-
verse plane are represented by:

y

Sample Preview - Complete files can be purchased from abhi-physics.com

Since
_ov,. a9V oV .

+ —y+—z=2Vpxx+2Vyyy,

VW =—x
ox ay 0z

the force is

F=-VW=-2Vyxx—2Vpyy, F,=0.

For V; > 0, the transverse force points toward the z-
axis; for V; < 0, it points away from that axis. The
conservation laws themselves hold for either sign of
V.

1. Conservation of total mechanical energy
The potential has no explicit time dependence:
v _,
ot
The total mechanical energy is therefore
E:T+V:%(x2+y2+z'2)+vo(x2+y2).
To verify its conservation directly,
I mxx + myy + mzz + 2Voxx + 2Vyyy.

The equations of motion are

mx = —2Vx, my = —=2Vyy, mz = 0.

Substitution gives

62—]: = x(—2Vyx) + y(—2Vyy) + 0 + 2Vpxx + 2Vyyy = 0.

Hence

E:p§+p§+p§

+ Vo(x? + y?) = constant.
2m

2. Conservation of the z-component of linear mo-
mentum

Since V is independent of z, the coordinate z is

cyclic:
Vo,
0z
Consequently,
oV
p.=F = _Z =0,

and therefore

‘ p, = mz = constant.

Thus the motion parallel to the z-axis is uni-
form:

z(t) =z + &t.
m

The full linear momentum is not generally con-

served, because
Px = —2Vpx, py =—2Voy

are not generally zero.
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Conservation of angular momentum about the z-
axis

The potential depends on x and y only through

x? +y? = p?. It is therefore invariant under

rotations

X — xcosa —ysina

y — xsina + ycosa

about the z-axis. The corresponding conserved
quantity is

L=(Fxp), = Xpy = ¥YPx = m(xy — yx).
Direct differentiation yields

dL . .
d_tz =Xpy— YpPx = x(—2Vpy) — y(—=2V4x) = 0.

Equivalently, the z-component of the torque is
1, =(FxF), = xF, — yF, = 0.

Thus

L, = xpy — ypx = m(xy — yx) = constant.

The entire angular-momentum vector is not
generally conserved. Indeed,

T=FxF=2Viz(yx—x%),

so 7 and 7y, need not vanish, whereas 7, = 0.

. Additional constants arising from separability

Because the x, y, and z motions are dynamically
separable, the energies assigned to the individ-
ual Cartesian motions are separately constant:

Ey = == + Vyx?
2m
2
Py )
E,=—+YV
Y 2m Y
.1
= om’

For example,

dE ;

d—;‘ = Pebx | 2Voxx = x(—2Vyx) + 2Voxx = 0,
and similarly dEy /dt = 0. Also, E, is constant
because p, is constant. These quantities satisfy

E=E+E, +E,

so they are not all independent of the total en-
ergy. The symmetry-generated quantities nor-
mally requested are E, p,, and L,.

For V > 0, defining

2V
2=
m

the transverse equations become

%+ wlx =0, j+wly = 0.

Thus the transverse motion is an isotropic har-
monic oscillation, while the z-motion is free.
This provides a plausibility check: isotropy in
the x-y plane requires conservation of L,, and
absence of any z-directed force requires conser-
vation of p,.

Dimensionally,

vl _J _
[Vo]=m=ﬁ=kgs 2,

s0 Vpx? has the dimension of energy and 2Vyx
has the dimension of force. Moreover,

2V,
2] o
m

as required for w?. In the limiting case V — 0,
the force vanishes and all three components of
linear momentum and all three components of
angular momentum become conserved, consis-
tently enlarging the set of conservation laws for
a free particle.

CONCLUSION:
For a particle moving in

V(@) = Vo(x? + ),

the principal conserved physical quantities are

+ Vo(x? +y2), P, =mz,

2 2 2
Pxt+ Pyt Pz
E= 2— Lz:xpy*YPx-

They follow, respectively, from invariance under time
translations, translations along the z-axis, and rota-
tions about the z-axis. The direction associated with
the conserved linear momentum is the z-direction,
and the conserved angular-momentum component is
the component along the z-axis. The separate quanti-
ties

o, o, I
Ey = — +Vyx*, E, = —+Vyy°, E, = —
X 2m 0% Y 2m 24 * 2m

are also constants of motion because the Cartesian
equations are separable, with E = E, +E, +E,. In gen-
eral, neither the full linear-momentum vector nor the
full angular-momentum vector is conserved. For V >
0, the particle executes bounded isotropic harmonic
motion transverse to the z-axis with w = /2V,/m,
together with uniform motion parallel to the z-axis;
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for Vi < 0, the transverse motion is unstable, but the
stated conservation laws remain valid.

IFoS - 2022 - 15 MARKS

Q8. A small block of mass m slides without
friction down a wedge-shaped block of mass
M and opening angle « as depicted below.

Y

o

The wedge-shaped block itself slides along
the horizontal frictionless floor along the
+ve x-direction. Find the horizontal accelera-
tion X = d°X/dt’ of the wedge-shaped block
by the Lagrangian method and using the dis-
placements X and S of the blocks as general-
ized coordinates.

A small block of mass m slides without friction down
a wedge-shaped block of mass M and opening angle
«a as depicted below.

The wedge-shaped block itself slides along the hor-
izontal frictionless floor along the +ve x-direction.
Find the horizontal acceleration X = d2X/ dt® of the
wedge-shaped block by the Lagrangian method and
using the displacements X and S of the blocks as gen-
eralized coordinates.

INTRODUCTION:

The required quantity is the horizontal acceleration of
the wedge in the inertial frame fixed to the floor. Let
the positive x-axis point horizontally to the right and
the positive y-axis vertically upward. The coordinate
X denotes the horizontal displacement of a reference
point fixed to the wedge. The angle « is the angle
made by the inclined face with the horizontal.

Let S be the displacement of the small block measured
along the inclined face from a fixed upper point of
the wedge, with S increasing as the block slides down-
ward and to the left. Thus, increasing S has horizon-
tal and vertical components —S cos & and —S sin «, re-
spectively.

The floor and the contact between the two blocks
are frictionless, both blocks are treated as rigid, and
the small block remains in contact with the incline.

Sample Preview - Complete files can be purchased from abhi-physics.com

Hence the only generalized coordinates are X and S.
The governing principle is Lagrange’s equation,

d(aL) oL
—|=)-===0,
de \og;/ 9g

SOLUTION:

L=T-V.

The configuration and the coordinate conventions are
shown below.

ly >

(@)

If (x;,,, 3,) are the coordinates of the small block, then,
apart from constants fixed by the choice of reference
point,

Xy, = X — Scosa + constant

Ym = —Ssina + constant.
Therefore,
%, = X —Scosa, Yin = —Ssina.
The kinetic energy of the wedge is
Ty = %MXZ,

while that of the small block is

1 . .
Ty Em (x,% + y,?;,)

1 S 2 .2
Em [(X - Scosa) + §° sin a]
= Loux? —mXScosa + 1ms?.
Hence the total kinetic energy is

T= %(M +m)X? —mXScosa + %msz.

Taking the gravitational potential energy to vanish at
any convenient reference level,

V =mgy,, = —mgSsina + constant.

The irrelevant additive constant may be omitted, giv-
ing the Lagrangian

L= %(M +m)X? —mXScosa + %msz + mgSsina.

Since X does not occur explicitly in L, it is a cyclic
coordinate. Its Lagrange equation gives

4 (M +m)X —mScosa] =0,
dt
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or
(M +m)X —mScosa = 0. (1)

This equation is also the statement of conservation of
the total horizontal momentum, as expected because
there is no external horizontal force.

For the coordinate S,

%zmS—mXcosa, %:mgsina.
aS aS
Thus,
mS —mX cosa —mgsina =0,
and hence

S =gsina + X cosa. (2)
Substituting equation (2) into equation (1),
M+m)X = mcosa(gsina + Xcosa),
(M +m —mcos? a) X =mgsinacosa.

. .2
Using 1 — cos? @ = sin a,

2

M+m—mcos?a =M + msin® a.

Therefore,

mg sina cosa

.2 "
M+ msin® a

For 0 < & < 7/2, both sin« and cos « are positive, so
X > 0. The wedge consequently accelerates toward
the right, opposite to the leftward horizontal compo-
nent of the small block’s motion. Also, X — 0 for ei-
ther @ — 0 or @ — /2, as expected: in the first case
gravity has no component along the surface, while in
the second case the block’s motion has no horizontal
component.

CONCLUSION:

The horizontal acceleration of the wedge-shaped

block is

. mgsinacosa
X: —_—

M + msin® «

in units of ms™2. For the configuration shown, with
0 < @ < m/2 and S increasing downward along
the incline, this acceleration is along the positive x-
direction, i.e. horizontally to the right. The result ap-
plies while both contacts remain frictionless and the
small block remains in contact with the inclined face.

CSE - 2021 - 15 MARKS

Q9. A body of mass m at rest splits into two
masses m,; and m, by an explosion. After the

18/22

split the bodies move with a total kinetic en-

ergy T in opposite direction. Show that their
2Tm

mym

relative speed is

INTRODUCTION:

The demand is to determine the relative speed of the
two fragments using conservation of linear momen-
tum and the given total kinetic energy. We work in
the initial rest frame of the body and assume non-
relativistic motion, negligible external impulse during
the explosion, and conservation of mass in the form

m=mq + my.

Choose the x-axis along the motion of mass m;. After

the explosion, let
\_/)1 = VI)A(, \_/)2 = —Vz)A(,

where v, v, > 0. Thus, the fragments move in oppo-
site directions. Their relative velocity is

Vig = =y = (v + WX,
so their relative speed is Vo] = V| + .
SOLUTION:

Since the original body is at rest, its initial momentum
is zero. The explosion is an internal process and the
external impulse during it is negligible; hence linear
momentum is conserved:

m1171 + m2172 =0.
Using the stated sign convention,
myvy — mopVy = O,

and therefore

myvy = myvy.
Let the common magnitude of the fragment momenta
be p. Then

_ P _ P
Vi = —, Vo = —.
my my

P =mvy = mpiy,

The total kinetic energy after the explosion is

1 2,1 5

T = —mv{ + —myv5.

o MVL T MY,

Substituting the velocities in terms of p,
2 2
T= lml <£> + 1m2 <£> s
2 my
SO
2 2

_P (L . L) _Pimtm

2 mimy '
Since m; + my = m,

_ p'm

2mymy’
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which gives
2 _ 2Tm1m2

m

Because the velocities are oppositely directed, the rel-
ative speed is the sum of their individual speeds:

Vrel = V1 + Vy.

Hence

p p 1 1 m
Veel = —+—=pl—+—|=p .
mp My mp mp mym;

Squaring and substituting for p?,

2 . m? (2Tm1m2) m? 2Tm
mimi  mumy

2Tm
Vrel = .
mym;

Equivalently, introducing the reduced mass

m

Therefore,

mpmy mymy

5

my +myp m
the total kinetic energy in the zero-momentum frame
is 1
- 2
T= Eiuvrel’

which immediately gives the same result.

The dimensional check is

=272,

[ Tm ] _ MLT )M

mymy M?

so its square root has the dimension of speed. Also, as
T — 0, the relative speed tends to zero, as physically
required. For m; = my = m/2, momentum conserva-
tion gives equal and opposite speeds, and the formula
reduces consistently to

8T

Vrel = | -

CONCLUSION:

The fragments move in opposite directions along their
common line of motion, with momenta equal in mag-
nitude and opposite in direction. Under the assump-
tions of negligible external impulse, non-relativistic
motion, and m = m; + my, their relative speed is

2Tm
mymy '

Vrel =

The relative velocity of m; with respect to my is di-
rected along the motion of m,, while that of m, with

Sample Preview - Complete files can be purchased from abhi-physics.com

respect to m; has the same magnitude and the oppo-
site direction.

IFoS - 2021 - 10 MARKS

Q10. During take-off, an aircraft acceler-
ates horizontally in a straight line at a rate
A. A small bob of mass m is suspended on a
string attached to the roof of the cabin, and a
hydrogen balloon (total mass m) is tethered
to the floor by a string. For each, determine
the tension in the string and the equilibrium
angle 0 between string and vertical. Draw a
neat diagram to explain your answer.

INTRODUCTION:

Take the aircraft acceleration to be constant and di-
rected along the positive horizontal x-axis:

A = Ax,

with the positive y-axis vertically upward. The cal-
culation will be made in the non-inertial frame fixed
to the aircraft. In this frame, every object of mass M
experiences the pseudo-force

F, = —-MAx.

Consequently, gravity and the pseudo-force together
correspond to the effective gravitational acceleration

geft = /g + A%

The strings are assumed light, inextensible, and taut.
The bob and the balloon are in equilibrium relative to
the aircraft. The bob is treated as a point mass. For
the balloon, let V be its displaced volume and let p be
the local density of the cabin air, taken approximately
uniform over the dimensions of the balloon. The to-
tal balloon mass m includes the hydrogen, envelope,
and all attached parts. The cabin air is assumed to
have reached mechanical equilibrium in the accelerat-
ing frame, so that its pressure gradient is determined
by gravity and the horizontal pseudo-force.

Bett = —AX — g,

For the bob, 6, is measured from the vertically down-
ward line through the roof attachment. For the bal-
loon, 6] is measured from the vertically upward line
through the floor attachment. Angles toward the pos-
itive x-direction are described as forward, while an-
gles toward the negative x-direction are described as
backward.

SOLUTION:

1. The geometry and sign convention are shown
below. The aircraft accelerates to the right.
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The bob is displaced backward, whereas a suffi-
ciently buoyant balloon is displaced forward.

The arrow A points to the right and denotes
the actual acceleration of the aircraft. The ef-
fective gravity g g points downward and back-
ward. The pressure-produced buoyant force on
the balloon will be shown to point opposite to
8., namely upward and forward.

For the bob, the real forces are its weight
W =-mgy

and the tension exerted by the roof string. Since
the bob lies behind the roof attachment, the ten-
sion on the bob points upward and forward:

Ty, = Ty, sin 6, X + Ty, cos 6, 3.
The pseudo-force in the aircraft frame is
F, = —-mAx.
Equilibrium relative to the aircraft requires
T, +W+F,=0.
Thus
Ty, sin G X + Ty, cos 6, y — mAx —mgy = 0.

Equating the horizontal and vertical compo-
nents gives
Ty, sin 6, = mA, Ti, cos B, = mg.

Dividing the first equation by the second,
tan @, = é,
g

and hence

6 = tan_l(é) .
8

Squaring and adding the component equations,

sz (sin2 G, + cos? Gb) = m?A? + m?g?,

szmqu-i—Az .

so that

le Preview - C

Equivalently, the string aligns the bob with the
effective gravity:

Beft = —AX — gy

Its horizontal component is backward, confirm-
ing that the bob must trail behind the accelerat-
ing aircraft.

. For the balloon, ordinary vertical buoyancy

alone is insufficient because the accelerating
cabin air also has a horizontal pressure gradi-
ent. To derive the pressure gradient, consider
a small cabin-air element of density p at rest in
the aircraft frame. The forces per unit volume
are the pressure force

_VP’
gravity
—Pgy:
and the pseudo-force
—pAX.
Static equilibrium of the air therefore gives
—Vp — pAx — pgy =0,

or

Vp = —pAx — pgy = pgefr |

Thus pressure decreases both upward and for-
ward.

The net pressure force on a body occupying vol-
ume V is

Fpressure == pnds,
)%

where n is the outward unit normal. Applying
the divergence theorem component by compo-
nent, and taking the pressure gradient as ap-
proximately constant over the balloon,

Fpressure == J;/ VpdV = -VVp.
Using the pressure-gradient equation,
Fpressure = pVAx + pV gy.

This is the generalized buoyant force in the ac-
celerating cabin. It is directed upward and for-
ward, opposite to g.¢, and has magnitude

Fpressure = pV\[gz + A2,

The weight and pseudo-force acting on the total
balloon mass m are

W+ F, = —mgy — mAx.
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Therefore, before including the tether tension,
the resultant force on the balloon is

Ffree = Fpressure +W+ Fp
= (pV —m)Ax + (pV —m)gy
— (pV - m) (A% + g9).

For a balloon that can be held by a taut floor
tether,
pV >m.

Under this condition, Ffe points upward and
forward. The balloon consequently displaces
forward until the floor tether pulls it downward
and backward.

The tension exerted on the balloon is directed
from the balloon toward the floor attachment.
Its components are

Thal = —Tpal Sinbhay X — T €OS Opq) Y-
Equilibrium requires
Tbal + Ffree =0,
so that
Tpal Sin Oya) = (PV —m)A,

and
Tya1 €08 By = (pV — m)g.

Dividing these equations gives

tan G, = é,
g

Obal = tan_1<é) .
g

Squaring and adding gives

hence

Tt?al = (pV —m)?(A? + g?),

and, since pV —m > 0,

Thal = (pV —m)y[g? + A% |

If

By = pVg
is the ordinary buoyant force in a non-
accelerating cabin, then

By —mg
pa

The balloon tension can consequently also be

written as
A2
Tyal = (By — mg), /1 + ? .

pV —m=

Sample Preview - Complete files can be purchased from abhi-physics.com

If Ty = By — mg is its floor-tether tension when

A =0, then
A2
Tbal = TO 1+ —2 .
\} g

Thus the total balloon mass m by itself does not
determine its tension. The displaced volume V,
the air density p, the ordinary buoyant force
By, or the stationary-cabin tension T, must ad-
ditionally be known.

. The limiting cases, dimensions, and physical di-

rections provide checks on the results. When
A—0,

eb’ ebal -0,

and
Ty > mg,  Tha = (pV —m)g = pVg—mg.
These are precisely the ordinary vertical-

equilibrium results.

When A > g,

tan@zé»l, 9—>£,
g 2

so both strings become nearly horizontal. The
bob lies backward because the effective gravity
points backward, while the balloon lies forward
because its net buoyancy points opposite to the
effective gravity.

The dimensions are

[mwlgz + Az] = [mass][acceleration] = [force],

and similarly

[(pV —m)y/g% + Az] = [force].

Thus both tensions have the required SI unit of
newton.

If pV = m, the pressure force exactly balances
the balloon’s weight and pseudo-force:

Fgee =0, Tpa1 = 0.

The tether is then slack and its equilibrium an-
gle is not determined. If pV < m, the free
resultant is downward and backward. A floor
tether, which can only pull the balloon toward
the floor, cannot balance that resultant with a
taut string in the stated configuration.
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CONCLUSION:
For the bob suspended from the roof,

T, = m\/g% + A% N, & = tan_1<§> .

The angle is dimensionless and may be expressed in
radians or degrees. The bob and its string slope back-
ward, opposite to the direction of aircraft acceleration.

For a balloon of total mass m and displaced volume
V, in cabin air of density p, a taut floor-tether equilib-

rium requires
pV >m|

Under this condition,

_1[ A
Tl = (pV —m){/g% + A% N, Opa = tan 1(E)

22/22

Equivalently,

A2
TbaIZ(Bo—mg)«/l'*‘?N, By=pVg|

The balloon and its string slope forward, in the direc-
tion of aircraft acceleration. Thus the bob and the
buoyant balloon make equal angular magnitudes with
their respective vertical reference lines, but they lean
in opposite horizontal directions. The balloon ten-
sion is not determined by the stated mass m alone; its
displaced-air mass pV, ordinary buoyant force By, or
stationary-cabin tether tension must also be specified.
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Question Index
No. Question

Marks

Year

Exam

Page

1 A particle executes simple harmonic motion of amplitude A and angular
frequency w. A damping force proportional to velocity acts on the particle.
Derive the expression for the displacement of the particle as a function of time
and discuss the effect of damping on amplitude and frequency. Also, calculate
the time at which the amplitude reduces to half its initial value, if the damping
coefficient is b and mass is m.

2
2 m% + yj—j + kx = 0; A harmonic oscillator is represented by the equation

m% +y2—: +kx=0; wherem=0-25kg, y =0-07kgs ' and k = 85 Nm™ .
Determine (i) the period of oscillation, and (ii) the number of oscillations in

which its amplitude will become half of its original value.

3 A 15 - 0 cm violin string, fixed at both the ends, is vibrating with the largest
wavelength. The speed of the wave in this string is 250 m/s, and the speed of
sound in air is 350 m/s. What is the frequency and wavelength of the emitted
sound wave?

4 A particle of mass m is suspended from a spring which has mass m and force
constant k. Show that the oscillation frequency is given by w = ‘/;wo, where ; is
frequency of oscillation when spring is considered massless.

5 A weakly damped harmonic oscillator consisting of spring-mass system has the

following parameters : Mass m = 0.25 kg, Spring constant k = 100 N m ",

Damping coefficient y = 1 N'sm™' A periodic force F = 5 cos wt (newton) is
applied to the system. Determine (i) the amplitude of the oscillator at resonance
and (ii) the Q-value of the oscillator.

6 Consider a damped harmonic oscillator given by the equation ¥ + 2ux + wix = 0.
Obtain the displacements for (i) overdamped, (ii) underdamped and, (iii) critically
damped motion.

7 Calculate the group and phase velocities for the wave packet corresponding to a
relativistic particle.

8 Using Huygens’ principle for a plane wave travelling from rarer medium 1 to a

sini )

si v n
incidence and refraction, respectively. v;, y; and v, g, are the velocities and

refractive indices in media 1 and 2, respectively.

denser medium 2, show that , where i and r are the angles of

9 Write equation for damped harmonic oscillations and obtain expression for
logarithmic decrement. In a damped harmonic motion, the first amplitude is
10 cm, which reduces to 2 cm after 50 oscillations, each of period 4 seconds.
Determine the logarithmic decrement. Also, calculate the number of oscillations
in which the amplitude decreases to 25%.

10  Find an expression for the average energy of a forced oscillator in the
steady-state motion.
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Q1. A particle executes simple harmonic
motion of amplitude A and angular fre-
quency . A damping force proportional to
velocity acts on the particle. Derive the ex-
pression for the displacement of the particle
as a function of time and discuss the effect of
damping on amplitude and frequency. Also,
calculate the time at which the amplitude re-
duces to half its initial value, if the damping
coefficient is b and mass is m.

INTRODUCTION:

Let x(t) denote the displacement from equilibrium,
with the positive x-direction chosen arbitrarily. The
undamped angular frequency is w, so the restoring-

force constant is

k = mw?.

The velocity-dependent damping force is assumed to
be linear and opposite to the instantaneous velocity:

Fd = —bx, b>0.

Thus the motion is governed by Newton’s second law
applied in an inertial frame. Define the damping rate

_b
Y= o

The initial amplitude A will mean the value of the

exponentially decaying amplitude envelope at ¢ = 0.
The phase of the oscillator at that instant is denoted

by ¢.
SOLUTION:
1. The restoring and damping forces give
mx = —mw’x — bx,
or
., b 2
X+ —x+w'x=0.
m

Using y = b/(2m), this becomes
¥+ 2% + w?x = 0.
To solve it, take
x(t) = €.
Substitution gives the characteristic equation
rz+2yr+a)2 =0,

whose roots are
r=—y+.y?— o’

Sample Preview - Complete files can be purchased from abhi-physics.com

For the usual oscillatory, or underdamped, case
y<ow > b < 2mo,

define the damped angular frequency

B e P
4m?

The roots are then
r=—y +iwg.
Hence
x(t) = e (C cos wgt + Dsin wgt) .

Writing C = Acos¢ and D = —Asin ¢, the dis-
placement is

x(t) = Aebt/(@m) cog (wgt + @)

If the initial conditions are specified as x(0) = A
and x(0) = 0, direct determination of the con-
stants instead gives

sin(wgt) | |

x(t) = Ae bt/ (2m) cos(wgt) + b
2mawg

This is equivalent to the amplitude—phase form
with an appropriate constant phase and ampli-
tude parameter.

In the zero-damping limit b — 0,
y =0, w4 — O,

and the solution reduces to ordinary simple har-
monic motion, as required.

. The time-dependent amplitude envelope is

A(t) = Ae V! = Ae~bt/(2m),

Therefore damping causes the amplitude to de-
crease exponentially rather than remain con-
stant. Since the mechanical energy of a har-
monic oscillator is proportional to the square
of its amplitude,

E(t) o« A%(1),
its slowly varying envelope decays as
E(t) = E(0)e™bt/m.
This agrees with the fact that

dE

= =_px’<o,
dt -
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so the damping force continuously removes me-
chanical energy.

Damping also lowers the oscillation frequency

from w to
2
a)d:,/wz—b—<a).
4m?

For weak damping, b < 2mw, the binomial ex-
pansion gives

b? b?
o, :w,fl——:w 1-——].
d 4m2o? ( 8m2w2)

Thus the reduction in frequency is second order
in b for weak damping, whereas the amplitude-
decay rate is first order in b.

At critical damping,
b = 2mo,
the two characteristic roots coincide and
x(t) = (C + Dt)e™®".

The particle returns to equilibrium without os-
cillating. For
b > 2mo,

the motion is overdamped:
x(t) = CeCV Y =)t 4 pe(-y=y*=e?)t

and again no oscillation frequency exists.
3. Lett;/; be the time at which the amplitude en-

velope becomes A/2. Then

Aebh/em) _ A

2
Cancelling A and taking natural logarithms,
bt
UL ln(l> =—In2.
2m 2

Therefore

tl/z = ZTmhlZ .

Since b/m has dimensions of inverse time, 2m /b
has dimensions of time, as required.

CONCLUSION:

For underdamped motion, b < 2mw, the displacement
is

2
x(t) = Ae7b/Cm) ¢ [ 0 -2y ¢] .
4m?

The amplitude decreases exponentially according to

Alt) = Ae—bt/(2m) i

4/22

while the angular frequency is reduced from the un-
damped value w to

2 b?

am? |

At b = 2mo the system is critically damped, and for
b > 2mw it is overdamped; in both cases the motion is
non-oscillatory. The time required for the amplitude
envelope to fall to one-half of its initial value is

2mlIn?2
a

tije =

measured in seconds when m is in kilograms and b is

inkgs™ 1.

CSE - 2025 - 15 MARKS
d*x dx _ . .
Q2. m—Z+y— +kx = 0; A harmonic oscilla-
d’x

tor is represented by the equation m=s +y‘;—’: +

kx = 0; wherem =0-25kg,y =0-07kgs
and k = 85 Nm™'. Determine (i) the period
of oscillation, and (ii) the number of oscilla-
tions in which its amplitude will become half
of its original value.

INTRODUCTION:

The equation describes a one-dimensional oscillator
subject to a linear restoring force and viscous damp-
ing. The displacement x is measured from the equilib-
rium position along a fixed positive axis. The restor-
ing force is —kx, while the damping force is

Fy = —yx,

so it always acts opposite to the instantaneous veloc-
ity.
The motion is assumed to remain in the linear regime,

with constant m, k, and y, and with no external driv-
ing force. Define

k Y
Wy =[5> B=—.
m 2m
where wy is the undamped natural angular frequency
and f is the amplitude-decay constant. For under-
damped motion, ff < w,, and the damped angular fre-

quency is
’ 2
Wq =Wy — ﬂz.

The period is T = 27 /wy. The number of oscillations
required for the exponentially decaying amplitude to

le Preview - C
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become one-half is obtained from the amplitude enve-
lope.

SOLUTION:

Dividing the equation of motion by m,

X+ 1x+ Ex =0.
m m
Using
2[3:1’ wgzk,
m m

this becomes
%+ 2B% + wix = 0.
For a trial solution x = €'*, the characteristic equation

is
r? +2ﬂr+a)(?j =0.

r=—B+\p-f.

If B < wy, the roots may be written as

Hence

r=—p+iwg, wg = Jwi — B2
The displacement is therefore
x(t) = Age Pt cos(wgt + ¢),

where A, and ¢ are fixed by the initial conditions.
Thus the amplitude envelope is

A@) = Age P,
The units are consistent:

BE Nm'_kes”
m kg kg ’

and

HRE

m

kg

(i) The decay constant is

0.07 kgs!
po L _20TXeS 00T a0t
2m ~ 2(0.25kg)  0.50

The square of the undamped natural angular
frequency is

-1
=k BNm 2
m 0.25 kg

so that

wo = V340 rads™! = 18.439 rad s .

Since

B% = (0.14)2 = 0.0196 s 72 < 340 52 = g,

Sample Preview - Complete files can be purchased from abhi-physics.com

~

the oscillator is strongly underdamped and ex-
ecutes oscillatory motion.

Its damped angular frequency is

= /340 — 0.0196 rad s
= /339.9804 rad s~!
= 18.4386 rad s~ 1.

Therefore, the period of the damped oscillation
is
ro
@q
21
18.4386 rads~!

= 0.34076 s
= (0.341 s.

As alimiting check, wheny — 0, one has f — 0
and

ToTy =% - 2%
07 0o 18439

s = 0.34075 s.

The computed damped period is very slightly
greater than T, as expected because damping
reduces the angular frequency.

Let t; /, be the time at which the amplitude be-
comes one-half of its initial value. From

Al) = Age P,

the condition A(t; ;) = Ay/2 gives
Aoe_ﬂtl/z = %

After cancelling A,

e—ﬁtl/z — l
2

Taking natural logarithms,

_ﬁtl/z = —1r1 2,
and hence
In2
tijo = 7
0.693147
0.14 s71
=4.951s.

If N denotes the number of oscillation periods
completed in this time, then
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Therefore,
_4951s
0.34076 s
= 14.53.
Equivalently,

_wgln2  (18.4386)(0.693147) 1453
o2t 27(0.14) o

For a discrete-cycle plausibility check, after 14
complete oscillations,

A
Tl _ —BQAT) — ,~(0.14)(14)(0.34076) ~ () 513

Ag
whereas after 15 complete oscillations,

A
215 _ —B(IST) _ ,~(0.14)(15)(0.34076) _ () 489,

Ay

Thus the amplitude crosses Aj/2 between the
fourteenth and fifteenth completed oscillations,
consistently with N = 14.53.

CONCLUSION:

The oscillator is underdamped because
B=014s"1 < wy=18.439 rads™ .

Its damped angular frequency and period are

[T=0zas]

wq = 18.4386 rad s ™! \

The amplitude decays as
A(t) = Age 014

because the damping force acts opposite to the veloc-
ity. It becomes half of its initial value after

typ =4.95s]

corresponding to

‘N =~ 14.53 oscillations ‘

Hence the amplitude becomes one-half between the
fourteenth and fifteenth completed oscillations; if an
integral number of completed oscillations is required,
it is below one-half after approximately

15 complete oscillations |

IFoS - 2025 - 8 MARKS

Q3. A 15-0 cm violin string, fixed at both
the ends, is vibrating with the largest wave-
length. The speed of the wave in this string

6/22

is 250 m/s, and the speed of sound in air is
350 m/s. What is the frequency and wave-
length of the emitted sound wave?

INTRODUCTION:

The required quantities are the frequency fi,unq and
wavelength Asounq of the sound emitted into air.

Let
L=15.0cm = 0.150 m

vy = 250 m st
v, =350 m s

where vy is the transverse-wave speed on the string
and v, is the speed of sound in air.

Choose the x-axis along the string, with x = 0 at the
left fixed end and x = L at the right fixed end. The
transverse displacement is denoted by y(x,t), with
positive y upward. Since both ends are fixed,

v(0,t) = y(L,t) = 0.

Thus, both ends must be nodes of every allowed
standing-wave mode. The largest allowed wave-
length is therefore the wavelength of the fundamen-
tal mode, for which the string contains one half-
wavelength.

It is assumed that the string is uniform, the oscil-
lations are small, the air is stationary and approxi-
mately nondispersive, and losses and end corrections
are negligible. The string forces the adjacent air to
oscillate at the same frequency; hence the sound fre-
quency equals the vibration frequency of the string,
although its wavelength changes because the wave
speed changes on passing from the string to air.

SOLUTION:

For the fundamental standing-wave mode, the fixed
ends are consecutive nodes and there is one antinode
atx =L/2:

y

I |,
of| ¥

A,

L

In general, if n half-wavelengths fit into a string of
length L,

so that
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The wavelength is largest for the smallest permitted
positive integer, n = 1. Hence the fundamental wave-
length on the string is

As = 2L.
Substituting the string length,
A = 2(0.150 m) = 0.300 m.

1. The frequency of vibration of the string is ob-
tained from v = fA:

Vs 250 ms~!

= =833x10%s L.
Ay 0300 m

fs =
Therefore,

f, = 8.33x 10 Hz.

The air is driven periodically by the string.
Since the number of oscillations produced per
second cannot change at the string-air cou-

pling,

fiound = fs = 8.33 x 10? Hz.

2. The wavelength of the sound in air is

v
Asound = (.
fsound
On substitution,
350 ms ™!
A == —420x10"'m.
sound = g 33 % 102 51

Thus,

Asound = 0.420 m = 42.0 cm.

The dimensional checks are

1

M _ms?
== T =5 =10
M_ms’l_

[Asound] = [f] o1

The result is also physically plausible: the frequency
remains unchanged, while

Asound:V_azﬂzlélo
A vg 250
Therefore, because sound travels 1.40 times faster in
air than the transverse wave travels on the string,
its wavelength in air is 1.40 times the standing-wave
wavelength on the string:

1.40(0.300 m) = 0.420 m.

Sample Preview - Complete files can be purchased from abhi-physics.com

CONCLUSION:

For the largest-wavelength, fixed-end mode, the
string vibrates in its fundamental mode with

Ag = 2L = 0.300 m.

The emitted sound has frequency

fsound = 8.33 X 102 Hz = 833 Hz ‘

and wavelength in air

Asound = 0.420 m = 42.0 cm \

The sound propagates outward through the air from
the vibrating string; no unique propagation direction
is specified by the question. These results apply for
a uniform string vibrating in the fundamental mode
and for stationary, approximately nondispersive air
with negligible end corrections and losses. The phys-
ical inference is that coupling to air preserves the fre-
quency, while the higher wave speed in air produces
a correspondingly larger wavelength.

IFoS - 2025 - 15 MARKS

Q4. A particle of mass m is suspended
from a spring which has mass m and force
constant k. Show that the oscillation fre-
quency is given by v = gwo, where w, is
frequency of oscillation when spring is con-
sidered massless.

INTRODUCTION:

The required quantity is the angular frequency of
small vertical oscillations when the inertia of the
spring is included. Let the suspended particle have
mass M, let the uniform spring have mass mg, natu-
ral or equilibrium-coordinate length L, and force con-
stant k. At the end we shall use the data

M=m;=m.

Let y, measured vertically downward from the fixed
end, label a point of the spring, so that 0 < y < L. Let
x(t) be the small downward displacement of the lower
end, and hence of the suspended particle, from the
static equilibrium position. Measuring displacement
from static equilibrium removes all terms linear in x
arising from gravity; gravity changes the equilibrium
extension but not the small-oscillation frequency.

For the standard effective-mass treatment of a uni-
form spring, the incremental longitudinal extension
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is assumed to be distributed uniformly. Since the up-
per end is fixed and the lower end moves through x(t),
the displacement field is
uy.n) = 2x0.  wOD =0  uL.t)=x0).

Thus different parts of the massive spring have dif-
ferent velocities and the entire spring mass cannot be
added directly to M. The governing principle is con-
servation of mechanical energy, or equivalently La-
grange’s equation, with both the particle’s kinetic en-
ergy and the distributed kinetic energy of the spring
included.

SOLUTION:

The geometry and sign convention are shown below.
The coordinate y and the displacement x are both pos-
itive vertically downward.

0 L L L L L

M

Since the spring is uniform, its linear mass density is

1=
=,

An element of length dy therefore has mass

dm = Ady = %dy.

From the assumed displacement field,

u(y,t) = %xm,

the velocity of this element is

du _ Y.
v(y,t) = i Zx(t).

The element at the fixed end has zero velocity, while
the element at the lower end has velocity x, as re-
quired by the boundary conditions.

The kinetic energy of the spring is consequently

1Lt
Ts:—I v dm.
2 Jo

8/22

Substituting v = (y/L)x and dm = (my/L)dy,

L 2
2)o\L7/ L
2 L

mgX 9
= — d
213 Jo vy

L
_ mx? [y3]
= —|=
213 | 3 |,
msx2L3 1(ms).2
— === x°.
213 3 2\3
Thus, for this mode of motion, the spring contributes
the effective inertial mass

my
Meff,spring = 3

The kinetic energy of the suspended particle is
1, .9
Ty = =Mx“.
M= 5 MX

Hence the total kinetic energy is

m

T=TM+TS=%(M+?>)€2.

The elastic potential energy can also be obtained di-
rectly from the distributed deformation. A spring seg-
ment of equilibrium length dy has force constant

because the force constant of a uniform spring is in-
versely proportional to its length. Its incremental ex-
tension is

u X
du=—dy==dy.
u ay y=14%4
Therefore its elastic energy is
1 1(, L\ (x,\*_ 1kx*
4V = “ky@w? = 2 (k=) (Zdy) =25 dy.
2y(u) Z(dy)Ly 21
Integrating over the spring gives
L 5 (L
V:J av = 1'&] dy = 1kx?.
0 2 L Jo 2

The Lagrangian is therefore
=2 (M 22) it - e,
2 3 2

Lagrange’s equation,

4(22) o2 _,

dt \ ox ax
gives

<M+ %)x#kx: 0.
Comparing this with the simple-harmonic equation

5c'+a)2x:0,
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we obtain the general result

2 k

0= ———,
M +mg/3

o= |—Kk
M +mg/3

M =m; =m,

In the present problem,

and hence

When the spring is considered massless, m; = 0, so
the angular frequency is

Consequently,

The dimensional check is

GEECSE T
m kg kg ’

s0 w has dimension s~}

rads™1.

, conventionally expressed in

As a limiting check, the general expression satisfies

. k { k
lim | ——=.|—,
m—0\ M + my/3 M

which is exactly the massless-spring result. Also,

© V3 gge6 <1,

wo 2

which is physically plausible: the moving spring adds
inertia without increasing the force constant, and
therefore lowers the frequency. During the oscilla-
tion the energy

m,
E= l(M+—S)J'c2+lkx2
2 3 2

is conserved.

CONCLUSION:

Sample Preview - Complete files can be purchased from abhi-physics.com

For small vertical oscillations of a uniform linear
spring, with the upper end fixed and the incremen-
tal displacement varying as u(y,t) = yx(t)/L, the
spring’s distributed mass m; contributes an effective
oscillating mass m/3. Therefore

k
w= [——.
M +mg/3

For a suspended particle and spring each of mass m,

3k 3 /k
w = —2—0)0, 0)0: i
4m 2 m

The motion is simple harmonic in the vertical direc-
tion about the static equilibrium position, and w is
measured in rad s™!. The result is valid for small lon-
gitudinal oscillations of a uniform Hookean spring un-
der the linear displacement-profile approximation. It
shows that the inertia of the spring reduces the angu-
lar frequency to approximately 86.6% of its massless-
spring value.

CSE + 2024 - 15 MARKS

Q5. A weakly damped harmonic oscilla-
tor consisting of spring-mass system has the
following parameters : Mass m = 0.25 kg,
Spring constant k = 100 Nm ', Damping
coefficient y = 1Nsm~' A periodic force
F = 5coswt (newton) is applied to the sys-
tem. Determine (i) the amplitude of the os-
cillator at resonance and (ii) the Q-value of
the oscillator.

INTRODUCTION:

The required quantities are the maximum steady-state
displacement amplitude under harmonic forcing and
the quality factor of the oscillator. Let x(¢) denote dis-
placement along the spring axis, with positive x cho-
sen in the direction of the applied force at ¢t = 0. The
equation of motion is
mx + yx + kx = Fy cos wt, Fy=5N.

Here the damping force is —yx, so that it always op-
poses the velocity.

Define the undamped natural angular frequency and
the damping parameter by

k
wy = -,

_r
m ﬁ_Zm'

The weak-damping assumption requires

fKwy <<= y<K2Vymk.

9/22
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The steady-state displacement is written as
x(t) = A(w) cos(wt — 5),

where A(w) is the non-negative amplitude and § is the
displacement lag relative to the applied force. Tran-
sient motion is omitted because it decays as et

SOLUTION:

The physical arrangement and the adopted positive
direction are represented schematically below.

k F
>

—_— +x
Substitution of
x(t) = Acos(wt —6)

into the equation of motion, or equivalently use of
complex amplitudes, gives

(k —mo? +iyw) X = F.
Therefore,
Fo
\/(k _ mw2)2 " Y2w2’

and the phase lag satisfies

Alw) =[x =

yw

tand = 5

— mw

1. For displacement resonance, A(w) is maxi-
mized. Since F is fixed, it is sufficient to mini-

mize ,
D(w) = (k - mwz) +y2w?
Differentiating,
ZS =2(k- mwz)( 2mw) + 2y°w.

For the non-zero resonant frequency,

—4m (k - mwr) +2y2 =0,

so that )
k—mewf = y—
2m
Hence
2
2_k Vv 2 2
== - = 2
r m zmz 0 ﬂ

For the given data,

o= JRON™ 10052 = 200 rad s,

025k

10/22

and

1Nsm™* 1
= ——— =200
T s

Thus
o, =(20.0)% — 2(2.00)% rad s ' = V392 rad s ' = 19.8 rad s~ ..

At this frequency,

2 —1\2

1N _

komap = o 2 ONsm S N m
2m 2(0.25 kg)

Therefore,
Fy

2
\/(k - mw?)” +y2wf
5N

\/(2.00 Nm )2+ (1Nsm 1)2(19.8 s71)2
B 5N

J4.00+392Nm!
-2 .

19.9
=0.251 m.

Equivalently, using the resonance condition,
Fo £y

s — B? ) YN ©§ — v2/(am?)

Under the weak-damping approximation % «
2
Wy ,

A=

K
A~ 0 SN = 0.250 m.

Yoo  (1Nsm 1)(20.0s1)
Thus the exact displacement-resonance result
and the usual weak-damping result agree to
within about 0.5%.

The dimensional check is

[ywol = (N s m_l) (s')=N m !

and hence
[ Fy ] N
= ) =m,
Yo Nm

as required for a displacement amplitude.

A useful physical check is the limit y — 0:
the resonant amplitude varies as 1/y and there-
fore becomes unbounded in the ideal undamped
steady-state model. This is the expected reso-
nance behaviour. At the actual displacement-
resonance frequency,

Yo  2moy,

tan, = —— =
"oy?/em) v

sO
5, =84.2°.

The displacement therefore lags the force by

nearly 90°, as expected for weak damping near

resonance.
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2. The quality factor of a weakly damped oscilla-
tor is

energy stored _wy _ mawy  mk

energy lost per cycle ~ 28~y Y
Substitution gives

~ (0.25kg)(20.0571)
N INsm !
_5.00kgs !

g kgs

=5.00.

Thus Q is dimensionless.

The same result follows from the fractional en-
ergy loss. For weak damping, the mechanical
energy decays as

E(t) < e 2,

During one approximately natural period T, =
27t [ wy, the small fractional energy loss is

4
AE o _ 78
E ()
Consequently,
E o)
=2r— = — =5.00,
Q=213 = 38

which confirms the result.

The weak-damping condition is also numeri-
cally consistent:

£ 200 _ 0.100
wp 200

r _ ! =0.100.
2mk  2./(0.25)(100)

Moreover, a),z = a)g — 2,32 > 0, so a non-zero

displacement-resonance peak exists.
CONCLUSION:

For the convention
mx + yx + kx = 5cos wt,

the displacement-resonance frequency is

w, =19.8rads ||

The corresponding steady-state amplitude along the

spring axis is
A, =0251m|

or, within the standard weak-damping approxima-
tion,

K
A, = —=0250m]|
Yo

Sample Preview - Complete files can be purchased from abhi-physics.com

The displacement lags the driving force by approxi-

mately
=w7]

which is close to the expected 90° lag at weakly
damped resonance.

The oscillator quality factor is

=5.00,

3

&
<[5

=

which is dimensionless. These results apply to the lin-
ear steady-state motion with viscous damping, after
the transient has decayed. The value Q = 5 indicates
a moderately sharp resonance, while the conditions
B/wy = 0.10 and w? > 0 confirm that the assumed
weakly damped resonance is physically admissible.

IFoS - 2024 - 15 MARKS

Q6. Consider a damped harmonic oscilla-
tor given by the equation ¥ + 2ux + wix = 0.
Obtain the displacements for (i) overdamped,
(ii) underdamped and, (iii) critically damped
motion.

INTRODUCTION:

The required displacement is obtained by solving the
homogeneous, linear equation of motion

¥+ 2p% + wix = 0.

Here x(t) is the signed displacement from the stable
equilibrium position, measured along a fixed x-axis;
x > 0 and x < 0 denote the two opposite directions
along this axis. The motion is described in an inertial
frame. The parameter w, > 0 is the natural angular
frequency of the corresponding undamped oscillator,
while y > 0 is the damping constant per unit mass.
Thus

[u] =[] =T7".

The equation assumes linear restoring force, viscous
damping proportional to velocity, constant coeffi-
cients, and the absence of an external driving force.

For a mechanical oscillator of mass m, spring constant
k, and viscous coefficient b,
g=E =l
m m
so the three regimes are distinguished by comparing
the damping rate p with the natural frequency wy. For
completeness, let

x(0) = xp, x(0) = v,
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where x; and v, are arbitrary initial displacement and
velocity. The general solutions and their correspond-
ing initial-value forms will both be obtained.

SOLUTION:

Since the coefficients are constant, take the trial dis-
placement
x(t) = €.

Then
¥ = A%,

x = e,
Substitution into the equation of motion gives
(2 +2p) + }) M=o
Because e # 0, the characteristic equation is
A2+ 2pd + 0§ =0,
whose roots are

Mo = —pEp? = of.

The nature of these roots determines the form of the
displacement.

(i) For overdamped motion, p > wy.

Define
a =\ —wi>0.

The two characteristic roots are real and dis-
tinct:
M=—p+a, Ay =—p—a.

Since wy > 0,

a=A\p?-wf <p,

and therefore both roots are negative:
A1 <0, Ay < 0.

Hence the general displacement is

x(t) = CyelHO! 4 C,el—Hat

a=\p? - .

Equivalently,

x(t) = e H (Cle‘” + Cze’”‘t) =e M (Acoshat + Bsinhat).

To express the constants in terms of x, and vy,
use
x(0) = A = x;.

Differentiating,

% =e M [—u(Acoshat + Bsinhat) + a (Asinhat + Beoshat)].

12/22
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Att =0,
vy = —pA + aB.
Thus N
W X
B= o T H o’
o

and the initial-value form is

T
x(t) = e M | x, cosh(at) + D% sinh(at)] ,
a

a=\p?—wf.

No sinusoidal factor occurs, so there is no sus-
tained oscillation. Depending on the initial con-
ditions, the oscillator can approach equilibrium
from one side or cross the equilibrium at most
once before approaching it asymptotically. At
sufficiently large ¢, the more slowly decaying
mode dominates:

x(t) ~ Cle_(”_“)t.

In the strong-damping limit p > «y,

SO

Consequently, the slow part of the displace-
ment behaves as

g
x(t) ~ Crexp|——t],
2u

showing that very large damping can make the
final return to equilibrium slow.

For underdamped motion, 0 < p1 < wy.

Define the damped angular frequency

wg = Jw§ — % > 0.
K = 0 = iog,

and the characteristic roots are the complex
conjugate pair

Then

/11)2 =—u + i(/)d.

The corresponding real general displacement is

x(t) = e M (Cy cos wgt + Cy sinwyt),

It may also be written as

x(t) = Age M cos(wgt — ¢) ‘,

where A and ¢ are determined by the initial
conditions.

lete files can be purchased from abhi-physics.com
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Using x(0) = x, gives
C1 = Xp-
Differentiating,
X = e M [—p(Cy cos wgt + Cy sin wgt) — wgCy sin wgt + wyCy cos wgt] .

Att =0,
Vg = —HCy + wgCy,
and hence
a0
= o

G

Therefore,

vy + X,
x(t) = e ' | xy cos(wgt) + D% sin(wgt) | -
w4

The motion is oscillatory, but its amplitude is
bounded by an exponentially decreasing enve-
lope proportional to

e Mt

The damped period is

2 2
szw_”:—”_
4 [w? - g2

Since wy < wy, damping reduces the oscillation
frequency and increases the period:
2
T > —ﬂ:
@o
Successive extrema of the same sign, separated
by one damped period, have amplitudes in the

ratio
X+ Tl o,
[x(®)| ’
so the logarithmic decrement is
2O 2
x(t + T ©q

The undamped limit supplies an immediate
check. When y — 0,

g —> Wy, e -1,
and the displacement becomes

Y .
x(t) = xp cos wyt + — sin wyt,
Wo

which is the standard displacement of an un-
damped simple harmonic oscillator.

Sample Preview - Complete files can be purchased from abhi-physics.com

(iii) For critically damped motion, y = wy.

The characteristic equation becomes
A2 + 2004 + 0 =0,

or
(/1 + 0)0)2 =0.

Thus there is a repeated root
A=—wy=—p.

For a repeated root of a second-order linear
differential equation, the two linearly indepen-
dent solutions are

e M and te M.

Hence the general displacement is

x(t) = (Cy + Cyt)e ™™ | "= .

Applying the initial conditions,
x(0) = Cy = xp.
Differentiation gives
x = [Cy — p(Cy + Cyt)] e M.
Therefore,
vy = %(0) = Cy — pCy,

SO
C2 =% + HXp.

The displacement is consequently

x(t) = [xg + (vo + pxo)t] ™M, H = wp.

This motion is non-oscillatory. Critical damp-
ing marks the boundary between oscillatory
and non-oscillatory motion and gives the
fastest non-oscillatory return to equilibrium for
the usual release conditions.

The critically damped expression can also be
checked as the continuous limit of the under-
damped solution. With fixed x; and v,

i t
x(t) = e ' | x cos(wgt) + (vy + yxo)M .

As i — wy , one has wy — 0, and

sin(wgt)

lim cos(wgt) =1, lim t.
wg—0

wg—0 Wy
Therefore,
x(t) =[x + (vo + pxo)t] e,

which is exactly the critically damped result.
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The characteristic time dependence in the three
regimes may be represented schematically as follows;
the curves correspond to representative initial condi-
tions and illustrate only the qualitative distinction be-
tween monotonic decay and decaying oscillation:

x x

X
t W >t t

A general physical check follows from the mechanical
energy

1 . 1
E=-mx%+ —ma)gxz.
2 2
Its time derivative is
dE L. 2 . s 2
— = mxX + mojxx = mx (x + (oox) .

dt

Using the equation of motion,
X+ a)gx = —2ux,

gives

dE .2
— =2mux“<0|
dt s

Thus the damping force continuously removes me-
chanical energy in all three regimes. For 1 > 0, every

solution tends to

x(t) = 0, x(t) >0 as t— o

£}

in agreement with the oscillator ultimately reaching
equilibrium.

All exponents are dimensionless because pt, at, and
wyt are dimensionless. In each initial-value formula,
the coefficients multiplying the trigonometric or hy-
perbolic functions have dimensions of displacement:

[v0+px0] _ [v0+/1x0] _1
a Wy ’

and
[(vo + pxo)t] = L.
The solutions are therefore dimensionally consistent.

CONCLUSION:

For the signed displacement x(t), with [u] = [wy] =
s~1, the three damping regimes are:

1> wy (overdamped):
x(t) = Cyel =81t 4 el =n=lP=flt,
0<pu<w (underdamped):
x(®)=eH [Cl cos(m t) +G sin( W — 42 t)] ’

U =wy (critically damped):
x(t) = (Cy + Cyt)e M,

14/22

For specified initial displacement x in metres and ini-
tial velocity v, in metres per second, these become

Vo + pixq
Xoyer(t) = e M [xo cosh(at) + DT % sinh(at)] , a=J12 - ok,

a

Vo + X
L Sin(wdf)], w1 = \of — 12,

xunder(t) = eiu[ [xo Cos(wdt) +

Xeritical () = [x0 + (o + pixo)t] et o= wy-

The underdamped oscillator crosses the equilibrium
repeatedly, alternately moving in the positive and
negative x-directions, while its amplitude decreases
as e M. The overdamped and critically damped os-
cillators return without sustained oscillation; criti-
cal damping is the limiting case separating oscilla-
tory from non-oscillatory behavior and provides the
fastest non-oscillatory return under the usual release
conditions. In every case with p > 0, the displace-
ment and velocity tend to zero and the oscillator ul-
timately comes to rest at its equilibrium position be-

cause
dE

= = omux?<o.
dt pr =

IFoS - 2024 - 8 MARKS

Q7. Calculate the group and phase veloci-
ties for the wave packet corresponding to a
relativistic particle.

INTRODUCTION:

The question requires the phase velocity of the indi-
vidual matter-wave components and the group veloc-
ity of the wave-packet envelope representing a free
relativistic particle.

Consider a one-dimensional, narrowly localized wave
packet constructed from positive-energy plane waves,

¥(x,t) = J A(k) explitkx — w(k)t}] dk,

where A(k) is sharply peaked about the central wave
number ky. We choose the +x-axis as the propagation
direction; hence ky > 0 and the particle momentum
is p > 0. The corresponding results remain valid for
signed p and k, with the signs specifying the direction
of propagation.

For each plane-wave component, the de Broglie and
Planck relations are
p = hk, E = ho.

For a free particle of rest mass m, the relativistic
energy-momentum relation is

E? = p2c? + m2ct,

le Preview - C
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where the positive-energy branch E > 0 is used. The
particle velocity in the chosen inertial frame is de-
noted by v, with

1

The phase velocity and group velocity are defined re-
spectively by

p=ymv, E = ymc?, Yy =

W _dow
Vph—z, Vg—%

ko

The identification of v, with the particle velocity as-
sumes a free particle, a sufficiently narrow distri-
bution in k, and a dispersion relation that varies

smoothly over the significant spectral width of the
packet.

SOLUTION:

Using E = how and p = hk, the relativistic dispersion
relation is
h2w? = h2k%c? + m2ct.

Thus, for positive frequency,

204

(k) = k22 + & zc )

The phase velocity of a component with wave number
k+0is

v =@ _EM_E
Tk T p/m

From the relativistic expressions for energy and mo-

mentum,

E _ymc® (2
; B ymv T
Therefore,
o E_ 2
ph p v

For a massive particle, 0 < |[v| < ¢, so

cZ

>c.
vl

|Vph| =

This superluminal phase velocity does not represent
the transport of a localized particle, energy, or infor-
mation; it describes the motion of surfaces of constant
phase of a monochromatic component.

To find the group velocity, consider two neighboring
components of the packet,

¥, = cos(kx — wt)
¥, = cos[(k + Ak)x — (w + Aw)t].

Their superposition contains a slowly varying enve-
lope whose constant-phase condition is

Ak x — Awt = constant.
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Differentiating this condition gives the envelope ve-
locity

dx _ Ao
dt Ak’
In the narrow-packet limit Ak — 0,
_do
’Vg = %
Since
E = ho, p = hk,
the chain rule gives
_d(E/h) _dE

© T Ap/n) ~ dp’

Differentiating

E = | p*c® + m2ct

with respect to p, one obtains

dE 1 -1 c?
i =3 (p%c? + m?c*) / (2pc?) = P
Hence
2
_ e
Vg = E

Using p = ymv and E = ymc?,

3 (ymv)c?

V,
—

Therefore,
Vg =V}

so the wave-packet envelope propagates with the clas-
sical relativistic velocity of the particle.

The two velocities obey

_(EN(P° _ 2
Vphvg— ; ? =cC,

— 2
VphVg =€

or

Several checks establish the consistency of these re-
sults.

The dimensions are

E] kgm? 52 B
=|=—=———=ms"},
| p kgms~!
and
21 “1\( 2 —2
pt] _Ggms Dmts )
E | kgm? s—2

so both expressions have the dimensions of velocity.
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In the non-relativistic limit p < mc,

2

E = \Jm2c* + p2c? = mc® + p_
2m

Consequently,

dE _ P
V== =v<Le,
dp m
whereas, if the full relativistic frequency including the
rest-energy term is used,
E _ mc 4 p c?

Vh=— = 4= >
PR T Toam v

Thus the envelope moves slowly with the particle,
while the carrier phase moves rapidly, as expected.

In the ultra-relativistic limit p > mc,
E = pc,

and hence

Vg =, Vph = C.

For an exactly massless particle, E = |plc, so both ve-
locities have magnitude c¢. For a massive particle at
p = 0, the group velocity is zero, while v, = w/k
is not defined at k = 0, because there is no spatially
propagating carrier phase at that point.

For signed momentum, the positive-energy relation
gives

Both velocities therefore have the sign of p, so both re-

verse direction when the momentum reverses, while

their product remains c?.

CONCLUSION:

For a free relativistic particle with

E =/ p?c? + m2c4,

the phase and group velocities are

p = hk,

and

_do _dE _pc

T ak Tdp  E

Both are measured in ms™!, and their signs give the
direction of propagation relative to the chosen +x-
axis. They satisfy

— 2
VphVg =€

16/22

For a massive particle, [v;| = [v| < ¢ while [y,p| > c.
The superluminal phase velocity does not violate rel-
ativity because it does not transport the particle, en-
ergy, or information. Under the free-particle and
narrow-wave-packet assumptions, it is the group ve-
locity that gives the physical propagation velocity
of the relativistic particle. In the massless or ultra-
relativistic limit, both velocity magnitudes approach
c.

CSE - 2023 - 10 MARKS

Q8. Using Huygens’ principle for a plane

wave travelling from rarer medium 1 to a
sini v o

denser medium 2, show that — = < = o
sinr Vo
where i and r are the angles of incidence and
refraction, respectively. v;, g, and v, yi, are
the velocities and refractive indices in media

1 and 2, respectively.

INTRODUCTION:

The required result is Snell’s law obtained from the
Huygens construction of the refracted wavefront. Ac-
cording to Huygens’ principle, every point of a wave-
front acts as a source of secondary wavelets, and the
forward envelope of these wavelets gives the subse-
quent wavefront.

Assume that both media are homogeneous, isotropic,
transparent, and stationary, and that their refractive
indices are positive. The plane interface is taken to be
y =0, with medium 1in y > 0 and medium 2in y < 0.
The wave travels from medium 1 toward decreasing
y. The angles i and r are measured from the normal
to the interface. Since medium 2 is optically denser,
Ho > s Vy <y

At the fixed frequency of the incident wave, the re-
fractive index and phase velocity are related by

where c is the speed of light in vacuum.

Let AB be an incident plane wavefront. Point A
reaches the interface first. After a time interval
7, point B reaches the interface at C. During the
same time, the secondary wavelet emitted from A in
medium 2 has radius AD. The tangent CD drawn
from C to this wavelet is the refracted wavefront.

SOLUTION:

The Huygens construction is represented schemati-
cally below.
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medium 1

A
pay

medium 2 »

The incident ray BC is normal to the incident wave-
front AB, so
AB 1 BC.

The normal to the interface is perpendicular to AC.
Hence the angle between the incident ray BC and the
interface normal is equal to the angle between AB and
AC. Therefore,

2BAC =i.

In the time interval z, point B of the incident wave-
front travels through medium 1 to C. Thus,

BC = wvr.

Since AB 1 BC, triangle ABC is right-angled at B.
Therefore,

.. . BC T
sini = sin£BAC = — = L.
AC AC
Equivalently,
T
AC = - (1)
sin i

During precisely the same interval 7, the secondary
wavelet originating at A travels through medium 2.
Its radius is consequently

AD = WT.

The line CD is tangent to this secondary wavelet at D.
A radius drawn to the point of tangency is perpendic-
ular to the tangent, so

AD 1 CD.

Thus triangle ACD is right-angled at D.

The refracted rays are normal to the refracted wave-
front CD. Since the interface normal is perpendicular
to AC, the angle between the refracted ray and the in-
terface normal equals the angle between the refracted
wavefront CD and the interface AC. Hence,

2ZACD =r.
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It follows from right triangle ACD that

. . AD Wwr
sinr = sin £ZACD = 22 = 2,
AC AC
Equivalently,
WT
AC = 2. )
sinr

Equating the two expressions for the common dis-
tance AC from Egs. (1) and (2),
VT WT

sini sinr’

Since 7 # 0,
vy sinr = v sini,
and hence
sini v 3)
sinr vy |
Using
c c
vi=—, Vo = —,
H H2
the velocity ratio becomes
vi_¢/i_
Voo ¢/ m

Substitution in Eq. (3) gives

sini Vi _ 2

sint v, gy |

All three ratios are dimensionless: sini and sinr are
dimensionless, v; /v is a ratio of velocities, and 5 /1
is a ratio of refractive indices.

As a consistency check, if the two media become op-
tically identical, then
sinr = sini.

=Kk = Ww=vi =

For 0 < i,r < m/2, this gives r = i, so there is no
bending, as expected. At normal incidence, the limit-
ing form gives i = r = 0, and the ray continues along
the normal.

For the stated passage from a rarer to a denser
medium,

o>l = B
1
Therefore,
sini . ..
—>1 = sinr <sini
sinr

Since the relevant angles are acute,
r<i.

Thus the refracted ray bends toward the normal on
entering the denser medium.

CONCLUSION:
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Huygens’ construction gives, for the same propaga-
tion time 7,

BC =1, AD = wr,

and the two right triangles sharing the distance AC
give

.._uT . V2T
sini = —,
AC

Consequently,

sini Vi H

sinr vy oy |

This result is valid for homogeneous, isotropic media
with positive refractive indices and with v; = ¢/p; at
the common wave frequency. Because medium 2 is
denser, v, < v; and py > py, so r < i: the transmitted
ray bends toward the normal.

CSE + 2023 + 20 MARKS

Q9. Write equation for damped harmonic
oscillations and obtain expression for loga-
rithmic decrement. In a damped harmonic
motion, the first amplitude is 10 cm, which
reduces to 2 cm after 50 oscillations, each of
period 4 seconds. Determine the logarithmic
decrement. Also, calculate the number of os-
cillations in which the amplitude decreases
to 25%.

INTRODUCTION:

The problem requires the equation of a freely damped
harmonic oscillator, the derivation of its logarithmic
decrement, and the use of the observed decay of am-
plitude to determine both the decrement and the num-
ber of oscillations required for a specified reduction.

Let x(¢) be the displacement, measured from the equi-
librium position along the positive x-axis. For viscous
damping, the restoring force and damping force are
taken as

Fy = —cx,

where m is the mass, k is the force constant, and c is
the viscous damping coefficient. The damping force
is opposite to the instantaneous velocity. No external
periodic force is present.

The motion is assumed to be underdamped,
¢ < amk,

so that the body continues to oscillate while its ampli-
tude decreases exponentially. Define

k c
wy = -, = z 2
m 2m

18/22

where «, is the undamped natural angular fre-
quency, y is the amplitude-decay constant, and wy is
the damped angular frequency. The corresponding
damped period is

21

T, =2
w4

The logarithmic decrement § is defined as the natural
logarithm of the ratio of two successive amplitudes
measured on the same side of the equilibrium posi-
tion.

SOLUTION:
1. From Newton’s second law,
mix = F, + Fg = —kx — cx.

Hence the differential equation for free damped
harmonic oscillations is

mx+cx+kx=0]|

On division by m,
3'c'+2y5c+a)§x:0.
To solve it, take a trial solution
x =e%.
Substitution gives the auxiliary equation
32+2ys+wg =0,
whose roots are

s:—y:t\/yz—wg.

For underdamped motion, y < wy, so that

s=—y+iJwi —y? = —y +iwg.

Therefore,
x(t) = eV (Cy cos wgt + Cy sinwgt) .

Equivalently,

x(t) = Age " cos (wgt + @) |,

where Aj and ¢ are fixed by the initial condi-
tions. Thus the slowly varying amplitude, or
envelope, is

A(t) = Aoe_yt.

Consider amplitudes A, and A,,; of two suc-
cessive maxima on the same side of equilibrium.
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These maxima are separated by one damped pe-
riod Ty. If the first maximum occurs at time t,
then

Ar = Aoe_yt,

and
Ay = Age VT,

Their ratio is therefore

Ar . Aoe _ ede.

A1 Age V(1)

By definition, the logarithmic decrement is

A
5=ln< 4 )
Ar+1

F=rm}

Using y = ¢/(2m) and Ty = 27/ wy,

Consequently,

_ CTd _ 271')/ _ Jc

2m o m, /wg —c2/(4m?)

More generally, if the amplitudes A, and A, ,
are separated by n complete oscillations, then

Apin = AeMa = A e,

Thus
Ar né

=e s
Arin

A
5:11n( r )
n Arin

The logarithmic decrement is dimensionless,
since it is the logarithm of a ratio of two am-
plitudes. This is also consistent with

and hence

[yTql =s"'s = 1.

2. In the given motion,
Ay =10 cm, Asq =2cm, n = 50.

The two amplitudes are separated by 50 com-
plete oscillations. Therefore,

6= in(om).
50 2cm

The units cancel within the logarithm:

5=-1Ins.
50

Sample Preview - Complete files can be purchased from abhi-physics.com

Using
In5 = 1.6094379,
one obtains

_ 1.6094379
50

§=322x10"2

1 = 0.0321888.

Hence,

per oscillation.
Since the period is
Tg=4s,
the decay constant may also be checked from

6 _ 0.0321888

y=—2 = =8.0472x 1073 s71,
T4 4s

Thus the amplitude as a function of time is pro-
portional to

Alt) = Aoe—(s.onlo*3 st
As a numerical consistency check, the elapsed
time in 50 oscillations is
t=50(4s) = 200 s.
Therefore,

A(Z/;)O s) Z eVt = (~(8.0472x1073571)(2005) _ ,—1.60944 _ 900
0

Hence

A(200 s) = (10 ¢m)(0.200) = 2.00 cm,

which reproduces the stated amplitude and ver-
ifies the calculation.

. Let N be the number of oscillations required for

the amplitude to become 25% of its initial value.
Then
Ay = 0.25A,.

Using
Ay = Age N9,

gives
0.25A9 = Age N,

After cancelling A,
0.25 = e N?,
Taking natural logarithms,
In(0.25) = —N&.

Since
—1n(0.25) = In4,

the required number is

In4
N=22
1)
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Substituting 6 = In5/50,

_ In4 :501n4
In5/50 In5

Numerically,

_50(1.3862944)
©1.6094379

43.06.

Thus, if a fractional number of periods is per-
mitted,

‘ N = 43.1 oscillations ‘

The corresponding time is

t = NTy = (43.06)(4 s) = 172.2 s.

If the answer is required in complete oscilla-
tions, the amplitude after 43 oscillations is

A
43 o438 — ,—43(0.0321888) . 0.2506,
Ag
which is still slightly greater than 25%. After 44

oscillations,

A
f = o440 _ ,—44(0.0321888) _ ( 9497,
0

which is below 25%. Hence the amplitude first
becomes no more than 25% after

44 complete oscillations |

As alimiting check, when ¢ — 0, onehasy — 0,
)
§=yTg—0

and A(t) — Aj. Thus the amplitude becomes
constant in the absence of damping, as required
by conservation of mechanical energy.

CONCLUSION:

For a freely oscillating mass subject to a linear viscous
damping force opposite to its velocity,

mi+cx+kx=0|

In the underdamped regime c?

ment and amplitude are

< 4mk, its displace-

x(t) = Aoefct/ @m) cos (wgt + ¢)

A(t) = Ageet/Cm)

where

20/22

The logarithmic decrement is the dimensionless quan-

tity
o( )]
Ari 2m @d

or, for amplitudes separated by n oscillations,

A
5:1m( ’).
n Ar+n

For the stated motion,

= 1%5 = 0.0322 per oscillation |,

with the equivalent decay constant

‘y ~8.05%x 1073571 \

The amplitude falls to exactly 25% of its initial value
after

‘ N = 43.1 oscillations ‘

or approximately

[=1725)

When only complete oscillations are counted, it first
becomes no more than 25% after

’ 44 complete oscillations ‘

The decreasing positive envelope represents dissipa-
tion of mechanical energy by a damping force di-
rected opposite to the velocity; the result is valid for
linear viscous damping and underdamped free mo-
tion.

IFoS - 2023 - 10 MARKS

Q10. Find an expression for the average en-
ergy of a forced oscillator in the steady-state
motion.

INTRODUCTION:

Consider a one-dimensional damped harmonic oscil-
lator of mass m, natural angular frequency w,, and lin-
ear damping constant b, driven by a sinusoidal force

F(t) = Fy cos wt.
Its equation of motion is
mi + bx + mwix = Fy cos wt.

It is convenient to define

28=2,
m
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so that
.. . 2 F 0
X+ 2% + wjx = — coswt.
m
Here w is the driving angular frequency and f is the
damping rate. The displacement x is measured from

the equilibrium position, with positive x chosen along
the positive direction of the applied force.

After the transient motion has decayed, the oscillator
executes steady-state motion at the driving frequency.
The required average energy is the time average, over
one driving period T = 27/, of the instantaneous
mechanical energy

E@®) = %mxz + %mw@xz.

Because damping continually dissipates energy, E(t)
is not constant; the applied force supplies, on aver-
age, exactly the energy dissipated during steady-state
motion.

SOLUTION:

The steady-state displacement may be written as
x(t) = Acos(wt — 6),

where A is the displacement amplitude and § is the
phase lag relative to the applied force. Differentiat-
ing,

x(t) = —Awssin(wt — §)

#(t) = —Aw? cos(wt — J).

To obtain A, it is useful to represent the steady-state
motion by

x(t) = acos wt + ¢ sin wt.

Then
X = —aw sin wt + cw cos wt,

and

. 2

# = —aw? cos wt — cw?

sin wt.
Substitution into the equation of motion gives
[(a)g —wa+ Zﬁmc] coswt + [(wg — e — Zﬁma] sinowt = B cos wt.
m

Equating the coefficients of cos wt and sin wt,
F
(0§ — 0¥)a + 2Pwc = =2
m

(0 — @) — 2Pwa = 0.

Squaring and adding the corresponding amplitude re-
lations yields

2

[(wg —?)? + 4,32@2] @+ = (%) .

Sample Preview - Complete files can be purchased from abhi-physics.com

Since A% = a® + c2,
Fy/m
\/(wg —w?)? + 4,52&)2.
Equivalently, in terms of b = 2mp,
Fo

\/mz(a)g — w?)? 4+ blw?

A=

A

The phase lag is determined by
2pw

wf — w?

tand =

with the quadrant selected so that 0 < § < x for posi-
tive damping.

The instantaneous kinetic energy is
K@) = Jmat = EmA w* sin”(wt — §),
while the instantaneous elastic potential energy is
U@t) = %mngz = %mngz cos®(wt — 8).

The average of a quantity Q(¢) over one driving period
is

L (o7

Q)= —J Q(r)dr.

T )y,

Since
<sin2(wt - 5)> = (cosz(wt - 5)) = %,
the average kinetic and potential energies are
(K) = imAzwz,

and .
U) = ‘—lmAzwg .

Therefore, the average total mechanical energy is
(B = (K) +(U) = 7mA%@* + o)

Substituting the steady-state amplitude,

F_O2 w? +w§

(E) =

4m (0} — w?)? + 4p20? |

In terms of the damping constant b, the same result is

Fim(o? + w?)

4 [mz(a)g —w?)? + bzwz] [

(E) =

The result passes the dimensional check. Since
[A] = m, [m(w? + w3)A?] = kgs?m? =],

the expression has the dimensions of energy.
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Several physical limits provide useful checks. In the
quasistatic limit w0 — 0,

F,
A— — (Ky — 0,

2

W

and hence
i
(E)y — >
4muw;

This is the time-averaged elastic energy associated
with the slowly varying displacement
F
x(t) = —2 coswt.

2
meg

At w = w,
Fy Fy

C2mPuwy by
and the mean kinetic and potential energies become
equal:

(K) = (U).
Consequently,
K mE
Elomen = e = 22

This finite resonant value requires nonzero damping.
In the idealized limit § — 0 at w = @, the assumed
bounded steady-state motion ceases to exist, and the
above steady-state energy diverges, consistently indi-
cating resonant growth.

As a steady-state energy-balance check, the average
rate of dissipation is

<Pdiss> = b<x2> = %bAzwz.
The average power delivered by the force is
(Pw) = (FOF(0) = 3 FyAwsin.

Using
Fysiné = bAw,

22/22

one obtains
(Pin) = (Piss) -
as required for a periodic steady state.
CONCLUSION:
For a linearly damped oscillator driven by F, cos wt,
the steady-state displacement is

x(t) = Acos(wt — §),

where
FO / m

2w
g — w?
2p=2.
m
Its average kinetic energy, potential energy, and total
mechanical energy are, respectively,

tand =

(K) = imAzwz !

U) = LllmAzwg ,

and

2 2

(0 — 0?)? + 4f2w? '

1 Fy
E) = ~mA%(o® + 0f) = —
(E) = [mA™@" +wp) =

The energy is measured in joules and is nonnegative.
The result applies after all transient motion has de-
cayed, for sinusoidal forcing and linear viscous damp-
ing. At w = wy, the mean kinetic and potential en-
ergies are equal, while nonzero damping keeps the
steady-state energy finite. The oscillator does not
conserve mechanical energy instantaneously; instead,
in steady state, the average power supplied by the
driving force equals the average power dissipated by
damping.
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No.

Question

Marks

Year Exam Page

1

10

Calculate the effective resistance of the following combination of resistances as
shown in the figure and determine the voltage drop across each resistance when
a potential difference of 120 volts is applied between points A and B :

30

182 80
A e— MWW MWW B

68

5Q

A charge of —3-30 pC is fixed at a point. From a horizontal distance of 0 - 0455 m,
a charged particle of mass 7 - 35 x 10> kg and charge —7 - 45 yC is fired with an
initial velocity 62 - 5 m/s directly towards the fixed charge. How far does this
charge travel before its speed becomes zero?

Discuss the origin of hysteresis in ferromagnetic materials on the basis of
domain theory. Explain how domain wall motion and pinning lead to energy loss
during cyclic magnetization.

A wire of length 2 m is perpendicular to the X-Y plane. It is moved with velocity
V=2+3 i+ k m/s through a region of uniform magnetic induction

B=1i+2] Wb/m’. Compute the potential difference induced between the ends of
the wire.

A very long solenoid of radius a, with n turns per unit length, carries a current I.
Coaxial with the solenoid, at radius b > q, is a circular ring of wire with
resistance R. When the current in the solenoid is gradually reduced, a current I,
is induced in the ring. Calculate I, in terms of Z—’:. Also, calculate the power

dissipated through Joule effect and the electric field E near the solenoid.

The space between the plates of a parallel-plate capacitor is filled with a
dielectric material whose susceptibility varies linearly from 0 at the bottom plate
(x = 0) to 1 at the top plate (x = d). The capacitor is connected to a battery of
voltage V. Calculate all the bound charges and check that the total charge is zero.
Assume that the battery is connected in such a way that the electric field points
along the x-direction while the free charge density, oy, is positive at the bottom
plate and negative at the top plate.

Consider a point charge of 5 nC placed at a distance of 1 m from a perfect
conducting plane (z = 0) of infinite extent. Find the electric field at a point
(2,2,0) m and show that it is normal to the plane.

A rectangular coil consists of 50 closely wrapped turns and has dimensions of
0-5mx0-4m. It carries a current of 1-5 A. If a uniform magnetic field

B =0-1Tis applied such that the direction of the magnetic field makes an angle
of 60° with respect to the plane of the coil, what is the torque exerted on the coil
by the magnetic field?

State and explain Kirchhoff’s current law and Kirchhoff’s voltage law. Derive
these laws from the principles of charge conservation and energy conservation.

A parallel plate capacitor having circular plates of radius 10 cm is being charged.
If the electric field at any instant within the capacitor changes at the rate
5-0Vm ' s, calculate the magnetic intensity |H| inside the capacitor.
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Q1. Calculate the effective resistance of
the following combination of resistances as
shown in the figure and determine the volt-
age drop across each resistance when a po-
tential difference of 120 volts is applied be-
tween points A and B :

30
180 80

INTRODUCTION:

The circuit is to be reduced by identifying resistors
connected between the same pair of nodes and then
applying the series and parallel combination rules.
All resistances are assumed ideal, and the connecting
wires have negligible resistance. Let

VA - VB = ].ZOV,

so conventional current is taken from A toward B. De-
note by C the node immediately after A, by D the junc-
tion before the 8 Q resistor, and by E the junction be-
tween the 3 Q-6 Q parallel pair and the 18 Q resistor.
Ohm’s law and Kirchhoff’s current and voltage laws
will be used.

SOLUTION:
The circuit topology is

30

6Q

5Q

The 3Q and 6 Q resistors are connected between the
same nodes C and E, and hence are in parallel:

(369 18

- - °q=20.
E730+60 9

This 2 Q equivalent is in series with the 18 Q resistor
along the upper path from C to D. Therefore,

R

upper = 2Q +18Q =20Q.

The upper 20 Q path and the lower 5 Q path have the
same end nodes C and D, so they are in parallel:

20Q)(5Q
roy - ODED 100, o
200+5Q 25

Finally, Rcp is in series with the 8 Q resistor:

RABZRCD+SQ=4Q+8QZIZQ.

Sample Preview - Complete files can be purchased from abhi-physics.com

The total current supplied between A and B is conse-
quently
_Va-Vp _ 120V

=242 32—

=10A.

Since the 8 Q resistor is in series with the entire C-D
network, it carries 10 A. Its voltage drop from D to-
ward B is

Vg = I(8Q) = (10A)(8Q) = 80 V.

Kirchhoff’s voltage law then gives the voltage across
the parallel network between C and D:

Vep =120V —80V =40 V.

The 5 Q resistor is directly connected between C and
D, so

40V
Vs =Vep =40V, Iy = — =8A.
5 CD 5 50

The complete upper path also has a 40 V drop. Its cur-

rent is
40V

200

upper — 2A.

Thus, the drop across the 18 Q resistor is

The remaining voltage across the 3 Q-6 Q parallel pair
is
Veg =Vep —Vig =40V =36V =4V.

Since both resistors are connected between C and E,

V3:V6=4V.

Their respective currents are

AV _4, a4V _2,
3Q 3 3

These add to

I

I3+16 = A—LA"F gA: ZA,
3 3
which is the current entering the pair. At node C,

I+,

upper = 8A+2A =104,

in agreement with the total circuit current. The volt-
age drops along the upper path also satisfy

V3||6 + V18 = 4V+ 36V = 40V,
and the complete A-to-B drop is

40V +80V =120V.

CONCLUSION:
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The effective resistance between A and B is

= 120)

and the total conventional current is

from A toward B. The voltage decreases in the direc-
tion of this current, with the individual drops

[Vza=4V,  Vea=4V, Vigq=36V, Vsu=40V, Vyo=80V]

These results apply for ideal ohmic resistors and negli-
gible connecting-wire resistance. The equal 4 V drops
across the 3 Q and 6 Q resistors follow from their par-
allel connection, while the 5 Q resistor has the same
40V drop as the entire alternative upper branch.

CSE + 2026 + 10 MARKS

Q2. A charge of —3-30 uC is fixed at a point.
From a horizontal distance of 0 - 0455 m, a
charged particle of mass 7 - 35 x 10~ kg and
charge —7 - 45 uC is fired with an initial ve-
locity 62 - 5 m/s directly towards the fixed
charge. How far does this charge travel be-
fore its speed becomes zero?

INTRODUCTION:

The required quantity is the distance travelled by the
moving charge before it reaches its point of closest
approach and momentarily comes to rest. Since both
charges are negative, their electrostatic interaction is
repulsive. The particle is therefore decelerated as it
moves towards the fixed charge.

Let the fixed charge be at x = 0, and let the moving
particle initially be at x = r, > 0. The positive x-
direction is taken from the fixed charge towards the
particle. Thus the initial velocity is directed along —x,
whereas the electrostatic force is along +x.

Write

Q=-330x10°C, ¢q=-745x10"°C,

m=7.35x10"° kg

r; = 0.0455 m

v, = 62.5 ms L.
The fixed charge is assumed to remain stationary,
both charges are treated as point charges, and forces
other than the electrostatic force are neglected. Since

the electrostatic force is conservative, mechanical en-
ergy is conserved.

4/16

SOLUTION:

For two point charges separated by a distance r, the
electrostatic potential energy is

kQq

U@r) = =2, k=28.99%10° Nm?C 2.
r

Here
Qg = (=330 x 1076)(—7.45 x 107%) = 2.4585 x 10711 C% > 0,

so U(r) increases as the separation decreases. The par-
ticle’s initial kinetic energy is converted into electro-
static potential energy.

Let r; denote the separation at the turning point,
where the speed becomes zero. Conservation of me-
chanical energy gives

k
L2 4 291 _

Pt}

k
0+,

Hence

+ .
2kQq
The initial kinetic energy is

K = %(7.35 x 1073)(62.5)?

= %(7.35 x 1073)(3906.25)

=1436].
Also,
kQq = (8.99 x 10%)(2.4585 x 10~ 11)
=221%x10"" Jm.
Therefore,
1_ 1 . 1436
r, 0.0455  2.21x 107!
=21.98m ! +64.98 m™!
=86.96m™ !,
and hence
= = 115x 102 m,
86.96

The distance travelled towards the fixed charge is the
decrease in separation:

sS=r—rn
= 0.0455 - 0.0115
= 0.0340 m.

Since r; < 1, the result correctly describes motion to-
wards the fixed charge. Atr, the positive electrostatic
potential energy has increased by exactly the initial
kinetic energy, so the particle momentarily stops and
then reverses direction under the repulsive force.
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CONCLUSION:

The moving charge travels

[5=3.40x102 m|

or

towards the fixed negative charge before its speed be-
comes zero. Its minimum separation from the fixed
charge is

r=115x10"?m=1.15cm |

This result applies under the point-charge approxi-
mation with the fixed charge stationary and all non-
electrostatic forces neglected.

CSE - 2026 - 20 MARKS

Q3. Discuss the origin of hysteresis in fer-
romagnetic materials on the basis of domain
theory. Explain how domain wall motion
and pinning lead to energy loss during cyclic
magnetization.

INTRODUCTION:

A ferromagnetic specimen below its Curie tempera-
ture is divided into magnetic domains. Within each
domain, the atomic magnetic moments are aligned ap-
proximately parallel by the exchange interaction, so
that the domain possesses a spontaneous magnetiza-
tion M,. Adjacent domains are separated by transition
regions called domain walls, within which the mag-
netization rotates continuously from the direction in
one domain to that in the next.

The domain structure minimizes the total free en-
ergy, which contains exchange, magnetocrystalline-
anisotropy, magnetostatic, magnetoelastic, and
domain-wall contributions. In zero applied field,
differently oriented domains generally arrange
themselves so that the net macroscopic magnetiza-
tion is small, even though each domain is strongly
magnetized.

Let the applied magnetic field H and the measured
magnetization M be positive along a fixed axis. In SI
units,

B = py(H + M).

The hysteresis loop arises because the domain config-
uration at a given H depends on the previous mag-
netic history. The principal microscopic cause of this
history dependence is the irreversible displacement

Sample Preview - Complete files can be purchased from abhi-physics.com

of domain walls through an inhomogeneous mate-
rial containing defects, internal stresses, grain bound-
aries, inclusions, dislocations, and spatial variations
of magnetic anisotropy.

SOLUTION:

When a field H is applied, the magnetic contribution
to the free-energy density of a domain whose magne-
tization makes an angle 0 with the field is

ug = —poM - H = —pogMH cos 6.

Thus, domains whose magnetization lies more nearly
parallel to the field have lower energy. Magnetization
can then increase by two principal processes:

1. Domain walls move so that domains favourably
oriented with respect to the field grow at the ex-
pense of unfavourably oriented domains.

2. At larger fields, the magnetization within the
remaining domains rotates towards the field di-
rection. Eventually the specimen approaches
magnetic saturation.

Consider a wall separating two domains whose mag-
netization components along the applied field are M,
and M,. If the wall moves through a distance dx, con-
verting an elemental volume A dx from domain 1 to
domain 2, the change in magnetic energy is

dUH = —[loH(MZ - Ml)Adx

Hence the field exerts an effective pressure on the
wall,

pr = poH(Mz — My).
For a 180° wall separating domains with components
—M; and +M;,
PH = 2p0M;H.

The wall therefore tends to move in the direction that
enlarges the domain magnetized parallel to the field.

In an ideal, perfectly homogeneous crystal, a wall
could move comparatively freely and much of the re-
sponse would be reversible. A real ferromagnet, how-
ever, has a non-uniform internal energy landscape. A
defect can lower the wall energy when the wall inter-
sects it, or an internal stress can locally alter the mag-
netoelastic and anisotropy energies. Such regions act
as pinning centres.

Let Up(x) denote the position-dependent pinning en-
ergy of a wall. The effective wall energy may be rep-
resented schematically by

Uer(x; H) = Up(x) — poH(M; — My)Ax.

The applied field tilts this energy landscape. For a
small field, a pinned wall may deform or move slightly
within a local energy minimum. Such motion is ap-
proximately reversible: when the field is removed, the
wall returns nearly to its original position.
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As H increases, the field pressure increases. At a crit-
ical depinning field H,, the local minimum ceases to
hold the wall. In force form, the depinning condition
is approximately

'lloHp(Mz - MI)A = max

dﬂ
dx |

The wall then jumps abruptly to another stable po-
sition. This is an irreversible change because, after
the jump, merely restoring the field to its previous
value does not restore the former domain configura-
tion. The wall can return only when the field is re-
versed sufficiently to overcome a generally different
pinning barrier. A succession of such discontinuous
jumps produces Barkhausen noise.

Starting from an initially demagnetized state, increas-
ing H causes favourable domains to grow by wall mo-
tion. At higher fields, domain rotation becomes im-
portant, and sufficiently large H produces approxi-
mate saturation. When the field is subsequently re-
duced to zero, many walls do not retrace their earlier
paths because they become trapped at pinning cen-
tres. Consequently, a finite magnetization remains:

M(H =0) = M,
where M, is the remanent magnetization.

A reverse field is required to move the pinned walls
and reverse enough domains to make the net magne-
tization vanish. The magnitude of the reverse field
for which M = 0 is the coercive field H,. Further
increase of the reverse field produces negative satu-
ration. Repeating the process completes a closed hys-
teresis loop.

The work supplied by the external source per unit vol-
ume in a quasistatic magnetic cycle is

Weycle = 351{ dB.

Using B = po(H + M),
Weyele = Ho #HdH + /10§HdM.
Since H returns to its initial value,
Prarn—fa() <o
2
and therefore
Wioss = Ho ﬂngM.

Thus the energy dissipated per unit volume in one

complete cycle equals the area enclosed by the B-H
loop,

Wioss = éHdB’

6/16

or equivalently yi times the area enclosed by the M-H
loop. Its unit is
A J
_3 5

[HdB] = =T =
m m

as required for an energy density.

Microscopically, the applied field stores energy while
a domain wall is held against a pinning barrier. Upon
depinning, the wall accelerates and jumps to another
metastable position. The released energy is trans-
ferred to lattice vibrations, electronic excitations, mi-
croscopic eddy currents in conducting specimens, and
ultimately heat. Since the reverse path encounters
barriers in a different sequence and direction, the en-
ergy released during forward motion is not fully re-
covered. The magnetization consequently lags be-
hind the applied field, producing hysteresis and a pos-
itive energy loss per cycle.

The character of the hysteresis loop is therefore
closely related to the strength of pinning. Soft fer-
romagnetic materials contain relatively mobile do-
main walls and have small H,, narrow loops, and low
hysteresis loss. Hard ferromagnetic materials pos-
sess strong pinning and large anisotropy; they conse-
quently have large coercivity, broad loops, and large
remanence, making them suitable for permanent mag-
nets.

CONCLUSION:

Ferromagnetic hysteresis originates from the exis-
tence of multiple metastable domain configurations
separated by energy barriers. An applied field low-
ers the energy of domains aligned with it, causing
domain-wall motion and, at larger fields, domain ro-
tation. Structural defects, internal stresses, grain
boundaries, inclusions, and anisotropy variations pin
the walls. Walls depin only after a finite threshold
field is reached and then move irreversibly to new po-
sitions, so the domain pattern on decreasing or revers-
ing the field differs from that formed while increasing
it.

This irreversible wall motion accounts for remanent
magnetization M,, coercive field H,, and the lag of M
behind H. The magnetic energy dissipated per unit
volume per cycle is

MosszéHdeﬁuO%HdM’

equal to the enclosed B-H loop area, or to y times
the enclosed M-H loop area. The lost magnetic work
ultimately appears mainly as heat; stronger wall pin-
ning generally produces a wider hysteresis loop and
a larger cyclic energy loss.
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Q4. A wire of length 2 m is perpendicular
to the X- Y plane It is moved with velocity
V =2i+3]+km/s through a reglon of uni-
form magnetic induction B =i+ 2] Wb/m’.
Compute the potential difference induced be-
tween the ends of the wire.

INTRODUCTION:

The wire is perpendicular to the X-Y plane and is
therefore parallel to the z-axis. Let its lower end be
A, its upper end in the +k direction be C, and

EAC = ZIAC m.

The calculation is made in the laboratory frame, in
which the magnetic field is uniform and the wire
translates rigidly with velocity V. The wire is as-
sumed to be open-circuited. The magnetic Lorentz
force q(f} x B) separates charges until an electrostatic
potential difference is established between its ends.

With the stated orientation, the required terminal po-
tential difference is

C
VC—VAzL(ﬁXE)-dl.

SOLUTION:

The motional-force vector per unit charge is

Tk

VxB=1]2 3 1

120
=(3-0-1-2)i—(2:0-1-1)j+(2-2—3- Dk

=—2i+f+kVm!

Only the component of VxB parallel to the wire con-
tributes to the terminal potential difference. Since
dl = kdz,

2

Ve=Va :J'() (—2?+j+i€>j<dl

2
J 1dz
0

=2V.

The +k component of V x B drives positive charges
toward C. Thus the end in the +k direction is at the
higher potential.

The result also follows from the scalar triple product

Vc—VAZ(‘_}XE)‘ZACZZV.
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This shows that the velocity component parallel to the
wire does not contribute directly; the nonzero voltage
arises from the transverse velocity and magnetic-field
components whose cross product has a component
along the wire.

CONCLUSION:

The magnitude of the induced potential difference be-
tween the ends of the wire is

av=2v]

For the convention L AC = 2k m,

VC—VA=+2V,

so the end lying in the +k direction is 2 V above the

end lying in the —k direction.

CSE + 2026 + 15 MARKS

Q5. A very long solenoid of radius a, with
n turns per unit length, carries a current I.
Coaxial with the solenoid, at radius b > a,
is a circular ring of wire with resistance R.
When the current in the solenoid is gradu-
ally reduced, a current I is induced in the
ring. Calculate I, in terms of % Also, cal-
culate the power d1551pated through Joule ef-
fect and the electric field E near the solenoid.

INTRODUCTION:

For an ideal, very long solenoid, the magnetic field is
uniform inside and negligible outside:

B ponk z, r<a,

0, r>a.

Although the ring has radius b > a, the magnetic
flux linked with it comes only from the cross-sectional
area 7a® of the solenoid.

Choose +z along the magnetic field produced by pos-
itive I;, and choose +¢ counterclockwise as viewed
from +z. Faraday’s law,

Aoy
E- dl -
9gc dt

determines both the induced emf and the circulat-
ing electric field. The current is assumed to vary
quasistatically, displacement-current and radiation ef-
fects are neglected, and the ring’s self-inductance is
neglected compared with its resistance; equivalently,
the variation time scale is much longer than its L/R
time.

SOLUTION:
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The magnetic flux through the ring is

dp = JE “dA = (ponly)(ma?).

Therefore, the induced emf around the ring is

ddg L dI
a” —.
dt

gives
= _yonnaz %
i R dt|

Here I, > 0 denotes current in the +;;S direction. Since
the solenoid current is being reduced,
dl
— <o,
dt

and hence I. > 0: the induced current is counterclock-
wise when viewed from +z. Its magnetic field points
along +z, opposing the decrease of the solenoid’s flux,
as required by Lenz’s law.

The Joule power dissipated in the ring is
P; = I*R.

Substitution yields

3 pan?rat ( dl >2

P -
J R dt

The square makes the dissipated power positive irre-
spective of whether I is increasing or decreasing.

To determine the electric field, symmetry requires it
to be azimuthal:

E(r) = Ey(" $.

For a coaxial circular path of radius r,
ﬁl; E-dl = 2mrEy(r).
C

For r < a, the enclosed magnetic flux is

dp(r) = ponl 7r2.

Thus,
dI,
2nrEy(r) = — 2=
nrEy(r) Honar T
so that
- ponr di
E(r)=——2¢, <a.
(r) T r<a
8/16

For r > a, only the solenoid cross-section contributes
to the flux:
Op(r) = ponl, ma®.

Consequently,

dlr.
27rEy(r) = — i
r ¢(r) Honma T

and hence

2
- Hona” dI
E(r)=——"—"—1¢, >a.
«) 2r dt '

The two expressions agree at r = a, where

- fona dI
E(a)=-2—=4.
@ 2 dt
At the ring, r = b,
E(b) B pona? dI -
2 dt 7

and its circulation is

dl.
27bE(b) = — 25— g
T ¢() Honra d r

which consistently reproduces the induced emf.
CONCLUSION:

With positive azimuthal direction chosen counter-
clockwise as viewed from the +Z end of the solenoid,

2
ponma dI
- — (A
R dt @)

L=

and

P —_
J R dt

2,22 4 2
dl
— ﬂon T-a < S) (‘),)'

The induced electric field is

nrdl -
St <o
E(r) = ) (Vm™)
Hona” dI »
- - ¢, rza,
2r dt
In particular,
E(b)— pona? dI -
20 dt 7T

For & < 0, both E and I, pointin +q3, and the induced
magnetic field opposes the reduction of the original
flux. These results apply to an ideal long solenoid and
to sufficiently slow current variation that the ring’s
self-inductance may be neglected.
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Q6. The space between the plates of a
parallel-plate capacitor is filled with a dielec-
tric material whose susceptibility varies lin-
early from 0 at the bottom plate (x = 0) to
1 at the top plate (x = d). The capacitor is
connected to a battery of voltage V. Calcu-
late all the bound charges and check that the
total charge is zero. Assume that the battery
is connected in such a way that the electric
field points along the x-direction while the
free charge density, oy, is positive at the bot-
tom plate and negative at the top plate.

INTRODUCTION:

The dielectric susceptibility is

xe(x):g, 0<x<d,

so that the position-dependent permittivity is

e(x) = [1+ ro(x)] =€ (1 + 3)

The dielectric is assumed to be linear, isotropic and
locally responding, and fringing fields are neglected.
There is no free volume charge within the dielectric.
We choose +x from the bottom plate to the top plate.
Consistent with the stated orientation,

d
V =¢(0) — ¢(d) = -[ E(x)dx > 0.

0

E = E(x)x,
The free surface charges on the conducting plates are
+tofatx =0and —opatx =d.

The governing relations are

V-D = py, D = ¢E + P = e(x)E,
together with

pp=—-V-P, o, =P-n,

where 1 is the outward unit normal from the dielec-
tric.
SOLUTION:
Since py = 0 throughout 0 < x < d,
dDy
dx
Thus D, is constant. At the positively charged bottom

conductor, the normal component of D entering the
dielectric equals of, and hence

D= O'f)A(
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It follows that the electric field is nonuniform:
of de

_D _ . )
BN = o T et D adior

The applied voltage determines o:

d ord ?
V:J E(x)dx:LJ _dx_
0 € Jo

d+x
Therefore,
ord ord
V=2 i@+ 01t = Lo,
€ €
and
. €0V
°f = dlnz |

The polarization is

P(x) = € xe(x)E(x).
Substitution gives
x ofd  ofx
GOEEO(d + x)X Tdix

P(x) =

The bound volume-charge density is consequently

dP.
pp(x) = =V-P=——=
dx

Since

%(dix): (djx)z’

one obtains

=T __aV 1

x) = — —

Po (d + x)? In2(d + x)?
0<x<d.

Thus the continuously distributed bound charge is
negative everywhere in the dielectric. This is consis-
tent with P, increasing toward the top plate: a pos-
itive polarization gradient produces negative bound
volume charge.

At the bottom surface x = 0, the outward normal from
the dielectric is

A

flo = —X.
Because x,(0) = 0, the polarization there vanishes:
P(0) = 0.

Hence

| 34(0) = P(0) - (%) = 0|

At the top surface x = d, the outward normal is

fld = +X,
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and
f¢ . 9f,
P(d) = d+dx_ 5 X.
Therefore,
of €V

d)=Pd) &= L = .
op(d) =P(d) %= - = 7

Any lateral surface has its normal perpendicular to P,
so its bound surface-charge density is zero within the
parallel-plate approximation.

To check the total bound charge, let the plate area be
A. The bound volume charge is

Q(vol):AJd ()dx = —A dJ'd dx
b p PR °f 0o (d+x)%*
Using
Jd dx :[_ 1 ]d:i
o (d+x)? d+xlo 2d°
we find
ngol):_?.

The total bound surface charge is

Ac
O™ = A[0(0) + 0(@)] = Tf
Consequently,
Ao Ac
S T

The cancellation is required because polarization
merely redistributes the initially neutral dielectric’s
positive and negative charges.

CONCLUSION:
For the field directed from the positively charged bot-
tom plate toward the negatively charged top plate,

E()V X

P(x) = :
)= Tmzdx

v,
In2d+x""

E(x)
and the free surface-charge magnitude is

€0V

_ 2
% dnz

inCm™°.

All bound charges in the one-dimensional parallel-
plate approximation are

€0V 1 . -3
xX)=—— inCm™, 0< x<d,
po() In2 (d + x)?
_ 4 : -2
op(0) =0}, cf;,(d)—zdln2 inCm™%,

10/16

with zero bound charge on the lateral surfaces. The
negative volume charge,

Q(vol) _ AgyV
b 2dIn2’

is exactly balanced by the positive bound charge on
the top dielectric surface,
(surf) AV
= +—
% 2d1n2

Hence the net bound charge is

(total) _

Qb 0>

as required for an initially neutral dielectric under the
stated linear-dielectric and negligible-fringing-field
assumptions.

CSE - 2025 - 10 MARKS

Q7. Consider a point charge of 5 nC placed
at a distance of 1 m from a perfect conduct-
ing plane (z = 0) of infinite extent. Find the
electric field at a point (2,2,0) m and show
that it is normal to the plane.

INTRODUCTION:

Take the conducting region to be z < 0 and the phys-
ical space containing the charge to be z > 0. Since
only the perpendicular distance of the charge from
the plane is specified, choose the origin at its perpen-
dicular projection on the plane. Thus,

q:5><10*9C, rq:(0,0,a), a=1m.

The observation point is

P: rp=(2,2,0)m.

The electric field requested at the conductor surface
means the limiting field immediately outside it, z =
0"; the field inside a perfect conductor is zero. The
+z direction is taken from the conductor into the ex-
terior region.

The governing principle is the method of images. The
grounded perfect conducting plane is replaced, for
z > 0, by an image charge

’

q9=-9
at the mirror position
l‘q/ = (0, 0, —a).
This construction makes the plane z = 0 an equipo-

tential of zero potential. By the uniqueness theorem,
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the resulting field in z > 0 is the physical electrostatic
field.

SOLUTION:

For a source charge Q at ry, Coulomb’s law gives

1 Q@ —rp)

E(r) = .
® 4mey |r —ryf3
Let 1
k= —— =8.98755x10° Nm? C~2.
47'[80

The displacement from the real charge to P is
Rq =rp—ry= (2,2,-1) m,
whereas that from the image charge to P is
Ry =1p—r1y = (2,2,1) m.
Their magnitudes are equal:

_ —_ 2 2 2 —
Rq_Rq/_\lz +2+1°=3m.

Therefore, the field at P, approached from z > 0, is

R 'R,
: R},
kq
= Gy [(2,2,-1)=(2,2,1)]m
k
- fn3 (0,0,—2) m
2kq
= — Z.
27 m?

Substituting the numerical values,

2(8.98755 x 10° Nm? C™2)(5x 1072 C) .,
— VA
27 m?

E(P) =

=-333zNCL
The cancellation of tangential components is explicit:

kq kq
E.=—((2-2)=0, E,=—(2-2)=0,
x 27( ) y 27( )

while

kq 2kq
E,=—(-1-1)=——#0.
z 27( ) 27

Since the plane z = 0 has normal vector z, the field

E(P) = E,3

has no component parallel to the plane and is there-
fore strictly normal to it.
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More generally, at any surface point (x, y,0),
2kqa
St —
(x% + y2 + a2)3/2
which confirms that the tangential cancellation is a

consequence of the mirror symmetry and is not pecu-
liar to P.

E(x,y,07) = —

The dimensions are consistent:

kg  (Nm*C%)(C

ke _(NmPCH©)

R? m?
As a physical check, for x%+ y2 > a2, the surface field
decreases as
2kqa

B~
(e + )3/

rather than as the field of an isolated charge; this is
consistent with the real charge and its opposite image
forming a dipole-like configuration at large distance.
The negative sign also has the expected meaning: for
g > 0, negative charge is induced on the conductor, so
the exterior field points toward the conducting plane.

CONCLUSION:
Immediately outside the conducting plane at
(2,2,0) m,
E(2,2,07) = -3.33z2NCL.
Thus,
E,=E, =0, E, = -333NC!,

so the electric field is normal to the plane and directed
into the conductor, along —Zz. This result assumes that
the charge is at (0,0, 1) m, with the origin chosen at
its perpendicular projection on the infinite conduct-
ing plane.

CSE + 2025 + 10 MARKS

Q8. Arectangular coil consists of 50 closely
wrapped turns and has dimensions of 0-5 mx
0-4 m. It carries a current of 1-5 A. If a uni-
form magnetic field B = 0-1 T is applied such
that the direction of the magnetic field makes
an angle of 60° with respect to the plane of
the coil, what is the torque exerted on the
coil by the magnetic field?

INTRODUCTION:

The demand is to determine both the magnitude and
orientation of the magnetic torque on the current-
carrying coil. A planar coil of N turns, area A, and
current I has magnetic dipole moment

p=NIAn,

11/16


https://abhi-physics.com

Electrodynamics

UPSC PHYSICS OPTIONAL

where 1 is the unit normal to the plane of the coil,
with its sense fixed by the right-hand rule relative to
the current. In a uniform magnetic field B, the torque
is

T=puxB, T = pBsin,
where 6 is the angle between the coil normal and B.

The field is stated to make an angle « = 60° with the
plane of the coil. Therefore, its angle with the normal
is

0=90"—a=230".

The coil is assumed rigid, planar, and sufficiently
small that the applied field is uniform over all its
turns.

SOLUTION:

The area enclosed by each turn is

A=(0-5m)0-4m)=0-20m?
Hence, the magnitude of the magnetic dipole moment
of the 50-turn coil is
u=NIA
= (50)(1 -5 A)(0 - 20 m?)
=15Am°.

Using 0 = 30°, the torque magnitude is
7 = uBsin6
=(15Am?)(0-1T)sin30°

— (15)(0 - 1)(%) Am®T

=0-75Nm.

Equivalently, since the given angle « is measured
from the plane,

7= NIABcosa = (50)(1-5)(0-20)(0-1)cos60° =0-75Nm.

The dimensional check is
[7] = [uB] = (Am’)(T) = Nm,

which is the correct dimension of torque.

The torque vector is
T = puxB.

It is perpendicular to the plane containing p and B,
with its sense given by the right-hand rule. Since the
direction of current around the coil is not specified,
the absolute clockwise or anticlockwise sense cannot
be assigned. Physically, the torque rotates the coil so
as to align p with B, thereby making the plane of the
coil perpendicular to the magnetic field.

12/16

As a limiting check, if the magnetic field were normal
to the coil, then 6 = 0 and 7 = 0, as expected for an al-
ready aligned magnetic moment. If the field were par-
allel to the plane, then 6 = 90° and the torque would
attain its maximum value NIAB. The calculated value
is one-half of this maximum because sin 30° = 1/2.

CONCLUSION:

The torque exerted on the coil is

T=0-75Nm|

Its direction is along pu x B, perpendicular to the plane
containing the coil normal and the magnetic field. It
tends to rotate the coil until its magnetic moment is
parallel to B, or equivalently until the plane of the coil
is perpendicular to the field. The precise clockwise or
anticlockwise sense depends on the unspecified direc-
tion of current. This result applies for a rigid planar
coil placed in a uniform magnetic field.

CSE - 2025 - 10 MARKS

Q9. State and explain Kirchhoff’s current
law and Kirchhoff’s voltage law. Derive
these laws from the principles of charge con-
servation and energy conservation.

INTRODUCTION:

Kirchhoff’s laws relate currents and voltages in
lumped electrical networks. Kirchhoff’s current law
follows from conservation of electric charge, while
Kirchhoff’s voltage law follows from conservation of
energy.

We make the lumped-circuit and quasi-static assump-
tions: circuit elements and junctions have negligible
spatial extent compared with the relevant electromag-
netic wavelength, connecting wires are ideal unless
their resistance is represented explicitly, and no un-
represented time-varying magnetic flux links a circuit
loop.

For the current law, consider a small fixed control vol-
ume enclosing a junction. A branch current is taken
as positive when directed out of this volume. For the
voltage law, choose an arbitrary direction of traversal
around a closed loop and define

AVk = Vout,k - Vin,k

as the potential change across the k-th element in
that direction. Thus, traversal from the negative to
the positive terminal of a source gives +&, whereas
traversal through a resistor in the direction of current
gives —IR.

SOLUTION:
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1. Kirchhoff’s current law

The law states that the algebraic sum of all cur-
rents meeting at a junction is zero:

ZIkZO.
k

With all currents entering the junction taken as
positive, the equivalent form is

Zlin: Zlout -

The local statement of charge conservation is
the continuity equation

p
L iv-J=o0,
ot 1

where p is the volume charge density and J is
the current density.

Integrating over a control volume 7 enclosing
the junction gives

ap
—dr+ | V-Jdr=0o.
v ot v

Using the divergence theorem,

i), 0ae 9
— dr + J-da=0.
dt %p o7

is the charge stored at the junction, and out-
ward current is positive, then

If

J -da = Ik.
) 1 2
Consequently,

dQ;

—+ ) =0\

dt Zk: k

In an ordinary lumped circuit, a junction does
not continuously accumulate charge. There-

fore,
de
ar

> h=0]|
k

If currents entering the junction are assigned
positive signs and currents leaving it negative
signs, this becomes

and hence

Il+12+"'—13—14—"'20,
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or

Zlin: Zlout-

The result has a direct physical meaning. If the
total incoming current exceeded the outgoing
current, positive charge would accumulate at
the junction; if the outgoing current exceeded
the incoming current, the junction would lose
charge. In steady operation neither accumu-
lation can continue, so the two totals must be
equal.

The dimensions are consistent:

[di?:

Csl=A=[I.
1 s [1]

For a node capable of storing charge, such as a
capacitive node, the more general equation

do,

must be retained.

. Kirchhoff’s voltage law

The law states that the algebraic sum of all po-
tential changes around any closed circuit loop
is zero:

ZAVkZO.
k

Equivalently, the sum of voltage rises equals the
sum of voltage drops:

D& = Varop |

To derive the law, let a small positive test charge
q make one complete traversal of a closed loop.
Because it returns to its initial point, its ini-
tial and final electrical states are the same.
In steady circuit operation it also has no net
change in kinetic energy after a complete cir-
cuit. Conservation of energy therefore requires
the algebraic sum of the energy changes sup-
plied to and removed from the charge to vanish:

> A = 0.
k

Since voltage is energy transferred per unit
charge,

AU
AV = —,
q
we obtain
q Z AV, =0
k
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For g # 0,

The same result may be written explicitly using
node potentials. Suppose a loop passes succes-
sively through nodes with potentials

Vi, Vo, oo, Vi, V1.
The total potential change is
(V2 =V) + (V3 = Vo) + - + (V1 = V).

Every intermediate potential occurs once with
a positive sign and once with a negative sign,
so the expression telescopes:

Vo=V + (V3 =V)+ -+ (V; = V,) = 0.

fav =]

For example, consider a loop containing a
source of emf & and resistors Ry, ..., R, carrying
the same current I. Traverse the source from
its negative to its positive terminal and each re-
sistor in the direction of current. The source
produces the voltage rise

Thus,

+8&,

while Ohm’s law gives the voltage change
across each resistor as

—IRy.
Kirchhoff’s voltage law then gives
& —IR; — IRy — - —1IR, =0,

so that

%ZIiRk.
k=1

Multiplying by the charge g shows the energy
balance directly:

n
q% = ) qIRy.
k=1

Multiplying instead by I gives the correspond-
ing power balance:

1% =) I’Ry.

n
k=1

14/16

Thus the power supplied by the source equals
the power dissipated in the resistors, as re-
quired by conservation of energy.

The dimensional check is
[€]1=[IR]=AQ=V=]CL

The sign convention also gives the correct lim-
iting case: if all resistances tend to zero while
a finite ideal emf remains, the equation would
require an unbounded current. This signals
that a real loop must contain resistance, inter-
nal source resistance, inductance, or another el-
ement that limits the current.

If a time-dependent magnetic flux @z links the
loop, the electric field is not conservative. Fara-
day’s law gives

ddpg
E-di=-——2
frear=-

Therefore the simple form ) ; AV; = 0 applies
only when the linked magnetic flux is constant
or when the induced emf

ddp
Eind = e

is included explicitly as a circuit emf. With
every source, including induction, represented
consistently, the generalized energy balance is

again
Zg— ZVdrop =0.
CONCLUSION:

Kirchhoff’s current law is

Zlk:O or
k

Zlin:ZIout >

where current is measured in amperes and its sign is
fixed by the declared direction at the junction. It is
the lumped-circuit consequence of charge conserva-
tion and is valid when the junction has no net charge
accumulation. More generally,

Kirchhoff’s voltage law is

2.8 =) Varop |

ZAVk =0 or
k

where voltage is measured in volts and each sign is de-
termined by the chosen direction of loop traversal. It
expresses conservation of energy: a charge returning
to its starting point has zero net energy change, so en-
ergy supplied per unit charge equals energy absorbed
or dissipated per unit charge.
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The ordinary voltage law requires a lumped, quasi-
static circuit with no omitted time-varying magnetic
flux. If such a flux is present, its induced emf

_ dog
ind — dt

must be included. Hence Kirchhoff’s laws express, re-
spectively, the impossibility of sustained charge cre-
ation or loss at a junction and the impossibility of net
energy gain or loss in one complete circuit traversal.

CSE - 2025 - 10 MARKS

Q10. A parallel plate capacitor having cir-
cular plates of radius 10 cm is being charged.
If the electric field at any instant within the
capacitor changes at the rate 5-0Vm ™' s/,
calculate the magnetic intensity |H| inside
the capacitor.

INTRODUCTION:
The changing electric field between the plates pro-

duces a displacement current and hence a magnetic
field. The appropriate governing principle is the
Ampere-Maxwell law,

39 ﬁ.dizij D.d5  D=egf
c dt Js

for air or vacuum between the plates.
Let the circular plates have radius
a=10cm = 0.10 m,

and let r < a denote the perpendicular distance from
their common axis. Fringing is neglected, so the elec-
tric field is taken as uniform and perpendicular to the

plates. By cylindrical symmetry, H is tangential to a
circle of radius r and has constant magnitude on that
circle. Its direction is determined by the right-hand
rule with respect to the displacement-current direc-
tion. The stated rate is interpreted as

‘@‘ =50Vm sl
ot

SOLUTION:

Choose a circular Amperian loop of radius r < a, con-
centric with the plates. Since H is tangential and uni-
form along this loop,

4; H-di = H(r)(@2xr).
C
The electric flux through the surface bounded by the

loop is
O = E(nr?).

Sample Preview - Complete files can be purchased from abhi-physics.com

Therefore, the displacement current enclosed by the
loop is

ddg JOE
Id(r) = 807 = 8077.'7'25.

Applying the Ampere—Maxwell law,
H(r)(2zr) = gymr? ‘%’

Thus, at any radial position inside the plate area,

HO) =5 |5

s 0<r<al

Substituting the given rate,

(8.854x 102 Fm Hr

5 (5.0Vm ls),

H(r) =

or

Hr)=221x10""1r Am™!

when r is expressed in metres.

Since the question specifies the plate radius but no
separate observation radius, the intended value is the
maximum field inside the capacitor, attained near the
plate rim atr = a = 0.10 m:

(8.854 x 10712)(0.10)(5.0) 1
Am
2
=22135%x 1072 Am™!

H(a) =

~[22x102 Am!|

The dimensional check is
[ ) ] C \% C A
EOT =

ot

,
Vm ms ms m

which is the correct dimension of magnetic intensity.
Also,

lim H(r) = 0,

r—0

as required by cylindrical symmetry, and H(r) in-
creases linearly from the axis to the rim.
CONCLUSION:

The magnetic intensity at a distance r from the com-
mon axis, within the circular plate area, is

- &gt —
|H(r)\:%’%‘zZ.lelO’“rAm Y 0<r<0.10m|

At the rim, where the magnitude is maximum,

H. . =22x1072Am |
max

The field circulates azimuthally around the capacitor
axis, with its sense given by the right-hand rule rel-
ative to the direction of the increasing electric field.
This result assumes a uniform electric field and ne-
glects fringing near the plate edge.
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Question Index
No. Question Marks

Year

Exam Page

1 What are the limitations of the first law of thermodynamics? One mole of a gas, 10
assumed to be perfect, at 0 °C is heated at constant pressure till its volume is
twice its initial value. Calculate the amount of heat absorbed. Given,
C,=20- 97-mol 'K 'andR=8-3]-mol ' -K".

2 Two solids A and B have Debye temperatures 200 K and 300 K respectively. At 10
T = 20 K, compare their specific heats.

3 Calculate the pressure at which water will boil at 150 °C, given that the change 15
in specific volume when 1 gram of water is converted into steam is 1676 cm®.
Given, latent heat of vaporization for steam = 540 cal per gram,
J =4-2x10 ergs/cal and one atmospheric pressure = 10° dynes/cmz.

4 Why does the specific heat of solids depend on material at low temperatures but 5
become independent of material at high temperatures?

5 A reversible heat engine operates with three reservoirs at 300 K, 400 K and 10
1200 K. It absorbs 1200 kJ energy as heat from the reservoir at 1200 K and
delivers 400 kJ work. Determine the heat interactions with the other two
reservoirs.

6 A ternary system consists of three components (A, B and C) in equilibrium with 15
two phases. Determine the number of degrees of freedom using the Gibb’s phase
rule and discuss the effect of pressure and temperature variations on the phase
equilibrium.

7 Discuss briefly the considerations which led Van der Waals to modify the gas 15
equation. What are the critical constants of a gas ? Calculate the values of these
constants in terms of the constants of the Van der Waals equation.

8 Explain why, at equilibrium, the chemical potential of a component must be the 15
same in all coexisting phases. Derive the equilibrium condition for a binary
liquid-vapour system in terms of chemical potential.

9 For silver, the specific heat at constant pressure in the range of 50 K to 100 K is 8
given by : C, = 0-076 T — 0 - 00026 T® —0- 15 cal mol 'deg ' If 2 moles of silver
are heated from 50 K to 100 K, calculate the change in entropy.

10  One gram of water (1 cm®) becomes 1671 cm® of steam when boiled at constant 10
pressure of 1 atm (1 - 013 x 10° Pa). The heat of vapourisation at this pressure is
L = 2-256 x 10° J/kg. Calculate : (i) The work done by the water when it
vapourizes, and; (ii) Increase in its internal energy.
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Q1. What are the limitations of the first law
of thermodynamics? One mole of a gas, as-
sumed to be perfect, at 0 °C is heated at con-
stant pressure till its volume is twice its ini-
tial value. Calculate the amount of heat ab-

sorbed. Given,C, =20-9]- mol ' - K ! and
1

R=8-3]-mol  -K"

INTRODUCTION:

The first law of thermodynamics is the principle of
conservation of energy applied to a thermodynamic
system. With heat supplied to the gas taken as posi-
tive and work done by the gas taken as positive, it is
written as

AU =Q-W, or Q=AU+W.

It relates heat, work and the change in internal en-
ergy, but by itself does not specify whether a process
can occur spontaneously or in which direction it will
proceed.

For the calculation, the gas is assumed to remain ideal
and in quasistatic equilibrium while being heated at
constant pressure. Let T1, V] and T, V, denote its ini-
tial and final temperatures and volumes. The given
middle dots in the numerical data are interpreted as
decimal points:

C, = 20.9 Jmol K1, R=283]Jmol 'K L

The initial absolute temperature is
T, = 273.15K,

and the final volume satisfies V, = 2V;.
SOLUTION:
The limitations of the first law are as follows:

1. It gives only an energy balance; it does not in-
dicate the natural direction of a process. For ex-
ample, it does not explain why heat flows spon-
taneously from a hotter body to a colder body
and not conversely.

2. Tt provides no criterion for spontaneity or ther-
modynamic equilibrium. Processes having the
same energy balance may differ in whether
they can actually occur.

3. It does not distinguish between reversible and
irreversible processes and gives no measure of
the degradation or quality of energy.

4. Tt places no restriction, by itself, on the con-
version of heat into work. Although it forbids
a perpetual-motion machine of the first kind,
which would create energy, it cannot rule out a

Sample Preview - Complete files can be purchased from abhi-physics.com

hypothetical cyclic engine that converts all the
heat received from a single reservoir into work.
That restriction follows from the second law.

5. It does not determine the maximum possible ef-
ficiency of a heat engine or the coefficient of
performance of a refrigerator.

6. It does not introduce entropy and hence cannot
account for entropy production in irreversible
processes.

7. It gives no information about the rate at which
a permitted process occurs.

For the numerical part, the ideal-gas equation is
PV = nRT.

Since P and n remain constant,
Vo, T
Vi Ty
Using V, = 2V,

T,
T =2 T,=2T =2(27315K) = 54630K.
1
Therefore,

AT =T, —T; = 546.30 — 273.15 = 273.15 K.

For one mole of an ideal gas,
AU = nC,AT.
The work done during constant-pressure expansion is
W = P(V, — V).
Using PV = nRT at the initial and final states,
P(Vy —Vy) = nR(T, — Ty) = nRAT.

Hence, from the first law,

Q=AU +W =nC,AT + nRAT = n(C, + R)AT.
Thus the constant-pressure molar heat capacity is

c

5 =Cy+R=209+83=29.2]Jmol 'K

The heat absorbed is therefore
Q = nC,AT
= (1.00 mol)(29.2 Jmol'K~1)(273.15 K)

=7975.98 ]
~7.98x10%]J.

For physical consistency, both AU = nC,AT and W =
nRAT are positive because the gas is heated and ex-
pands. Consequently Q = AU + W > 0, as required
for heat absorbed by the gas.
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CONCLUSION:

The first law expresses conservation of energy but
does not determine the direction or spontaneity of
a process, distinguish reversible from irreversible
change, introduce entropy, set the maximum effi-
ciency of heat engines, rule out complete cyclic con-
version of heat from a single reservoir into work, or
predict process rates.

At constant pressure, doubling the volume of the ideal

gas doubles its absolute temperature. Thus

T, = 54630 K
AT =273.15K

Cp=29.2Jmol 'K~

Therefore, the amount of heat absorbed by one mole
of the gas is

Q0=798x10%]=7.98K]|

CSE - 2026 - 10 MARKS

Q2. Two solids A and B have Debye tem-
peratures 200 K and 300 K respectively. At
T = 20 K, compare their specific heats.

INTRODUCTION:

The temperature is much smaller than either Debye
temperature:
T 20 T 20

= 2 =0.10, —— = == =0.0667.
©pa 200 ©pp 300

Hence the low-temperature Debye T3 law is applica-
ble. The comparison is understood to be between the
molar lattice specific heats of the two solids, with the
same number of vibrational degrees of freedom per
mole. Their electronic contributions, if any, are ne-

glected.
SOLUTION:

For a three-dimensional Debye solid at T < ©p, the
molar heat capacity at constant volume is

_ 127t

3
R(l> .
5 \@p

oy = 2%

At the same temperature, all factors except the Debye
temperature cancel in the ratio:

3
Cva _ (T/6pa) (®D,B )3
Cv.p (T/ ®D,B)3

Op.a

4/16

Substituting the given Debye temperatures,

2

G 3 3
VA _ (300 K) _ (3) _ 27 _ 3.375,
Cvp 200 K 8

Numerically, using

4
IZT”R ~ 1.944 x 103 Jmol 'K,

one obtains

3
Cy.a = 1.944 x 10° (%) = 1.944 Jmol 'K,

and

3
Cy g = 1.944 x 103 (2) =0.576 Jmol 'K 1.
’ 300
Thus the solid with the lower Debye temperature has
the larger low-temperature lattice heat capacity, be-
cause a larger fraction of its phonon modes is ther-
mally excited.

CONCLUSION:

At 20 K, within the low-temperature Debye approxi-
mation,

‘CV,A : CV,B:27 : 8‘

or

‘CV,A =3375Cy ‘

The corresponding molar lattice heat capacities are
approximately

Cya=194Jmol 'K,  Cyp=0576mol 'K L.

Therefore, solid A has about 3.4 times the specific heat
of solid B at the stated temperature, provided lattice
vibrations dominate and T < ©p.

CSE - 2026 - 15 MARKS

Q3. Calculate the pressure at which wa-
ter will boil at 150 °C, given that the change
in specific volume when 1 gram of water is
converted into steam is 1676 cm®. Given,
latent heat of vaporization for steam =
540 cal per gram, J = 4 -2 x 107 ergs/cal and
. 6 2
one atmospheric pressure = 10° dynes/cm".

INTRODUCTION:

The required quantity is the absolute pressure p, at
which liquid water and steam coexist in equilibrium
at

T, = 150°C = 423K.

At the normal boiling point,

2

T, = 100°C = 373K, p; = 1latm = 10° dyncm™2.

le Preview - C lete files can be purchased from abhi-physics.com
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For liquid-vapour equilibrium, the variation of satu-
ration pressure with temperature is governed by the
Clapeyron equation

dp _ L
dT ~ TAV

where L is the latent heat of vaporization per unit
mass and

AV = Vgteam — Vivater-

The sign convention is

Av >0, Ap = py — py.

Thus dp/dT > 0, as expected for vaporization.

Because only one value each of L and Av is sup-
plied, both are assumed constant over the interval
373-423 K. The phases are assumed to remain in ther-
modynamic equilibrium along the saturation curve.

SOLUTION:

The latent heat in cgs mechanical units is

er
L =580 425107 8 2268 x 100 erg .
g cal

The given specific-volume change is

Av =1676 cm3 g1,
With L and Av constant, the Clapeyron equation must
be integrated while retaining its 1/T dependence:

_Lar

p Av T’
Integrating between the normal boiling point (p;, T;)
and the required state (p,, Ty),

JPz L JTZ dT
dp=— —,
s Av T, T

and hence

Now,

2.268 x 1010 erg g ™!
L_ B8 _ 13s532x107 ergcm™>.
Av 1676 cm3 g1

Since
lerg = 1dyne cm,

it follows that

lergem™ = 1dynecm™2,

SO

L 13532107 dyncm 2.
Av

Sample Preview - Complete files can be purchased from abhi-physics.com

Therefore,
423
— p; = 13532 x 107 ln(—) dyncm™2.
P2—p1 373 y
Using
In (ﬁ) = In(1.13405) = 0.12579,
373

we obtain

po — p1 = (1.3532 x 107)(0.12579) dyn cm ™2 = 1.702 x 10% dyn em™2.
Thus
Py = p1+(py — p1) = (1.000 + 1.702) x 10° dyn cm ™2,
or

Py = 2.702 x 10° dyn cm 2.

Since 1atm = 10° dyn cm™2,

po = 2.70 atm.

The result has the required physical sign: because
L > 0, Av > 0, and T, > Tj, the saturation pres-
sure increases. Moreover, for a very small tempera-
ture change,

<T2 ) L-T
In(=)=—=—,
I I

so the integrated result reduces to the local Clapeyron
form, as it should.

CONCLUSION:

Under the approximation that the latent heat and
specific-volume change remain constant between
100°C and 150°C, water boils at 150°C when the ab-
solute pressure is

P2 = 2.70 x 10° dyn cm™2 = 2.70 atm |,

Thus the boiling point rises to 150°C when the exter-
nal pressure is increased to approximately 2.70 atmo-
spheres.

CSE + 2026 + 5 MARKS

Q4. Why does the specific heat of solids
depend on material at low temperatures but
become independent of material at high tem-
peratures?

INTRODUCTION:

The temperature dependence follows from the quan-
tization of lattice vibrations. A crystalline solid con-
taining N atoms has 3N normal vibrational modes,
which may be treated, in the harmonic approxima-
tion, as independent quantum oscillators of angular
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frequencies w,. Their frequencies depend on the elas-
tic constants, atomic masses, crystal structure, and
interatomic forces; hence the vibrational spectrum is
material-dependent.

Let Cy denote the heat capacity at constant volume,
kg the Boltzmann constant, and

h(x)D
Op = —
D kB

the Debye temperature corresponding to the max-
imum Debye frequency wp. The low- and high-
temperature regimes mean I’ < ©p and T > Op, re-
spectively. The discussion primarily concerns the lat-
tice heat capacity of a non-magnetic crystalline solid.
In metals, an additional electronic contribution is rel-
evant at sufficiently low temperatures.

SOLUTION:

For a normal mode of frequency o, the allowed ener-
gies are

En:<n+%>hw, n=20,1,2,....

Its temperature-dependent mean energy is

= 1) ho
E(a), T) = 7 + —ehw/(kBT) _ 1.

The zero-point term hw/2 is independent of T and
therefore does not contribute to the heat capacity. Dif-
ferentiation gives the heat capacity of one mode:

I S
@~ "B\ kgT (eho/sT) — 1)*

At low temperature, a mode with fiw > kgT has an
exponentially small thermal occupation. Thus only
long-wavelength acoustic modes of sufficiently low
frequency are appreciably excited. In the Debye ap-
proximation, their density of states is

IN
glw) = —30)2,
@p

0 <w< wp,

where the normalization satisfies

wp
J- g(w)dw = 3N.
0

The thermal lattice energy is therefore

“p ho
U = J'o Wg(w) do.
On introducing
how hop _ ©p

kgT’ keT T

6/16

one obtains

3 (0p/T 3
Uth:9NkBT(®l) J X dx.

D 0 er—1
Hence
3 +0p/T 4 x
Cy = 9Nkg (i) j NG
Op/ Jo (e¥ —1)?

For T « ®p, the upper limit can be replaced by infin-
ity. Using
© 3 4
J x dx = ﬂ—,
0o e¥—1 15

the energy and heat capacity become

4 4
Uy = 2 Nkg—,
5 07

and

4 3
5 o)

Thus the Debye T law is obtained. Since
2.N1/3 hvp 5 /3
wp = vp(61°n)/>, Op = k—(67‘[ n)'/>,
B

where n = N/V is the number density and vp is an
appropriate average sound velocity, ©p depends on
density, atomic mass, and elastic constants. Conse-

quently, the coefficient of T3,

Cy _ 127 Nkg
3 5 03
™ 5 e

5

is different for different materials. This is the origin of
the strong material dependence at low temperature.

For a metal, thermally excited electrons near the
Fermi surface add a term proportional to T, so that
at sufficiently low temperature

127 Nkg
Cy =yT + T3, p="———
5 03

Both y, which depends on the electronic density
of states at the Fermi energy, and f are material-
dependent.

At high temperature, T > Op, one has

hw
x=—x1
kgT

for essentially every lattice mode. Since
eX —1=x,

the mean thermal energy of each mode approaches

hw
i L
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This is also the classical equipartition result: each har-
monic mode has one quadratic kinetic term and one
quadratic potential term, contributing

1 1
—kgT + —=kgT = kgT.
9 B 9 B B
Because a solid of N atoms has 3N vibrational modes,
Uy = 3NkgT,

and hence

oU
a :(-J ~ 3Nkg.
v ol /v B

For one mole, N = Ny, and therefore
Cym = 3Npkp = 3R = 24.9 Jmol 'K 1.

This is the Dulong—-Petit law. The mode frequencies,
and hence the microscopic material properties, dis-
appear from the leading high-temperature result be-
cause all 3N modes are fully thermally excited and
each contributes the same classical amount kg.

The statement of material independence applies to
heat capacity per atom or per mole of atoms. If “spe-
cific heat” means heat capacity per unit mass, then

Cvm 3R

== =
where M is the molar mass. It therefore retains a de-
pendence on molar mass even in the classical high-
temperature limit. Moreover, strong anharmonicity,
thermal expansion, phase changes, or differences be-
tween Cp and Cy can produce corrections to the ideal
Dulong—Petit value.

CONCLUSION:

At low temperatures, only low-frequency acoustic
phonons are excited, and their spectrum is fixed by
material-specific atomic masses, number density, elas-
tic constants, and sound velocities. Consequently,

4 3
CVZ 12—”NkB <l> s T < @D,
5 op

with an additional material-dependent electronic
term yT in metals.

At high temperatures, every one of the 3N lattice
modes reaches the classical equipartition limit and
contributes kg, giving

Cy = 3Nkg, Cym = 3R =24.9 Jmol 'K}, T > Op.

Thus the high-temperature lattice heat capacity per
atom, or molar heat capacity per mole of atoms, is
approximately independent of material because it de-
pends only on the number of vibrational degrees of
freedom. The heat capacity per unit mass remains
3R/M and is not strictly material-independent.

Sample Preview - Complete files can be purchased from abhi-physics.com
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Q5. A reversible heat engine operates with
three reservoirs at 300 K, 400 K and 1200 K.
It absorbs 1200 k] energy as heat from the
reservoir at 1200 K and delivers 400 k] work.
Determine the heat interactions with the
other two reservoirs.

INTRODUCTION:

The heat interactions are determined by applying
both the first law of thermodynamics and the Clau-
sius equality for a reversible cyclic heat engine.

Let Qr denote the heat transferred to the engine from
a reservoir at absolute temperature T. The sign con-
vention is

Or>0
for heat absorbed by the engine

or<o
for heat rejected by the engine.

Let W > 0 denote work delivered by the engine. The
given quantities are

Q1200 = 1200 K],

The unknown heat interactions are Qspy and Q-
The engine is assumed to complete a thermodynamic
cycle, so its changes in internal energy and entropy
over one cycle are both zero. Since the engine is re-
versible, the total entropy change of the reservoirs
and engine is zero.

W = 400 kJ.

SOLUTION:

For a cyclic heat engine, the first law gives

Yo=w.

Therefore,

Q300 + Qa0 + Q1200 = W.

Substituting the given values,
Q300 + Q400 + 1200 kJ =400 k_],

and hence
Q300 + Q400 = —800 kJ. (1)

Because the cycle is reversible, the Clausius equality

1S
§ 5Qrev —0.
T

As each heat interaction occurs with a constant-
temperature reservoir,

Q1200

Q300 N Q100 _
1200 K

300K 400K
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Substituting Q;599 = 1200 kJ,

Q300 N Quo0  1200K] _
300K 400K  1200K ’
so that
Qso0 Qa0 _ WK @)
300K 400K

Multiplying equation (2) by 1200 K gives
4Q300 + 3Q400 = —1200 kJ. 3)
Multiplying equation (1) by 3 gives
3Q300 + 3Q400 = —2400 kJ. (4)
Subtracting equation (4) from equation (3),
Q300 = (—1200 + 2400) kJ = 1200 kJ.
Using equation (1),

Q400 = —800 kJ — 1200 kJ = —2000 kJ.

The energy balance is verified by
1200 KkJ + 1200 kJ — 2000 kJ = 400 k] = W.

Thus, the total heat absorbed is 2400 kJ, of which
2000 KJ is rejected and the remaining 400 kJ appears
as work.

The entropy balance is

1200 N 1200 2000

—(1+4-5KK =0,
1200 '~ 300 400

as required for a reversible cycle. Every term Q/T has
units of entropy, kJ K", so the entropy equation is di-
mensionally consistent.

The positive value of Q39 means that the engine ab-
sorbs heat even from the lowest-temperature reser-
voir. This is physically possible because the device
is not a simple two-reservoir heat engine: part of
the high-temperature energy enables reversible heat
transfer from the 300 K reservoir to the 400 K reser-
voir while the composite device delivers net work.

CONCLUSION:

Subject to the stated assumptions of cyclic operation
and complete reversibility,

Qs00 = +1200 k]|, | Qa0 = —2000 k] |

Therefore, the engine absorbs 1200 kJ of heat from
the 300 K reservoir and rejects 2000 kJ of heat to the
400 K reservoir. Together with the given absorption
of 1200 kJ from the 1200 K reservoir, these interac-
tions conserve energy, produce 400 kJ of work, and
generate zero net entropy.

8/16
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Q6. A ternary system consists of three com-
ponents (A, Band C) in equilibrium with two
phases. Determine the number of degrees of
freedom using the Gibb’s phase rule and dis-
cuss the effect of pressure and temperature
variations on the phase equilibrium.

INTRODUCTION:

The demand is to determine the number of indepen-
dent intensive variables required to specify the equi-
librium state and to explain how variations of temper-
ature and pressure affect the two-phase equilibrium.

Assume that the system is non-reacting, that A, B, and
C are chemically independent components, and that
the two phases are homogeneous bulk phases in com-
plete thermal, mechanical, and chemical equilibrium.
Surface, gravitational, electric, and magnetic effects
are neglected.

Let <![CDATA[

C = number of independent components, P = number of phases,

F = number of degrees of freedom.
]]> For the present system,

C=3, P =2

The phases will be denoted by 1 and 2, with mole frac-
tions
(1) (2)

X X s

i=A,B,C.
Temperature T and pressure p are common to both
phases. The thermodynamic pressure convention is
that dp > 0 denotes an increase in pressure. Dif-
ferences between the partial molar properties of the
phases are defined by

A5 =52 -3 Ay =3P 50,

The governing principle is Gibbs’ phase rule,
F=C-P+2

which follows from counting the independent in-
tensive variables and subtracting the independent
chemical-equilibrium conditions.

SOLUTION:
For each phase «, the mole fractions satisfy

xl(f) + xl(;a) + xgx) =1
Therefore, only C — 1 mole fractions are independent
in each phase. Before imposing chemical equilibrium,
the complete intensive description contains:
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1. the common temperature T;
2. the common pressure p;

3. C — 1 independent composition variables for
each of the P phases.

Thus, the number of intensive variables before impos-
ing the equilibrium constraints is

Nyar =2+ P(C—1).

Chemical equilibrium requires that every component
have the same chemical potential in all coexisting
phases:

2) (p

e i=12,..,C

For any one component, equality among P phases
supplies P — 1 independent equations. Consequently,
the number of independent chemical-equilibrium con-
straints is

Neon = C(P — 1).

The number of degrees of freedom is therefore
F = Nyar — Neon
=[2+P(C-1)]-C(P-1)
=2+PC-P-CP+C
=C—-P+2

For the ternary two-phase system,

F=3-2+2=3|

Hence the system is trivariant. Three independent
intensive variables can be specified while retaining
two-phase equilibrium. One convenient choiceis T, p,
and one independent parameter identifying the pair
of equilibrium phase compositions. Once these three
variables are fixed, the remaining intensive composi-
tion variables are determined by

o_ @

w =, =

A=A

The result under commonly imposed restrictions is as
follows:

1. If both temperature and pressure are variable,
then
F=3.

2. If pressure is fixed externally, one degree of
freedom has already been specified. The re-
duced phase rule gives

Fp:C—P+1=3—2+1=2.

Thus, temperature and one independent com-
positional parameter may be varied within the
two-phase equilibrium region.
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3. If temperature is fixed externally,
FT =C—-P+1=2.

Pressure and one independent compositional
parameter remain variable.

4. If both temperature and pressure are fixed,
Fr,=C-P=3-2=1

Thus there remains one independent intensive
compositional parameter. The compositions
of the two phases cannot be chosen indepen-
dently; they must satisfy all three chemical-
potential equalities.

The total or overall composition is distinct from the
equilibrium composition of either phase. Once the
equilibrium phase compositions are known, chang-
ing the overall composition along the appropriate
two-phase combination generally changes the rela-
tive amounts of the phases rather than their equi-
librium intensive compositions. If n; and n, are the
amounts of the two phases, material balance gives

nlxi(l) + n2xi(2)

zZj = 5
nq +n2

i=ABC,

where z; is the overall mole fraction. Thus, phase
amounts are extensive variables and are not counted
in F.

For each component in a multicomponent phase,
1 op

dy; = —5dT +v;dp+ Y (—’) dx;,

=1 \%%j

where s; and v; are the partial molar entropy and par-
tial molar volume of component i. Subtracting this
relation for phase 1 from that for phase 2 gives

(1 - V) = - A5.dT + A dp
Cc-1 (2) Cc-1 (1)
op; ©) op; 1)
+ Z (_(2)> dxj - Z ) dxj .
j=1 axj Tp j=1 3xj Tp

For continued two-phase equilibrium this expression
must vanish separately for

i=A B, C,
because @ ”
W= =0.
At fixed pressure,
dp =0,

so a change in temperature produces the direct con-
tribution

2 1
d (/1-( '

1

= —Agi dT

) fixed compositions
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Hence increasing T lowers the chemical potential of
component i more strongly in the phase in which
its partial molar entropy is larger. To restore equal-
ity of all three chemical potentials, the compositions
x,-(l) and xl-(z) generally readjust. Therefore, tempera-
ture variation can shift the equilibrium phase compo-
sitions, alter the two-phase region, and, for a specified
overall composition, change the relative amounts of
the phases. If a phase boundary is crossed, one phase
can disappear or an additional stable phase can ap-
pear.

At fixed temperature,

dT =0,

and the direct pressure contribution is
2 1
d@é)—ﬁé)

Thus increasing pressure raises the chemical potential
of component i more strongly in the phase in which
its partial molar volume is larger. The equilibrium
compositions must again change so that

= A;l dp

)ﬁxed compositions

=

remains satisfied for every component. Pressure ef-
fects are usually relatively small when both phases
are condensed and have similar partial molar vol-
umes, but they may be substantial when one phase
is gaseous or when the phases have appreciably dif-
ferent densities.

No universal statement that an entire phase is
favoured merely because it has a larger molar entropy
or molar volume can be made for arbitrary ternary
phases of different compositions. The correct coex-
istence criterion is the component-wise equality of
chemical potentials. A definite prediction of the di-
rection and magnitude of the composition shifts re-
quires the partial molar entropies, partial molar vol-
umes, and composition dependence of the three chem-
ical potentials.

As a dimensional check,
[15] = Jmol ™,
while
[5;dT] = Jmol 'K™! K = Jmol !,

and
[vidp] = m®mol™! Pa = Jmol L.

Thus every term in dy; has the correct dimensions.

As a limiting check, setting C = 1 and P = 2 gives

F=1-2+2=1,

10/16

which is the familiar result that two phases of a
pure substance coexist along a one-parameter curve:
choosing either T or p fixes the other. This confirms
the consistency of the phase-rule counting.

CONCLUSION:

For a non-reacting ternary system containing two ho-
mogeneous phases in equilibrium,

|[F=C-P+2=3]

The system is therefore trivariant. The corresponding
restricted degrees of freedom are

=2 Fr=2  Fr,=1|

Temperature affects equilibrium through the partial
molar entropy terms

-
T | px

whereas pressure affects it through the partial molar

volume terms
(5),
—_— = Vi'
ap Tx

Consequently, variations in T or p generally shift the
compositions of the two coexisting phases so that

@o_ @

po=w,  i=ABC

continues to hold. For a specified overall compo-
sition, these shifts can also alter the relative phase
amounts, and sufficiently large variations can cause
a phase boundary to be crossed. The result is valid
provided there are three independent non-reacting
components, two bulk equilibrium phases, and no
additional externally imposed thermodynamic con-
straints.
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Q7.  Discuss briefly the considerations
which led Van der Waals to modify the gas
equation. What are the critical constants of
a gas ? Calculate the values of these con-
stants in terms of the constants of the Van
der Waals equation.

INTRODUCTION:
The ideal-gas equation for one mole,
PV, = RT,

is based on two simplifying assumptions: the
molecules occupy negligible volume, and no inter-
molecular forces act between them except during per-
fectly elastic collisions. Real gases depart appreciably
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from this equation at high pressure and low tempera-
ture, where molecular size and intermolecular attrac-
tion become important.

Van der Waals therefore introduced two corrections.
If b is the excluded molar volume, the volume actu-
ally available for molecular motion is V,, — b, rather
than V,,,. If a measures the strength of intermolecular
attraction, the observed pressure is smaller than the
pressure that would exist without attraction. The cor-
responding pressure correction for one mole is a/V;2.
Thus the Van der Waals equation is

(P+ ‘%)(Vm —b) = RT,

m

or
RT a

T Ve-b V2

Here P is the pressure, T the absolute temperature, V,,
the molar volume, R the universal gas constant, and
a,b > 0 are characteristic constants of the gas.

The critical constants are the critical temperature T,
critical pressure P, and critical molar volume V. At
T., the distinction between the liquid and vapour
phases disappears. The critical isotherm has a station-
ary point of inflection at (P,, V,); hence

(8P> . (azp) o
Vml1y, Va1 v,

SOLUTION:

The reasons for modifying the ideal-gas equation are
as follows.

1. Finite molecular volume:

Real molecules are not point particles. At suf-
ficiently high pressure, their own volume is no
longer negligible compared with the volume of
the vessel. Moreover, because two molecules
cannot occupy the same region of space, the
volume available for translational motion is
smaller than the measured molar volume. Van
der Waals represented this reduction by replac-

ing
Vip — Vi, —b.

2. Intermolecular attraction:

A molecule well inside the gas is attracted ap-
proximately equally in all directions, so the re-
sultant force on it is nearly zero. A molecule
approaching a wall, however, is attracted pre-
dominantly back into the gas. Its momentum
transfer to the wall, and hence the measured
pressure, is therefore reduced.

The reduction is proportional both to the num-
ber density of molecules near the wall and
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to the number density of molecules attracting
them. It consequently varies as the square of
the density:

2
AP <L> .
Vim
Writing the proportionality constant as a,

a
Pideal interaction—free = P + T2
Vin

Combining the pressure and volume correc-
tions gives

<P+ %)(Vm—b) = RT.

m
To calculate the critical constants, write the equation
of state explicitly as

RT a
P ‘/ ,1 =

At the critical point, the first derivative of pressure
with respect to molar volume at constant temperature
vanishes:

( oP ) RT 2a
—_— =+ —.
an T (Vm - b)z Vn31

Therefore,
RT,
—c 4 2_a =0,
(Vc - b)z Vc3
so that RT
2a
—02 == (1)
(Vc - b) Vc
The second derivative is
(£2) =t
aVnZ1 T (Vm - b)3 Vr‘rlz .
At the critical point,
ZRTC 6a _
V. —-b?* V&
or RT
3a
=t @)
(Vc - b) Vc

Dividing equation (2) by equation (1) eliminates T:

1 3a/VE 3

Vo—b  2a/V3 2V,

Hence
2V, =3(V, - b),

which gives
V. =3b|
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Substituting V, = 3b into equation (1),

RTC _ 2a
Bb—-b)?  (3b)3
Thus
RT, _ 2
4b2  27b%°
and therefore
_ 8a
¢ 27Rb |

The critical pressure follows from the equation of
state:

RT,
p=—¢ 4%
Ve—b ch
Using V, = 3b and RT, = 8a/(27D),
_ 8a/(27b) a
© 3b-b  (3b)?
Therefore,
_ 8a _a _ 4a _ 3a
¢ 54b2 92 27b2  27b%°
so
__a
© 27p? |

These expressions satisfy the critical-point derivative
conditions explicitly. For example,

< opP ) RT, 2a 2a 2a
[ :_—+—:——+—:’
Vo, V,-b? V3 27b%  27b3
and
(aZ_P) _ 2R, 6a _ 2a _ 2a _
i), V.—-b3 vE 27t 27p*
The dimensional checks are
[a] = [P][V;]?, [6] = [Vinl.
Consequently,
a a
o gl
= [gl-m

as required for P, and T,.
A further consistency check is the critical compress-

ibility factor:

_ BV, (a/2710*)(3b)
e =5 |

°© RT,  8a/(27b)

Thus the Van der Waals equation predicts the same
dimensionless critical compressibility factor for all
gases. In the dilute-gas limit V,,, > b, with a/V? neg-
ligible, the equation reduces to

PV,, = RT,

12/16

recovering ideal-gas behaviour.
CONCLUSION:

Van der Waals modified the ideal-gas equation to ac-
count for the finite size of molecules through the
excluded-volume constant b, and for intermolecular
attraction through the pressure correction a/V;2. For
one mole,

<P+ %)(Vm—b) = RT.

m

The critical constants obtained from the stationary-
inflection conditions on the critical isotherm are

a 8a
V. =3b], P.=—| = .
< ¢ 27b? ©  27Rb
They also obey
PV 3
RT, 8]

Hence the Van der Waals parameters determine the
pressure, temperature, and molar volume at which the
liquid and gaseous phases become indistinguishable.
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Q8. Explain why, at equilibrium, the chem-
ical potential of a component must be the
same in all coexisting phases. Derive the
equilibrium condition for a binary liquid-
vapour system in terms of chemical poten-
tial.

INTRODUCTION:

The chemical potential of component i in a phase is
the partial molar Gibbs free energy,

n=(5)
Yo T.P.nj.

It therefore measures the change in Gibbs free energy
when an infinitesimal amount of that component is
added to the phase at fixed temperature and pressure.

Consider a closed, non-reacting system containing
homogeneous coexisting phases. The phases are as-
sumed to have a common temperature T and pres-
sure P, and interfacial, gravitational, and other finite-
size contributions are neglected. The total amount of
each component is conserved, but matter may pass
between phases. At fixed T and P, stable equilibrium
requires the total Gibbs free energy to be stationary
against every allowed infinitesimal transfer and to be
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a minimum with respect to finite admissible varia-
tions.

For the binary liquid-vapour system, let the compo-
nents be 1 and 2, and use superscripts [ and v for the
liquid and vapour phases. Thus,

)ull:;uil(TaP9xl’x2)’ lulV: ;}(T’P’yl’yz)’

where x; and y; are the liquid- and vapour-phase mole
fractions, with

X1+XZ:1, y1+y2:1.

The required equilibrium conditions follow by mini-
mizing the total Gibbs free energy subject to conser-
vation of both components.

SOLUTION:

For a multicomponent homogeneous phase, the fun-
damental Gibbs relation is

dG =-SdT +VdP+ ) ydn;.
i

At fixed T and P, this reduces to

dG = Z Hi di’ll'.

Consider first one component i distributed between
two coexisting phases « and . Let a positive infinites-
imal amount dn; be transferred from phase « to phase
B. Conservation of the total amount of component i
gives

dnf = —dn;, dn,-ﬁ = +dn;.

The corresponding change in the total Gibbs free en-
ergy is

dGior = i dn' + .Uiﬂ d”iﬁ

= — " dn; +.Uiﬂ dn;
= (Mﬁ - llia) dn;.

At equilibrium, an allowed infinitesimal transfer in ei-
ther direction must produce no first-order change in
Giot- Since dn; is arbitrary,

dGiot =0 = .fo:/liﬁ-

The physical meaning can also be seen from the sign

of thOt' If

w>

then transfer from a to f§ gives

dGot = (ﬂlﬁ - llza> dn; <0,

so the transfer is spontaneous. Thus a component
moves, in the thermodynamic sense, from a phase of
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higher chemical potential to one of lower chemical
potential. Such transfer ceases only when its chemi-
cal potentials are equal. For more than two coexisting
phases,

R &

for every component i.
Now consider a binary liquid-vapour system. Its total
Gibbs free energy is

G = GX(T, P,n},nb) + G(T, P,n",nY).
Because the system is closed and non-reacting, the to-
tal amount of each component is fixed:

l

ny +ny = Ny, b +ny = N,

Hence the allowed variations satisfy

dn} = —dnl, dn} = —dnl,.

At fixed T and P, the variation of the total Gibbs free
energy is

dG =y dnb + f dnly + ¥ dn + i dn}.
Using the conservation constraints,
dG = py dn} + py dny — py dn’ — 13 dr
= (4 = ) dn + (1 — 153) .

The amounts of components 1 and 2 may be indepen-
dently redistributed between the two phases while
their respective total amounts remain fixed. There-
fore dnl1 and dnlz are independent admissible varia-
tions. The equilibrium condition dG = 0 for every
such variation requires the coefficient of each varia-
tion to vanish:

P (T, Py xy, x0) = 1 (T, Py, ) |

ph(T, P, xy, %) = piS(T, P, y1, ) |

Together with

Tl - TV Pl - pv
these are the conditions for thermal, mechanical, and
diffusive equilibrium, respectively.

The result may equivalently be obtained with con-
strained minimization. Introduce Lagrange multipli-
ers A; and A, for conservation of the two components:

® =G +G" = M(nh +nl — Ny) = A,(nh + 1) — Ny).

Stationarity with respect to the four independently
varied phase amounts gives

22 _
8nll

w
ony
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and
0o I oo v
_:/12_/12:0> —:‘UZ—AZZO.
8nlz ony
Consequently,
=M= ==

which reproduces the equilibrium conditions.

For a general non-ideal mixture, the chemical poten-
tial may be expressed in terms of fugacity:

(T, P, composition) = 1(T) + RT ln(%) ,

At the same temperature, equality of chemical poten-
tials is therefore equivalent to equality of component
fugacities:

= fil: Y, i=1,2.

W=

Thus the binary phase-equilibrium relations can also
be written as

FUT, P xy,x0) = (T, P,y )

FUT,P,xy,5%0) = (T, Pyy, y) |

As a check, if pll — g > 0, transferring component i
from liquid to vapour gives

dG = (i — phydn? <o,

so vaporization is favoured. If ,ull — 4 < 0, conden-
sation is favoured. When the two chemical potentials
are equal, neither direction lowers the Gibbs free en-
ergy, as required at phase equilibrium. Dimension-
ally, g has units of energy per mole, and y; dn; has
units of energy, consistent with its contribution to dG.

CONCLUSION:

At fixed common temperature and pressure, the equi-
librium state minimizes the total Gibbs free energy
subject to conservation of every component. An
infinitesimal transfer of component i between two
phases changes the Gibbs free energy by the chemical-
potential difference multiplied by the transferred
amount. Therefore, diffusive equilibrium requires

=

for each component in every pair of coexisting
phases.

For a closed, non-reacting binary liquid-vapour sys-
tem with homogeneous bulk phases and negligible in-
terfacial and gravitational effects, the complete phase-
equilibrium conditions are

=17, Pl=p

14/16

JA(T,P,x) = (T, Py),  p(T,P,x) = p(T,P,y),

where x = (x1,%), y = (1.32), x1 + % = 1, and
1 + ¥ = 1. Equivalently,

fi=f, f=f

A chemical-potential inequality produces net transfer
from the phase of higher chemical potential to that of
lower chemical potential; equality signifies that nei-
ther vaporization nor condensation of either compo-
nent can lower the Gibbs free energy.

IFoS - 2025 - 8 MARKS

Q9. For silver, the specific heat at con-
stant pressure in the range of 50 K to 100 K
is given by : C, = 0-076 T — 0 - 00026 T* —
0- 15 cal mol 'deg ' If 2 moles of silver are
heated from 50K to 100K, calculate the
change in entropy.

INTRODUCTION:

The demand is to calculate the entropy change of
n = 2 moles of silver when its temperature increases
from

T, =50K to T,=100K

at constant pressure.

Entropy is a state function. Hence its change may be
evaluated along a reversible constant-pressure path
between the same equilibrium states. For reversible
heating,

==

and, at constant pressure with no phase transition or
additional non-pV work,

ds

8Qrev = nCy(T)dT.

Therefore,

g Cp(T)
AS = nj —dT.
, T

Here C,(T) is the molar heat capacity, T is the abso-
lute temperature, and AS = S, — S;. We use the lab-
oratory thermodynamic frame and the sign conven-
tion that heat absorbed by the silver is positive; con-
sequently, heating with C;, > 0 should give AS > 0.
The empirical expression is assumed valid throughout
50 < T < 100 K, with no phase change in this inter-
val. Since a temperature interval of one kelvin equals
one Celsius degree, calmol™! deg™! may be used as
calmol 1 K1,
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SOLUTION:

The given molar heat capacity is
Cp(T) = 0.076T —0.00026T* — 0.15 calmol ' K.

Dividing by the absolute temperature,

C,(T)
0,076 — 0.00026T — 212
T
Thus,

100 015
AS = ZJ (0.076 —0.00026T — —) dT.
50 T

Integrating term by term gives

100

T2 - 0.151n T] )
50

AS =2 [0.076T - %

Equivalently,
T.
AS =2 [0.076(T2 —Ty) = 0.00013(TZ — T?) — 0.151n (T—2>] .
1
Substituting T} = 50 K and T, = 100 K,

AS=2 [0.076(100 —50) — 0.00013(100% — 50%) — 0.151n (%)] calK™!

= 2[0.076(50) — 0.00013(10000 — 2500) — 0.15In 2] cal K~*
= 2[3.800 — 0.00013(7500) — 0.15(0.693147)] cal K
=2[3.800 — 0.975 — 0.103972] cal K™!

=2(2.72103) calK~!

=5.44206 cal K.

In SI units, using 1 cal = 4.184 ],

AS = 5.44206 cal K~! x 4.184 Jcal ™! = 22.77 JK~ L.

The dimensions are consistent because

cal mol 1 K™!

CP
nT dT ~ mol K = cal K71,

which is the correct dimension of entropy.

As a plausibility check,

Cp(50) = 0.076(50) — 0.00026(50)* — 0.15 = 3.00 cal mol * K™%,
and

Cp(100) = 0.076(100) — 0.00026(100)* — 0.15 = 4.85 cal mol * K.

Thus C,, > 0 throughout the interval, so heating must
produce a positive entropy change, in agreement with
the calculated sign. Also, in the limiting case T, — Ty,
every term in the integrated expression vanishes and
AS — 0, as required.

CONCLUSION:

For 2 moles of silver heated at constant pressure from
50 Kto 100 K,

AS = +5.44 cal K1
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or, equivalently,

AS = +228 JK 1|

The positive sign means that the entropy of the sil-
ver increases during heating. This result is valid pro-
vided the stated heat-capacity formula applies over
50-100 K, the initial and final states are equilibrium
states, and no phase transition occurs in the interval.

IFoS - 2025 - 10 MARKS

Q10. One gram of water (1 cm®) becomes
1671 cm® of steam when boiled at constant
pressure of 1atm (1 - 013 x 10° Pa). The
heat of vapourisation at this pressure is L =
2 - 256 x 10° J/kg. Calculate : (i) The work
done by the water when it vapourizes, and;
(ii) Increase in its internal energy.

INTRODUCTION:

We consider a closed system consisting of m = 1g =
1.000x 1073 kg of water in the laboratory frame. State
1 is liquid water of volume V; = 1 cm3, and state 2 is
steam of volume V, = 1671 cm>. The vapourization
occurs at the constant external pressure

P =1.013 x 10° Pa.

The heat supplied to the system is positive, and the
boundary work W is defined as positive when done
by the water on its surroundings. With this conven-
tion, the first law of thermodynamics is

AU=Q-W.

We neglect changes in the macroscopic kinetic and
gravitational potential energies. Since the phase
change occurs at constant pressure and the stated la-
tent heat L is for that pressure,

Q=mlL.

The expansion work is obtained from
VZ
W:J Pexth:P(VZ_Vl):
V1

because the external pressure is constant.

SOLUTION:
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(i) The increase in volume is
AV =V, =V} = (1671 — 1) em® = 1670 cm®.

Using
1em? =107 m3,

we obtain

AV = 1670 x 107°m> = 1.670 x 1073 m3.

Therefore, the work done by the water is

W = PAV
= (1.013 x 10° Pa) (1.670 x 10> m?)
= 1.69171 x 10° Pam®.

Since 1Pam? = 1],

\W =1.692x 10%] =~ 169.2] \

The positive sign is consistent with the physi-
cal process: the water expands and does work
on the surroundings.

(if) The heat absorbed during vapourization is
Q=mL
= (1.000 x 103 kg) (2.256 x 10° Jkg™ 1)

=2.256%x10]
= 2256].

Applying the first law,

AU=Q-W
=2256] — 169.171]
= 2086.829].

Hence,

AU = 2.087 x 103 ] = 2.087 k] |.

Equivalently, at constant pressure the latent
heat supplies the enthalpy increase:

mL = AH = AU + PAV,

16/16

which reproduces the same result.

The dimensions are consistent:
3_ N _3
[PAV] = Pam’ = —m’ =Nm =].
m

Moreover,
0<W<Q,

so the internal energy increases while part of
the supplied heat is transferred outward as ex-
pansion work. Numerically,

W < 00750,
Q

so about 7.50% of the latent heat becomes ex-
pansion work and about 92.5% increases the in-
ternal energy. As a limiting check, if the vol-
ume change were negligible, PAV — 0, the first
law would give AU — Q, as expected.

CONCLUSION:

At 1.013 x 10° Pa, the vapourizing water expands by
1.670 x 107> m3. Thus,

‘ (i) Work done by the water on the surroundings = 1.692 x 10°

and

‘ (ii) Increase in internal energy = 2.087 x 103 J = 2.087 kJ |

These results assume constant external pressure, neg-
ligible changes in bulk kinetic and potential energies,
and the stated latent heat at the specified pressure.
The water transfers approximately 169.2 ] outward as
mechanical work, while its internal energy increases
by approximately 2.087 kJ; hence most of the absorbed
latent heat increases the molecular internal energy of
the steam.
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1

10

The de Broglie wavelength of a particle in thermal equilibrium at a temperature 5
of 27 *C is A. At what temperature will it be %?

If the position and momentum operators in 1-D are represented by % and p 10
respectively, calculate the commutator [x2, cos(p)].

A particle is in the normalized state i which is a superposition of the energy 10
eigenstates i/; and 1/, with energies 10 eV and 30 eV, respectively. The average

value of the energy of the particle in the state ¢ is 24 eV. Find the state i in

terms of ¢; and ;.

Explain how the uncertainty in position is different from the uncertainty or 10
inaccuracy of the measuring instruments.

Is it possible for a photon to transfer all its energy to a free electron? Give 5
reasons.

A bullet of mass 0 - 025 kg is moving with a velocity of 600 m/s. The speed is 6+2=8
measured with an accuracy of 0 - 02%. Find out the uncertainty in x. Also,
comment on the result.

A particle limited to the x-axis has the wave function ¢(x) = bx* between x = 0 10
and x = 2; the wave function ¢(x) = 0 elsewhere. (i) Find the probability that the
particle can be found between x = 1.0 and x = 1.5. (ii) Find the expectation value
< x > of the particle position.
Determine the size of the hydrogen atom using uncertainty principle. Given that 8
— 2 . .
the potential energy of electron V = ﬁ where a is the distance of the electron
0
from the nucleus.

A particle constrained to move along x-axis in the domain 0 < x < L has a wave 15

function ¥/(x) = sin (?), where n is an integer. Normalize the wave function

and evaluate the expectation value of momentum of the particle.

Find the condition at which de Broglie wavelength equals the Compton 8
wavelength for a particle.
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Q1. The de Broglie wavelength of a parti-
cle in thermal equilibrium at a temperature

of 27 °C is A. At what temperature will it be

2

2

INTRODUCTION:

We have to determine the temperature at which the
thermal de Broglie wavelength of the same non-
relativistic particle becomes half its initial value. For
a particle of mass m,

h
AdB =
p

where h is Planck’s constant and p is the magnitude of
its momentum. In thermal equilibrium, any fixed con-
ventional measure of the characteristic thermal mo-
mentum, such as the root-mean-square momentum,
is proportional to VT, where T is the absolute tem-
perature. Hence the thermal de Broglie wavelength
varies as T~ /2,

Let
T, =27°C=300K, A=A
and let T, be the temperature at which
A
Ay ==,
272
SOLUTION:

For a non-relativistic particle in thermal equilibrium,
the equipartition theorem gives

Prws _ 3y 1
2m 2
so that
Prms = \I3kaT.
Therefore,

h h 1
= — X —,
Prms  \[3mkpT JT

For the same particle at the two temperatures,

AgB =

/12 _ T1

M iy
Substituting Ay = /2, A; = A, and T; = 300K,

1_ [300
2 T,

Squaring both sides,

1_ 300
4 T,

Sample Preview - Complete files can be purchased from abhi-physics.com

and hence
T, = 4(300K) = 1200 K.
Expressed on the Celsius scale,
t, = T, — 273 = 1200 — 273 = 927 °C.

Thus halving the wavelength requires the character-
istic momentum to double; since pyy,s o< /T, the abso-
lute temperature must increase by a factor of four.

CONCLUSION:

The required temperature is

T, = 1200K = 927°C |,

This result assumes the same particle remains in the
non-relativistic thermal regime.

CSE - 2026 - 10 MARKS

Q2. If the position and momentum opera-
tors in 1-D are represented by x and p respec-
tively, calculate the commutator [x?, cos(p)].

INTRODUCTION:

The required commutator is evaluated using the
canonical position-momentum relation

[%, p] = ih.

For any sufficiently differentiable function f(p), the
corresponding operator identity is

[, f(P)] = iR f’(P).

Here cos(p) is understood as an operator function de-
fined by its power series or, equivalently, by the spec-
tral calculus. Its argument is assumed dimensionless;
if a momentum scale p, is required, p is to be replaced

by p/po.
SOLUTION:
Using the product rule for commutators,
[AB,C] = A[B,C] +[A,C]B,
we obtain
[%2, cos(p)] = x[%, cos(p)] + [X, cos(p)]x.

Since

[xwwm=m$amm=4mmm,
it follows that

(%2, cos(p)] = —ih [% sin(p) + sin(p)X] .

3/11
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Thus the most symmetric form of the answer is
[%%, cos(p)] = —ih{%, sin(p)},

where {A, B} = AB+ BA denotes the anticommutator.

An equivalent normally ordered form can be found
from

[x, sin(p)] = ik cos(p),

which gives
x sin(p) = sin(p)x + ik cos(p).
Therefore,
(%2, cos(p)] = —2ih sin(p)x + h? cos(p).
Equivalently, with x placed on the left,
(%2, cos(p)] = —2ihx sin(p) — h? cos(p).

CONCLUSION:

The required commutator is

\ [22, cos(p)] = —ifi [% sin(p) + sin(p)%] = —ih{, sin(p)}. \

The equivalent ordered expressions are

‘ [%2, cos(p)] = —2ih sin(p)x + h? cos(p) ‘

and

|12, cos(p)] = 2ihs sin($) — h? cos(p). |

CSE - 2026 - 10 MARKS

Q3. A particle is in the normalized state
¢ which is a superposition of the energy
eigenstates 14 and i, with energies 10 eV and
30 eV, respectively. The average value of the
energy of the particle in the state ¢ is 24 eV.
Find the state ¢/ in terms of ¢; and ¢,.

INTRODUCTION:

Let the Hamiltonian satisfy

Hyy = Ej, Hyjy = Eyyy,

where

E1 =10 CV, E2 =30eV.

Since eigenstates belonging to distinct eigenvalues of
a Hermitian Hamiltonian are orthogonal, we take

Wily;) = 8.

4/11

The most general superposition is

) = c1lvn) + calo),

where ¢, c; € C. Normalization and the given expec-
tation value of energy will determine the probabilities
lc1|? and |c,?; the relative phase cannot be determined
from an energy expectation value alone.

SOLUTION:

Normalization gives

W) =lerf +leof* = 1.

The expectation value of the Hamiltonian is
(E) = (yIHly)
= [e; Py + [c2PEy,
because the cross terms vanish by orthogonality.

Hence
10[c; |2 + 30[c,|? = 24,

with all energies measured in eV.
Using |c;[* = 1 e,/
10(1 = lep|?) + 30lcy)? = 24,

so that

10 + 20|c,|? = 24
and therefore

leoft = — = —.
Consequently,

af=1-L=2
10 10

Thus the coefficient magnitudes are

al == el=
10 10

After removing an physically irrelevant common
phase, the remaining relative phase may be denoted

by ¢, giving

3 w [7
=2+ [ Ziga),

Indeed, this state yields

peR

(E) = I%(IOeV) + %(30 V) = 3V + 21 eV = 246V,

as required.
CONCLUSION:

Up to an arbitrary overall phase, the normalized state
is
3 i 7
= —_— + l¢ —_— N
¥ \}10% € \/10%
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Therefore, an energy measurement gives 10 eV with
probability 3/10 and 30 eV with probability 7/10. The
specified mean energy fixes these probabilities but
does not fix the relative phase ¢.

CSE - 2025 - 10 MARKS

Q4. Explain how the uncertainty in posi-
tion is different from the uncertainty or in-
accuracy of the measuring instruments.

INTRODUCTION:

The question asks for the distinction between the
quantum-mechanical uncertainty in the position of
a particle and the uncertainty introduced by an im-
perfect measuring instrument. Consider an ensemble
of identically prepared particles in a fixed reference
frame. Let the position observable be represented by
the operator %, and let the normalized state of each
particle be [i/). The intrinsic position uncertainty is
defined statistically by

Ax = (G = (@)") =) - @)%,

where (x) = (¥|x]/). Instrumental inaccuracy, on the
other hand, is a property of the measurement appara-
tus and its calibration, resolution, stability, and inter-
action with the system.

SOLUTION:

In classical physics, a particle is ordinarily assumed
to possess a definite position at every instant. If
repeated measurements give different values, the
spread is attributed to imperfect instruments, environ-
mental disturbances, or lack of experimental control.
In principle, one expects this spread to be reduced in-
definitely by improving the apparatus.

Quantum-mechanical position uncertainty has a dif-
ferent origin. If the particle is described in the po-
sition representation by a normalized wavefunction

P(x), then
j WEOPdx = 1,

and the probability of finding it between x and x + dx
is
dP = [(x)? dx.

The expectation values are

(o]

W= [ sipeoRx

[o9]

(x?) = L 2y (x)|? dx,

so that
1/2

Ax = U (e — (DI dx]

Sample Preview - Complete files can be purchased from abhi-physics.com

Thus, Ax measures the spread of the position probabil-
ities inherent in the prepared quantum state. Even an
ideal apparatus, assumed to have perfect resolution
and calibration, generally produces a distribution of
position outcomes when the experiment is repeated
on identically prepared systems. This spread is not
merely the observer’s ignorance of a pre-existing ex-
act value in the classical sense; it is part of the quan-
tum description of the state.

The intrinsic character of this uncertainty is ex-
pressed by the position-momentum uncertainty rela-
tion. Since

[-’%; ﬁx] =ih,

the Robertson relation gives

1,00 » h
AxApy 2 5 K[, DI = 5

Consequently, preparing a state with a smaller Ax nec-
essarily requires a larger spread Ap,. This limitation
follows from the non-commuting structure of the ob-
servables and remains even for an ideal measuring in-
strument. It is therefore not a statement about defec-
tive experimental technique.

Instrumental uncertainty may instead be represented
by a measurement error €,, determined, for example,
by the detector’s finite scale division, point-spread
width, noise, parallax, calibration error, or systematic
offset. It answers the question: how faithfully does
the apparatus report the position outcome? Such er-
rors may be classified as follows:

1. Random instrumental errors cause repeated
readings to fluctuate and may often be reduced
by better resolution, noise control, or statistical
averaging.

2. Systematic errors, such as a zero error or in-
correct calibration, shift the readings in a def-
inite manner and can often be estimated and
corrected by calibration.

3. Measurement disturbance arises when the mea-
suring interaction changes the state of the parti-
cle. Itis apparatus-dependent and should not be
identified automatically with the intrinsic stan-
dard deviation Ax.

For an unbiased apparatus whose random error is sta-
tistically independent of the intrinsic position distri-
bution, a simple model is

Xread = X + OXingts (Oxingt) = 0.

The variance of the recorded readings is then

Grzead = (Ax)? + €2,

where
6)% = <(5xinst)2> .
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This relation shows that the experimentally observed
spread may contain both intrinsic quantum uncer-
tainty and instrumental imprecision. If the apparatus
is progressively improved so that

€ — 0,

then
Opead — Ax,

not necessarily to zero. Hence the residual spread ob-
tained with an ideal instrument is the position uncer-
tainty of the quantum state.

Conversely, Ax can vanish only for an idealized exact
position eigenstate. Such a state is non-normalizable
over the whole real line and, consistently with
Ax Ap, > h/2, would require an unbounded momen-
tum spread. Any physically realizable localized wave
packet therefore has a finite spatial spread.

The two concepts must also be distinguished opera-
tionally. The intrinsic Ax is inferred from the statis-
tics of many measurements on an ensemble of sys-
tems prepared in the same state; it is not the uncer-
tainty of a single scale reading. Instrumental inac-
curacy characterizes the reliability of the apparatus
and can be assessed through calibration and repeated
measurements of known standards. Improving the in-
strument reduces €,, whereas changing the quantum
preparation is required to change Ax.

CONCLUSION:

The uncertainty in position,

Ax = (&) — ()}

is the intrinsic statistical spread of position outcomes
for identically prepared quantum systems. It is con-
strained by

S

AxApx > E

and cannot, in general, be removed by constructing a
more accurate apparatus.

Instrumental uncertainty €, is instead caused by fi-
nite resolution, noise, calibration errors, or other lim-
itations of the measuring procedure. It is apparatus-
dependent and can in principle be reduced or cor-
rected. For independent unbiased instrumental error,

2
Ofead = (Ax)? + €2,

so an ideal instrument removes the instrumental con-
tribution but still reveals the intrinsic quantum posi-
tion distribution.

6/11

CSE - 2025 - 5 MARKS

Q5. Isitpossible for a photon to transfer all
its energy to a free electron? Give reasons.

INTRODUCTION:

The question asks whether an isolated free electron
can completely absorb a photon,

yt+te —e,

while conserving both energy and momentum. As-
sume that the electron is initially at rest in the labo-
ratory frame, with rest mass m, and that the incident
photon has energy E, = hv > 0 and momentum mag-
nitude p, = E,/c. After absorption, let the electron
have momentum p and total relativistic energy E,. No
other particle or external body is available to carry en-
ergy or momentum.

SOLUTION:

If the photon were absorbed completely, conservation
of momentum would require

P:Py:?-

Conservation of energy would simultaneously re-
quire

mc? + E, = E.
For a free relativistic electron,

E? = p?c + m?ct.

Using the momentum-conservation result,

2
2 EY 2 2 4 2 2 4
Eg =\—] ¢ +m°c = E, + m°c".
c

On the other hand, energy conservation gives

E? = (mc® + E),)2 =m?c* + E)% + 2mc2Ey.
Equating these two expressions for E? yields
méc* + E}% =mict + E)% + 2mc2Ey,
and hence
25 _
2me EY =0.
Since m # 0, this condition can be satisfied only for
E, =0.

Thus, for any real photon with E, > 0, simultaneous
conservation of energy and momentum is impossible.

The result is independent of the frame chosen. If the
initial electron has four-momentum P¥, the photon
has four-momentum K*, and the final electron has
four-momentum P’# = P# + K#, then

P> =pP?=m?’?*  K’=0.
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Therefore,
P?=(P+K)?=P*+2P-K+K*=m?*+2P K.

For a future-directed massive electron and a real pho-
ton of positive energy, P - K > 0; hence P2 > m2c?,
contradicting the required mass shell of a free elec-

tron.

Complete photon absorption can occur only if an-
other object participates—for example, a bound atom,
a nucleus, or a solid lattice—so that the additional sys-
tem can take up the recoil momentum while conserv-
ing total energy.

CONCLUSION:

No non-zero-energy photon can transfer all its energy
to a single isolated free electron. Complete absorption
would violate simultaneous conservation of relativis-
tic energy and momentum. A recoil partner or an ex-
ternal field is necessary to absorb the excess momen-
tum; otherwise the photon can transfer only part of
its energy, as in Compton scattering, and a scattered
photon must remain.

IFoS - 2025 - 6+2=8 MARKS

Q6. A bullet of mass 0 - 025 kg is moving
with a velocity of 600 m/s. The speed is mea-
sured with an accuracy of 0 - 02%. Find out
the uncertainty in x. Also, comment on the
result.

INTRODUCTION:

The speed accuracy determines the uncertainty in the
bullet’s momentum, which in turn limits the precision
with which its position can be specified. We use the
Heisenberg uncertainty relation

h _h
Ax Apy > 5 dn

Here Ax and Ap, are the position and momentum
uncertainties along the direction of motion. The
quoted percentage accuracy is interpreted as the un-
certainty in the measured speed. Since the bullet’s
mass is treated as exactly known and its motion is
non-relativistic,

Py = mv, Ap, =mAv.

The minimum possible position uncertainty corre-
sponds to equality in the uncertainty relation.
SOLUTION:

The fractional uncertainty in speed is

Av _ 002 _ 01074,
v 100

Sample Preview - Complete files can be purchased from abhi-physics.com

Hence

Av=v(20x107%) = (600 ms1)(2.0 x 107%) = 0.12 ms ™.

Therefore, the momentum uncertainty is

Apy, =mAv
= (0.025 kg)(0.12ms™1)
=3.0x103 kgms .

Using
h
Axpyi _—
min ZApx
with
h=1.055x10"347s,
we obtain

1.055x 10734 Js
2(3.0x 103 kgms )
1.055 x 10734 kg m?s ™!

AXpin =

6.0x103 kgms '
=176 x 10732 m.

Equivalently, since the bullet momentum is

p =mv = (0.025)(600) = 15 kgms ",

its relative momentum uncertainty is

A -3
px — 3.0x 10 - 20 x 10_4’
p 15

consistent with the stated relative speed uncertainty.

The calculated minimum uncertainty is extraordinar-
ily smaller than the dimensions of a bullet and even
much smaller than a nuclear length scale, of or-
der 107 m. Thus the quantum-mechanical lower
bound on its position uncertainty is experimentally
and macroscopically negligible. The bullet can there-
fore be treated as following a well-defined classical
trajectory, although it still formally obeys the uncer-
tainty principle.

CONCLUSION:

The speed uncertainty and corresponding momentum
uncertainty are

Av=012ms"! X

Consequently, the minimum position uncertainty
along the direction of motion is

Ap, =3.0x103 kgms '

‘Axmin =18x107% m|
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This is a lower bound obtained by interpreting the
quoted speed accuracy as Av and taking the minimum-
uncertainty case. It has no independent spatial direc-
tion; it is the scalar spread in position along the cho-
sen direction of motion. Its extremely small magni-
tude shows why quantum uncertainty is impercepti-
ble for a macroscopic bullet and why classical mechan-
ics provides an excellent description of its motion.

CSE - 2024 - 10 MARKS

Q7. A particle limited to the x-axis has the
wave function ¢(x) = bx* between x = 0 and
x = 2; the wave function ¢(x) = 0 elsewhere.
(i) Find the probability that the particle can
be found between x = 1.0 and x = 1.5. (ii)
Find the expectation value < x > of the par-
ticle position.

INTRODUCTION:

The problem requires the probability of finding the
particle in a specified interval and the expectation
value of its position. In one-dimensional quantum me-
chanics, the probability density is

p(x) = g0,

and a physically admissible wave function must sat-
isty

Jw|¢um2dx=1.

We take the positive x-direction as the coordinate di-
rection and write

bx%, 0<x<2,

0, otherwise.

P(x) = {

The constant b may be complex, but only [b? enters
measurable probabilities. An overall phase is physi-
cally irrelevant, so b may be chosen real and positive
after normalization. If x has dimensions of length,
then [¢] = L7Y/2 and consequently [b] = L75/2,

SOLUTION:

First normalize the wave function:

) 2

1= J lp(x)|? dx = |b|2J x* dx.
— o0 0
Therefore,
512 5
1=M1£]=Mﬁ—ﬂwg3
5 |, 5 5
so that

P =2, =
32 32

8/11

(i) The probability of finding the particle between
x=10andx=15Iis

3/2 3/2
P(10<x<15)= I ()2 dx = |bJ? J xtdx.
1 1

Substituting the normalization constant,
573/2 5
R .
3215], 32[\2
Since
@f_ﬁz
2 32°
we obtain

po L ). Lan_ o
32\ 32 32\ 32 1024

Numerically,

P = 211 = 0.2061,
1024

or approximately 20.6%.

(if) The expectation value of the particle position is

) 2
0= _#expwan = [ xgeorax

Thus,

2 6 2
(x) = |b\2J x2dx = i[x_] .
0 3216 |
Hence,

520 564 5

<x>:——:——:—.
32 6 32 6 3

The result satisfies 0 < (x) < 2, as required

because the probability density vanishes out-

side this interval. Moreover, since |¢(x)[? o x*,

the probability is weighted toward larger x, so

(x) = 5/3 > 1is physically reasonable.
CONCLUSION:

The normalized wave function, up to an arbitrary con-
stant phase, is

¢(x)— 1/%3(2, 0<x< 2,

0, otherwise.

The requested results are

P(1.0 < x < 1.5) = 2L ~ 02061
1024

and

5
x)==-=167|
(x) =2
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Thus, the probability is approximately 20.6%, and
the mean position lies toward the upper end of the
allowed interval because the probability density in-
creases as x*. The value of (x) has the same position
unit as the stated x-coordinates.

IFoS - 2024 - 8 MARKS

Q8. Determine the size of the hydrogen
atom using uncertainty principle. Given that

—e?

the potential energy of electron V = yE—
0

where a is the distance of the electron from
the nucleus.

INTRODUCTION:

The electron cannot remain at rest near the proton:
localizing it within a region of characteristic radius
a necessarily produces momentum uncertainty and
hence kinetic energy. In the proton rest frame, ne-
glecting proton recoil and relativistic effects, the elec-
tron has total energy

62

E=K+V, V(a)=-

drrega

Let m, be the electron mass. For localization over the
distance g, the uncertainty principle gives the order-
of-magnitude relation

AxAp ~ h, Ax ~ a,
so that 5
p~Ap~—.
a

The uncertainty principle fixes the characteristic
atomic length scale; numerical factors of order unity
depend on the precise definition of the position
spread. The conventional estimate pa ~ h yields the
Bohr radius.

SOLUTION:

The kinetic energy associated with the momentum
uncertainty is

T

2m,  2mya®

K(a) ~

Hence the energy of an electron localized at a charac-
teristic distance a is

K2 ¢

E(a) ~ .
@ 2mea?  4meya

The first term increases as a > when the electron
is confined more strongly, whereas the attractive

Sample Preview - Complete files can be purchased from abhi-physics.com

Coulomb energy decreases as —a~!. Their competi-

tion therefore permits a stable finite atomic size.

The equilibrium size is found by minimizing E(a):

dE h? e
L =0.
da mead  4mweya®
Thus
h? ¢

mea®  4mweya®

and therefore
4 ) hZ
a =

mee?
This is the Bohr radius ay.
Using
g = 8.854x 10712 Fm™!, h=1.055x10"3*7s,
m, = 9.109 x 1073! kg, e=1.602x10" C,
one obtains

_ 47(8.854 x 10712)(1.055 x 1073*)?

a =
07 7 (9.109 x 10-31)(1.602 x 10~19)2
=529%10" 1 m,
Equivalently,
ap = 0.529 A.

The stationary point is a minimum because

d*E _ 3h* 2¢*

4

da®  meat  4mega’

At a = ay, the equilibrium condition gives

e R

47180a8

Meag

and hence
d’E h?
- = 7 > 0.
da a,  Medy

Thus the uncertainty-induced kinetic energy prevents
collapse into the nucleus. Moreover, at the minimum,

e n?

47'[80&0 meag

= 2K,

soV =—-2Kand E = K+ V = —K < 0, consistently
describing a bound state.

CONCLUSION:

The uncertainty principle gives the characteristic size
of the hydrogen atom as

_ 471'6'0le

ag = =529%x10"'' ' m = 0.529 A.

mee?

This is the Bohr radius, interpreted as the char-
acteristic electron—proton separation in the ground
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state. The result follows in the non-relativistic, fixed-
nucleus Coulomb approximation, with the uncer-
tainty estimate pa ~ h; replacing m, by the electron-
proton reduced mass gives the small finite-nuclear-
mass correction.
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Q9. A particle constrained to move along
x-axis in the domain 0 < x < L has a wave
function ¥/(x) = sin (%) where n is an inte-
ger. Normalize the wave function and eval-
uate the expectation value of momentum of

the particle.

INTRODUCTION:

The required tasks are to determine the normalization
constant and to calculate the expectation value of the
momentum operator. Let

niwx

) = Asin (),

and n(x) = 0 outside this interval. Here L > 0, n
must be a nonzero integer, and A may be chosen real
and positive because an overall constant phase has no
physical significance. The normalization condition
and the momentum operator in the position represen-
tation are

0<x<I,

d

L
| wwerar=1 po=-ind
0 X

The positive x-direction is taken as the positive direc-
tion of momentum.

SOLUTION:

Applying the normalization condition,

L
1= |A|2J sin® (@) dx.
0 L

Using
.2 1—cos 260
sin“f = ———,
2
the integral becomes
L nirx 1 L 2nmwx
J sinz(—) dxz—J [l—cos< )]dx
0 L 2 Jo L
L
_ [x . (2n7rx>]
=|=— —sin
2  dnrw L 0
_L
5’

since sin(2nsr) = 0 for integer n. Hence

|A|2£=1 = |A|=\/§.
2 L

10/11

Choosing A real and positive gives

Yn(x) = \/% sin(?).

The expectation value of momentum is

L
" L d
() = | V00 (-ih )y
0 X
Since the normalized wave function is real,

dax NI

%: 2 nmw (mrx)
7 )

Therefore,

L
., 2niw . [(nrx nrx
(px) = —1?17 L mn(T) cos (T) dx
L
— _ith_ﬂ L sin? <ﬂ)]

L2 L2nm L /o
= —% [sinZ(nn) - sinZ(O)]
=0.

Equivalently, for any real wave function vanishing at
both boundaries,

(b =2 [ ]y =0.

Although the mean momentum vanishes, the state is
not a momentum eigenstate. Indeed,

sin (mzx) _ l [eimrx/L _ efimrx/L] )
L 2i

so the standing wave contains equal contributions
associated with opposite momenta +nzh/L and
—nsrh/L; their contributions to the mean cancel.

CONCLUSION:

For L > 0 and any nonzero integer n, the normalized
wave function, up to an arbitrary constant phase, is

G = |2 sin ()

and it vanishes outside the allowed interval. Its mo-
mentum expectation value is

0<x<L

[(px) = 0kgms"|

Thus the particle has no preferred average direction
of motion: the positive- and negative-momentum con-
tributions are balanced. The case n = 0 is excluded
because it gives the identically zero function, which
cannot be normalized.
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Q10. Find the condition at which de Broglie
wavelength equals the Compton wavelength
for a particle.

INTRODUCTION:

For a free particle of rest mass m, the de Broglie wave-

length is

h
Ad =
p

where p is the magnitude of its relativistic momentum.
Its Compton wavelength is

Ao=—.
me
Since the required momentum may be relativistic, we

use
1

V= T

1—v%/c?
in the inertial frame in which the particle moves with
speed v.

p=ymv,

SOLUTION:

Equating the two wavelengths,

AaB = Ac.
gives

h_h

p mc
Therefore,

p=mc.
Using p = ymv,

ymv=mc = yv=c.

Sample Preview - Complete files can be purchased from abhi-physics.com

Writing f# = v/c, this condition becomes

— = 1.
J1-p2
Hence,
ﬁ2:1_ﬂ2’ 2ﬂ2_1,
so that
g=L -
V2’ V2

The positive root is taken because v denotes the speed.

Equivalently, the total relativistic energy is

E = \|p*c + m2ct = ym2c* + m2ct = V2mc?,

and therefore the kinetic energy is

K = E—mc?® = (V2 — Dmc?.

The non-relativistic substitution p = mv would in-
correctly give v = ¢, where the non-relativistic mo-
mentum formula is invalid. The relativistic result
v = ¢/2 < c is physically admissible.

CONCLUSION:
The de Broglie wavelength of a massive particle
equals its Compton wavelength when

p=mc|

In terms of the particle speed and energy, the equiva-
lent conditions are

v:%, E=\/§mcz,
2

‘K:(\/E—l)mcz.
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No. Question Marks Year Exam Page

1 In a Stern-Gerlach experiment, the magnetic field varies with distance in the 10 2026 CSE 3
z-direction according to — = 1-5 T/mm. The speed of silver atoms coming
from the oven is 725 m/s. Silver atoms travel a distance of 3 cm through the
magnet. Calculate the separation of the two beams of atoms when they leave the
magnet. (4pt] [Given : The mass of a silver atom = 1- 8 x 107* kg and its
magnetic moment is 1 Bohr magneton.]

2 Why can the experimental observation of the Lamb shift not be explained by the 8 2026 CSE 4
Dirac theory?

3 Calculate the number of permitted electrons in a sub-shell and a shell in an atom. 8 2026 CSE 5

4 Explain how Pauli’s exclusion principle helps in determining the electronic 12 2026 CSE 5
configuration in a many-electron system.

5 The Stern-Gerlach experiment is a landmark experiment in quantum mechanics. 15 2025 CSE 7
Discuss about the most important findings of this experiment.

6 Draw the normal Zeeman pattern for 'F; — 'D, transition. 10 2025 CSE 9
n=6 L =3 s= é n,=5 L=1 s,= i The quantum numbers of two 10 2025 CSE 11
electrons in a two-valence electron atom aren, =6, [, =3, s = % n, =5,

L=1 s = é Assuming L-S coupling, find the possible values of L and J.

8 Find out the difference in frequencies of Lyman-alpha line in hydrogen and 15 2025 CSE 12
deuterium atoms.

9 Why were silver atoms used in Stern-Gerlach experiment? Also, write the 8 2025 IFoS 13
importance of this experiment.

10  Write the electronic configurations for carbon (C), nitrogen (N) and oxygen (O) 15 2025 IFoS 14

atoms, and then derive their ground states.
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Q1. In a Stern-Gerlach experiment, the
magnetic field varies with distance in the z-

dB
direction according to — = 1-5 T/mm. The

speed of silver atoms corzning from the oven
is 725 m/s. Silver atoms travel a distance of
3 cm through the magnet. Calculate the sep-
aration of the two beams of atoms when they
leave the magnet. (4pt] [Given : The mass of
asilver atom = 1-8x107? kg and its magnetic
moment is 1 Bohr magneton.]

INTRODUCTION:

The required quantity is the transverse separation of
the two silver-atom beams at the exit of the magnet.
Let the incident beam travel along the x-direction and
let +z be the direction in which B, increases, so that

dB,
dz

In an ideal Stern-Gerlach magnet, an atom with
magnetic-moment component y, has magnetic poten-
tial energy

> 0.

U=—pB,
and therefore experiences the force
ou dB
F,=—-—= ,uz_z-
0z dz

For silver atoms the two allowed moment compo-
nents are taken as

Ly, = +ug, pg =9.27x10724 JT°L,

We assume a constant field gradient throughout the
3cm magnet, negligible initial velocity in the z-
direction, unchanged longitudinal speed, and negligi-
ble fringe-field and gravitational effects.

SOLUTION:
First convert the magnetic-field gradient to SI units:

dB
d—z =15Tmm ' =15x10° Tm™.
z

Thus the two magnetic-moment orientations experi-
ence equal and opposite forces,

dB,
F .= Epp—

whose common magnitude is
F=(927x10"2JT1)(1.5x 103 Tm™!) = 1.39x 1072 N.
The corresponding transverse accelerations are

Foa pp dB,
az i+ = =t——,
’ m m dz

Sample Preview - Complete files can be purchased from abhi-physics.com

so their common magnitude is

-20
g=132X10 TNy os 10t ms2,
1.8x 1072 kg
The time spent inside the magnet is determined by the
longitudinal motion:
-2
p= L 30X107m 1075 s,
v 725ms!
Since the initial transverse velocity is zero, the dis-
placement of each component is
1 2
Zﬂ: = Eaz’it .
Hence the two displacements are equal in magnitude
and opposite in direction. Their separation at the
magnet exit is therefore
, _ MpdB; (L)?
ANz=z,—z_=at =——< ) .

m dz \v

Substituting the data,

Ay = 927X 107 J T H(15 % 10° Tm™) (3.0 x 107 m)2
1.8 x1072% kg 725 ms~!
=(7.73x10" ms 14 x1 S
7.73 % 10" ms™2)(4.14 x 107 5)?

=132x104m.

Equivalently, each beam is displaced from the unde-
flected axis by

|z = % =6.62x107° m.

The component with p, = 4+pp moves toward +z, the
direction of increasing field, whereas the component
with p, = —pg moves toward —z. The result also has
the expected dependence Az o« (dB,/dz)L?/v?: the
splitting vanishes for zero field gradient and increases
for a longer interaction time.

CONCLUSION:

The separation of the two silver-atom beams as they
leave the magnet is

Az=13%x10"*m=0.13mm|

The two beams are separated along the z-direction:
the p, = +ug component is deflected toward +z,
while the p, = —pp component is deflected toward
—z. Each beam is approximately 6.6 x 107> m from
the original beam axis. This result applies for a uni-
form field gradient, negligible initial transverse veloc-
ity and fringe fields, and approximately constant lon-
gitudinal speed; the opposite deflections demonstrate
the two allowed orientations of the silver atom’s mag-
netic moment.
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Q2. Why can the experimental observation
of the Lamb shift not be explained by the
Dirac theory?

INTRODUCTION:

The Lamb shift is the experimentally observed sepa-
ration of atomic energy levels that the one-electron
Dirac theory predicts to be degenerate, most notably
the 25, /, and 2Py /, levels of hydrogen. The question
therefore requires a comparison between the Dirac
spectrum in a static Coulomb field and the experimen-
tally observed spectrum.

We assume an infinitely heavy, pointlike nucleus pro-

ducing the Coulomb potential

Ze?
drregr

Vi) =—

In the Dirac theory the electron is relativistic, but the
electromagnetic field is treated as a prescribed classi-
cal field. Consequently, electron spin and relativistic
effects are included, whereas the quantized electro-
magnetic vacuum, radiative self-energy, vacuum po-
larization, and nuclear recoil or finite-size corrections
are absent.

SOLUTION:

The stationary Dirac equation for an electron in the
nuclear Coulomb field is

[ca p+ pmc® +V(r)]|y = Ey.
Its bound-state energy eigenvalues may be written as
“1/2
2
Ey=mc® |1+ (Ze)

nj 2

(n_,-_;+ (j+%)2—(Za)2)

where n is the principal quantum number, j is the total
electronic angular-momentum quantum number, and

62

a =
4eghe

is the fine-structure constant.

A decisive feature of this result is that the Coulomb-
Dirac energy depends on n and j, but not separately
on the orbital angular-momentum quantum number /.
For the two states

251/2 :

4/15

and

2Py 2 n=2, 1=1,

the values of n and j are identical. Hence the Dirac

formula gives
EDirac _ pDirac
251/2 2Py

or
_ pDirac Dirac _
AEpirac = Eygr = Egpos = 0.

This degeneracy is not merely a consequence of a
low-order approximation. It is an exact property of
the Dirac equation for an electron in an ideal 1/r
Coulomb potential. The Dirac theory successfully ac-
counts for the leading relativistic fine structure, in-
cluding spin-orbit coupling and the relativistic correc-
tion to the kinetic energy, but these contributions still
leave states with the same n and j degenerate.

Experimentally, however, the 25/, level lies above
the 2P; /, level by a small but nonzero amount:

Ezsl/z - E2P1/2 > 0.

This observed separation is the Lamb shift. Since the
uncorrected Dirac theory predicts the separation to
be exactly zero, the observation cannot be explained
within that theory.

The missing physics appears when the electromag-
netic field is quantized. In quantum electrodynamics,
an atomic electron interacts continually with vacuum
electromagnetic fluctuations. The principal radiative
corrections are:

1. The electron self-energy: the electron emits
and reabsorbs virtual photons, thereby chang-
ing its bound-state energy.

2. Vacuum polarization: virtual electron-positron
pairs modify the effective Coulomb interaction
between the nucleus and the electron.

These corrections depend on the spatial form of
the electron wavefunction and therefore distinguish
states having the same n and j but different /. In par-
ticular, an S-state wavefunction is nonzero at the nu-
cleus,

s () # 0,

whereas a P-state wavefunction vanishes there,

Ynp(0)2 = 0.

Short-distance radiative modifications of the electron-
nucleus interaction consequently affect the 25;/,
state more strongly than the 2P, /, state. The degen-
eracy of the Coulomb-Dirac spectrum is therefore re-
moved.

Schematically, the physical energies have the form

i 1f- larizati
Enlj _ Erl?jlrac +AE,S,Z‘ energy +AE’\1/lajcuum polarization toe,
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so that
. .QED QED
E251/2 - E2P1/2 — AEZSl/Z - AEZPI/Z * 0.
The experimentally observed sign, with the 25/,
level shifted upward relative to 2P; /5, is reproduced
by the full radiative calculation.

CONCLUSION:

The Dirac equation in a static Coulomb potential pre-
dicts that energy depends only on n and j. It therefore
gives

Dirac Dirac

28, = L2p,>  DEDirac = 0.

Experiment instead finds a nonzero splitting, with
251 /5 above 2P; /5. Thus the Lamb shift lies beyond
the one-particle Dirac theory and demonstrates the
necessity of quantum-electrodynamic radiative cor-
rections, chiefly electron self-energy and vacuum po-
larization.

CSE -+ 2026 * 8 MARKS

Q3. Calculate the number of permitted elec-
trons in a sub-shell and a shell in an atom.

INTRODUCTION:

The maximum number of electrons permitted in an
atomic state is determined by the quantum numbers
and the Pauli exclusion principle: no two electrons in
an atom can have the same set of four quantum num-
bers

(n, 1, my, my).

Here n = 1,2,3, ... is the principal quantum number,
I =0,1,....,n — 1 is the orbital angular-momentum
quantum number, m; = —I, -l + 1,...,] is the mag-
netic quantum number, and m, = i% is the spin quan-
tum number. A sub-shell is specified by fixed n and [,
whereas a shell is specified only by fixed n.

SOLUTION:

For a sub-shell of orbital quantum number [, the al-
lowed values of m; are

—1L-1+1,..,0,..., -1

Hence the number of distinct spatial orbitals in that
sub-shell is

Ny =I1—-(-D+1=201+1.

For each orbital, mg can take the two values +% and

—%. Thus, by the Pauli exclusion principle, each or-
bital can accommodate at most two electrons. There-
fore,

Nyub—shent = 2(2/ +1) ‘

Sample Preview - Complete files can be purchased from abhi-physics.com

Consequently, the maximum occupancies of the
s, p,d, and f sub-shells are respectively

Sub-shell ‘ l ‘ 2021+ 1)
S 0 2
P 1 6
d 2 10
f 3 14

For a shell with principal quantum number n, the al-
lowed sub-shells have

[1=0,1,2,...,n—1.

The maximum number of electrons in the shell is
therefore the sum of the capacities of all its sub-shells:

n—1
Nghell = Z 221+ 1).
=0
Using
n—1
nn-—1
Z(zl+1) =2¥ +n=n?
=0 2
we obtain

2
Nshenl = 2n° |

For example, the n = 1,2,3, and 4 shells can contain
at most
2, 8, 18, 32

electrons, respectively. For n = 1, only [ = 0 is per-
mitted, so the shell capacity 2n? = 2 correctly agrees
with the 1s sub-shell capacity.

CONCLUSION:

A sub-shell with orbital quantum number [ contains
2] + 1 orbitals and can accommodate a maximum of

’ 2(21 + 1) electrons ‘

A shell with principal quantum number n, containing
all sub-shells [ = 0 to n — 1, can accommodate a maxi-

mum of
2n? electrons |.

These maximum occupancies follow directly from the
allowed quantum-number states and the Pauli exclu-
sion principle.

CSE + 2026 *+ 12 MARKS

Q4. Explain how Pauli’s exclusion princi-
ple helps in determining the electronic con-
figuration in a many-electron system.
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INTRODUCTION:

An electronic configuration specifies how the elec-
trons of an atom are distributed among its orbitals. In
a many-electron atom, a one-electron state is labelled
by four quantum numbers:

(n,1,my, my),

where n is the principal quantum number, [ the orbital
angular-momentum quantum number, my; its mag-
netic quantum number, and m; = i% the spin pro-
jection.

Electrons are identical spin-% fermions, so their total
many-electron wavefunction must be antisymmetric
under the interchange of any two electrons. This re-
quirement gives Pauli’s exclusion principle:

No two electrons in an atom can have the
same set of all four quantum numbers.

The principle determines the maximum allowed oc-
cupation of every orbital and subshell. The actual or-
der of filling is additionally governed by orbital ener-
gies, while the distribution among degenerate orbitals
is governed by Hund’s rules.

SOLUTION:

For a specified spatial orbital (n,1,m;), the only re-
maining quantum number is the spin projection.
Since an electron can have only

mg=—=,

mg = +% or 5

at most two electrons can occupy that spatial orbital.
If two electrons occupy it, their spins must be oppo-
site:

1 1
(n,1,my, +§), (n,I,my, —5)-

A third electron would necessarily repeat one of these

two complete sets of quantum numbers and is there-
fore forbidden.

For a subshell with orbital quantum number [,
mp=—-L-1+1,..,1,

so there are 2[ + 1 distinct spatial orbitals. Each or-
bital can contain two electrons; hence the maximum
capacity of the subshell is

N =22l +1).
Thus,
subshell ‘ [ ‘ maximum number of electrons
s 0 2
p 1 6
d 2 10
f 3 14
6/15

For a shell of principal quantum number n, the al-
lowed values are

Therefore its maximum electronic capacity is
n—1 n—1
N, =Y 2@ +1)=2) (2l +1) = 2n%
1=0 1=0

because the sum of the first n odd integers is n?. Hence
the K, L, and M shells can accommodate at most 2, 8,
and 18 electrons, respectively.

To construct the ground-state configuration of an
atom with atomic number Z, its Z electrons are placed
successively in the available one-electron states:

1. Orbitals are filled approximately in increasing
order of energy, according to the Aufbau prin-
ciple.

2. Pauli’s principle restricts each orbital to at most
two electrons with opposite spins.

3. When several orbitals of the same subshell are
degenerate, Hund’s first rule places electrons
singly with parallel spins before pairing occurs,
thereby reducing electron—electron repulsion
and lowering the energy.

For example, carbon has Z = 6. Filling the lowest-
energy orbitals gives

152 25° 2p2.

The 1s and 2s orbitals each contain two electrons of
opposite spin, as required by Pauli’s principle. The
two 2p electrons occupy two different p-orbitals with
parallel spins in the ground state:

2py 2py, 2P,

up to an equivalent choice of the degenerate p-
orbitals. Pauli’s principle forbids placing more than
two electrons in any one of these orbitals; Hund’s rule
determines the energetically preferred distribution be-
fore pairing.

The wavefunction basis of this restriction can be seen
from a two-electron antisymmetric state,

¥(1,2) = % [a(1)p(2) — 32 (1] .

If the two electrons were assigned the same spin-

orbital, ¢, = @, = ¢, then
-1 - =
¥(1,2) = A [#(1)¢(2) — p(2)p(1)] = 0.

Thus a physical many-electron state cannot contain
two electrons in the same spin-orbital. This is why
Pauli’s principle fixes the allowed occupancies and
gives the characteristic shell structure underlying the
periodic table.
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CONCLUSION:

Pauli’s exclusion principle determines electronic con-
figurations by allowing each spin-orbital to be occu-
pied by at most one electron, or equivalently each
spatial orbital by at most two electrons with opposite
spins. Consequently, a subshell with quantum num-
ber [ holds at most 2(2 + 1) electrons and a shell with
principal quantum number n holds at most 2n? elec-
trons. Together with the orbital-energy ordering and
Hund’s rules, this restriction uniquely specifies the al-
lowed ground-state distribution of electrons and ac-
counts for atomic shell structure, valency, and the pe-
riodic recurrence of chemical properties.

CSE - 2025 - 15 MARKS

Q5. The Stern-Gerlach experiment is a
landmark experiment in quantum mechan-
ics. Discuss about the most important find-
ings of this experiment.

INTRODUCTION:

The Stern-Gerlach experiment tests whether the com-
ponent of an atomic magnetic moment along a cho-
sen direction can vary continuously, as expected clas-
sically, or can assume only discrete quantum values.
A collimated beam of neutral atoms is passed through
a strongly inhomogeneous magnetic field and the spa-
tial distribution of the emerging atoms is recorded.

Choose a laboratory frame in which the atomic beam
travels along +x. Near the beam axis, let the magnetic
field be predominantly along z,
0B
B = B,(2) %, G=—“2>0.
0z
Thus increasing z is the direction of increasing field

magnitude. This convention will be used for all force
and path assignments.

The atoms are assumed to move independently in vac-
uum. Their centre-of-mass motion may be treated
semiclassically, whereas their internal angular mo-
mentum is treated quantum mechanically. The field
direction is assumed to vary sufficiently slowly along
an atomic trajectory that the magnetic-moment eigen-
state follows the local field direction. Nuclear mag-
netic moments and other small corrections are ne-
glected in comparison with the electronic magnetic
moment. Neutral atoms are used so that there is no
ordinary Lorentz force gv x B.

The governing interaction between an atomic mag-
netic moment p and the field is

Hipt = —p-B.

Sample Preview - Complete files can be purchased from abhi-physics.com

The experiment therefore converts the allowed eigen-
values of the magnetic-moment component into dis-
tinguishable spatial deflections.

SOLUTION:

For a moment eigenstate having a definite component
i, along the local field, its magnetic interaction en-
ergy is

E(2) = —p,B,(2).

The corresponding force follows from the spatial
derivative of the energy:

JoE 9B,
F,=—— =p— =pu,_G.
z 92 Hz 92 Hz
Consequently, a uniform magnetic field may produce
a torque or a Zeeman energy splitting, but it cannot
separate the beam spatially because G = 0. The inho-
mogeneity of the field is essential.

Classically, the magnetic moments in an unpolar-
ized beam could be oriented at any angle 0 to the z-
axis. Their components would then form a continu-
ous range,

Hy = pcosO,  —p < pp <

and hence
—uG < F, < pG.

The detector should therefore show a continuously
broadened band rather than sharply separated com-
ponents.

Quantum mechanically, an atom with total electronic
angular momentum J has

JE=JJ+ DR, ], =mjh,

where
mp=—J,~J+1,..,J.

For an electronic magnetic moment,

__eh
2m,’

J
K= _g]ﬂBE’ HB

where g; is the Lande factor and pp is the Bohr mag-
neton. Hence

Hz = —8JHBM)
and the allowed forces are
F, = —gyupm)G.

There are only 2] +1 possible values of m;, so an ideal
beam separates into 2] + 1 discrete components.

Stern and Gerlach used silver atoms. The ground-
state electronic configuration is

[Kr] 4d105s!.
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The closed shells make no net contribution to the elec-

tronic angular momentum. For the single 5s electron,
1 1
L= 0’ S= o =7
2 I 2
so the silver ground state is a two-state system with
my=+% or my=-1
7T IT

Since L = 0, the Lande factor is approximately

g] = 2.
Therefore,
1
mp=+y Hz = —}B, Fy = —ppG,
1
mp=-g Pz =+, Fy = +ppG.

With the convention G > 0, the m = +% state is

deflected toward decreasing z, while the m g = —%

state is deflected toward increasing z. This reversal
between angular momentum and magnetic-moment
directions occurs because the electron has negative
charge. In the limit G — 0, both forces vanish, as
required for a uniform field.

The most important findings and implications are as
follows.

1. The observed silver beam divided into two dis-
tinct components instead of forming the con-
tinuous band predicted by classical orienta-
tion theory. This supplied direct evidence for
space quantization: only discrete projections of
atomic angular momentum and magnetic mo-
ment are obtained along the measurement axis.

The quantization axis is not a permanently pre-
ferred direction in space. It is selected by
the orientation of the Stern-Gerlach magnetic

field.

2. The twofold splitting is explained in modern
quantum mechanics by the intrinsic spin of the
unpaired 5s electron:

s=L1 s il
2 2
The experiment was performed before electron
spin had been introduced, so it was originally
interpreted as evidence for quantized atomic an-
gular momentum. Its modern interpretation es-
tablishes the characteristic two-valuedness of a
spin-% system.

3. The result shows that intrinsic spin is not an
ordinary classical rotation of an extended body.
For any chosen measurement axis, a spin-% par-
ticle yields only two component values, even
though a classical angular-momentum vector
could have a continuous range of projections.

8/15
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. A Stern—Gerlach apparatus acts as a spin anal-

yser. If a general incident spin state is written
as

W) =al+2) +b—2),  la?+ =1,

where "
Sl+z) = ig\ +2z),

then the two separated paths occur with proba-
bilities

P(+z) = |al?, P(-z) = |b*.

Here the labels +z and —z denote spin eigenval-
ues, not spatial deflection directions. For G > 0,

| +z) — path toward decreasing z

| —z) — path toward increasing z.

If one output path is selected and the other is
blocked, the apparatus also prepares the atoms
in a definite spin eigenstate.

Stern-Gerlach  measurements
demonstrate the incompatibility of spin compo-
nents along different axes. An atom prepared
in | +z) gives the same definite result when
measured again along z. However,

-1 x —X
|+z>—ﬁ(l+ ) +1=x)),

so a subsequent measurement along x produces
the two S, values with equal probabilities:

P(+3) = P(=x) = .

This follows from the angular-momentum com-
mutation relation

[S..S,] = —ihsS, # 0.

Thus S, and S, cannot simultaneously possess
sharp values.

. The experiment demonstrates how a quantum

internal degree of freedom becomes correlated
with a macroscopic spatial path. The inhomo-
geneous field produces the association

1
mjy = +§ «— F, = —ugG
1
my = 3 «— F, = +ugG.
This state-dependent separation is the basic
principle behind spin filtering, atomic-beam

magnetic-resonance techniques and many
quantum-state measurements.
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Sharp resolution of the two components requires the
field gradient and interaction time to be sufficiently
large, while the incident beam must be sufficiently
well collimated that the separation exceeds the spread
caused by the initial transverse velocities. The atomic
magnetic state must also remain correlated with the
local field direction during passage through the mag-
net. These conditions distinguish the quantum split-
ting from ordinary geometrical broadening of the
beam.

CONCLUSION:

The decisive observation of the Stern—-Gerlach experi-
ment is that a neutral silver-atom beam separates into
two discrete components rather than a continuous dis-
tribution. For the silver ground state,

mp=+-=
7=
Hz = —8JHBM]

g =2
where yip is measured in JT~!. With

0B,
G=—=>0,
dz

the two force eigenvalues, measured in newtons, are

my = +% :  F,=—pgG toward decreasing z,

and

my = -5 : F, =+pgG toward increasing z.

Provided that the beam is adequately collimated, the
magnetic-field gradient is sufficiently strong, and
the internal state remains correlated with the lo-
cal field, the experiment establishes discrete angular-
momentum projections and the two-valued spin—% de-
gree of freedom. Its broader inference is that quan-
tum measurement is probabilistic and axis-dependent:
a Stern—Gerlach apparatus can analyse and prepare
spin states, while spin components along different
axes are incompatible because their operators do not
commute. Atomic angular momentum is therefore
intrinsically quantum mechanical and cannot be rep-
resented by a classical continuous distribution of
magnetic-moment orientations.

CSE - 2025 - 10 MARKS

Q6. Draw the normal Zeeman pattern for
'F, — 'D, transition.

Sample Preview - Complete files can be purchased from abhi-physics.com

INTRODUCTION:

The magnetic field is taken along the +z-direction,

B = Bz, B>o0,

and the weak-field Zeeman regime is assumed, so that
the spin-orbit coupling remains intact and L, S, J, M
are good quantum numbers. The first-order magnetic
interaction is

Hy = %(L+ 25) - B,
giving the level shift
AE = pgg;BM,

where
JJ+1D)+S(S+1)—L(L+1)
2J(J+1)

g]=1+

Let M,, and M; denote the magnetic quantum numbers
of the upper and lower levels. The sign convention
used for a component is

q=M,—M,.
For an electric-dipole transition,
q=0,+£1.

The ¢ = 0 component is denoted by 7z, while ¢ = +1
and g = —1 are denoted by o, and o_, respectively.

The required pattern is obtained by finding the mag-
netic sublevels, the allowed transitions between them,
and the corresponding frequency and polarization of
each distinct component.

SOLUTION:

For both terms the multiplicity is 25 + 1 = 1, hence
S=0.

Therefore J = L, and the Lande factor reduces to

B JU+1D)-LL+1)
S0y

Thus

gu=8(F) =1 g=g(Dy=1,

which is the defining condition for a normal Zeeman
pattern.

The upper level has
Ju.=3  M,=-3-2-1,0,1,23

and therefore splits into seven equally spaced sub-
levels: ©
E,(M,) = Eu" + pg BM,,.

9/15
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The lower level has
M =-2,-1,0,1,2,
and splits into five equally spaced sublevels:

0
E(M) = E + up BM,.

If
£ _ El(O)

h
is the zero-field transition frequency, an allowed Zee-
man transition has frequency

E,(M,) — Ej(M))
h

psB
=V + T(Mu - Mp).

Vo =

V(Mw Ml) =

Defining

this becomes

V=1 +qu, q=0,=£1.

Although there are fifteen allowed magnetic-sublevel
transitions, all transitions with the same g have the
same frequency. They therefore form only three re-
solved spectral components:

q allowed (M, M)
-1 | (-3,-2),(-2,-1),(-1,0),(0,1),(1,2)
0 (-2,-2),(-1,-1),(0,0),(1,1),(2,2)

+1| (-1,-2),(0,-1),(1,0),(2,1),(3,2)

‘ frequency ‘ component
Vo — W, o_

Vo T
Vo +w

o+

The sublevel splitting, representative transitions, and
the spectrum for observation perpendicular to B are
shown below. The central line is drawn with twice
the height of either side line because the transverse
intensity ratiois 2 : 1 : 1.

E
1f,
+3
+2
+1 —
0
-1
-2
-3
__16: +1
94 S T 0=rm/2
B o- ot
+2
+1
0 T
1
-2 14
D, +z — N

L L

For an equally populated upper level, rotational sym-
metry and the Wigner-Eckart theorem imply equal
total angle-integrated strengths for the three groups
q = —1,0,+1. Their observed intensities nevertheless
depend on the angle 6 between the line of sight and
B. The angular factors are proportional to

1+ cos®0

[(0) «sin®0, I, ()

10/15

Consequently, for transverse observation, 6 = /2,

LI, I, =2:1:1.

I+ _

The 7 component is then linearly polarized parallel to
B, whereas the two o components are linearly polar-
ized perpendicular to B.

For longitudinal observation, 6 = 0,

and the two o components are oppositely circularly
polarized. Their handedness is interchanged if the di-
rection of observation is reversed.

As B — 0, v, = 0, so all three components merge
continuously into the original line at v, as required.

CONCLUSION:
The 'F3—1D, transition gives a normal Zeeman triplet
because both singlet levels have

&u=8=1

With B = Bz, B > 0, and ¢ = M, — M, the three
components are

_ kBB

o =%
Ve =V

ppB

Vo, =0 + T

Here pgB/h is in hertz. The adjacent frequency sepa-
ration is

and the separation of the two o components is

_ Z,UBB

Vo, = Vo h

Thus o_ is displaced toward lower frequency and
longer wavelength, while o, is displaced toward
higher frequency and shorter wavelength. For trans-
verse observation the polarization directions are

x| B, o, 1B,

with intensity ratio

I - I,

Vo

For longitudinal observation the 7 component is ab-
sent and the two o components are oppositely circu-
larly polarized. These results apply in the weak-field
Zeeman regime in which J remains a good quantum
number.
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Q7. m=6 L=3 s=:-m=5 L=

1
1, s, = > The quantum numbers of two
electrons in a two-valence electron atom are
1
nl == 6, ll - 3, Sl - Enz = 5, lz -

1, s, = ; Assuming L-S coupling, find the
possible values of L and J.

INTRODUCTION:

In L-S coupling, the individual orbital angular mo-
menta first combine to form

L= 11 + 12,
and the two electron spins combine to form
S=s;+s,.

The resultant orbital and spin angular momenta then
combine according to

J=L+S.

Here L, S, and ] denote the corresponding non-
negative angular-momentum quantum numbers,
with magnitudes

IL| = AL + 1)

IS| = A/S(S + 1)
Ol =aJJ(J +1).

An arbitrary fixed z-axis may be used as the quan-
tization axis; the allowed resultant quantum num-
bers do not depend on this choice. The electrons
occupy the distinct orbitals 6 f and 5p, so they are
non-equivalent electrons. Consequently, no addi-
tional Pauli exclusion restriction removes any of the
angular-momentum couplings obtained below.

SOLUTION:

For the addition of two angular momenta }; and l,, the
allowed values of the resultant orbital quantum num-
ber are

L= |ll - lz|, |ll - lz| + 1, ’ll + lz.
Substituting [y =3 and l, = 1,

L=3-1,13-1]+1,...,3+1,

=231

These values are conventionally denoted by the spec-
troscopic letters

and hence

L=2+«> D, L=3«>F, L=4+—G.

Sample Preview - Complete files can be purchased from abhi-physics.com

The two spin quantum numbers are s; = s, = % Their
resultant spin is therefore

S=|s; — 89 s+s—‘l—l <1+l)
1 2,..., 1 2 2 2,..., 2 2 5
so that
S=0,1.

Thus both singlet states, with multiplicity 25+ 1 = 1,
and triplet states, with multiplicity 2S5 + 1 = 3, are
possible.

For each pair (L,S), the total angular-momentum
quantum number satisfies

J=IL=S, |[L-S|+1,..,L+S.

For the singlet states, S = 0, so
J=|L-0|=L.

Therefore,

AW N
o o olwn
(SO Y -

and the corresponding singlet terms are
Dy, ', 1G,.
For the triplet states, S = 1, so for every allowed L > 1,
J=L-1,L L+1.

Consequently,

and the corresponding triplet terms are
3Dy, 3Dy, 3Dj,
3F2, 3F3, 3F4,

3G;, 3Gy, 3Gs.

The extreme values provide a useful angular-
momentum check: the largest possible total angular
momentum is

1 1
]malel+lz+s1+s2:3+1+§+§=5,
which agrees with the largest value /] = 5 obtained

for L = 4, S = 1. The smallest value is J = 1, obtained
from the antiparallel coupling of L =2 and S = 1.

CONCLUSION:

11/15


https://abhi-physics.com

Atomic and Molecular Physics

UPSC PHYSICS OPTIONAL

The allowed resultant orbital angular-momentum
quantum numbers are

L=2 34|

Including both allowed total-spin values S = 0 and
S = 1, the possible J-values associated with each L
are

L=2: J=2 (§=0), J=123 (S=1),
L=3: J=3 (S=0), J=234 (S=1),
L=4: J=4 (S=0), J=345 (S=1).

Thus the distinct possible numerical values of the to-
tal angular-momentum quantum number are

J=1,2345|

with the allowed L-S-J associations specified above.
These results apply in the assumed L-S coupling
regime for the non-equivalent 6 f and 5p electrons.

CSE + 2025 + 15 MARKS

Q8. Find out the difference in frequencies
of Lyman-alpha line in hydrogen and deu-
terium atoms.

INTRODUCTION:

The Lyman-« line is produced by the transition
n=2-—n=1

Hydrogen and deuterium have identical nuclear
charge +e, but their nuclei have different masses.
Consequently, their electron-nucleus reduced
masses, and hence their Rydberg constants and tran-
sition frequencies, are slightly different.

Let me, my, and my denote the electron, proton, and
deuteron masses, respectively. The reduced mass of
an electron bound to a nucleus of mass M is

meM
me+ M’

M =

Nuclear recoil is included through this reduced mass.
Fine structure, Lamb shift, and nuclear-size correc-
tions are neglected.

SOLUTION:

For a hydrogen-like atom of nuclear charge Z = 1, the
energy of the nth level is

E, = —thm'u—Miz,
Me n

where R, is the Rydberg constant for an infinitely
massive nucleus.

12/15

Thus, for the Lyman-« transition,

by = Ey — E :thw“—M(1— i),

m, 22
so that
3 HM
Vvar = 2cReo 2.
4 m,
For ordinary hydrogen,
B Mp 1
me  mg+m, 1+me/mp’
whereas for deuterium,
poo__m 1
me my+my 1+m,/my

Since my > m,, one has up > pp, and therefore the
Lyman-a frequency of deuterium is higher. The fre-
quency difference is

1 1
N1+ my/my 1+m,/m, '

AVEVD—VH:ZCR

Using
mp
— =~ 1836.15
me
my
—£ ~3670.48
me
cRy = 3.28984 x 101° 7!
gives

1 1
1+1/3670.48 1+1/1836.15

Av = %(3.28984 x 101%)

The dimensionless reduced-mass difference is approx-
imately

1 1

- ~272x 1074
1+1/3670.48 1+ 1/1836.15

Therefore,

Av = (2.46738 x 101°)(2.72 x 10~%) Hz = 6.7 x 10'! Hz.

The positive sign is physically consistent: the heav-
ier deuteron recoils less than the proton, giving deu-
terium a larger reduced mass, a larger binding-energy
separation, and hence a higher transition frequency.

CONCLUSION:

The difference between the Lyman-a frequencies of
deuterium and hydrogen is

vp— vy = 6.7x 101 Hz |

Thus, the deuterium Lyman-« line has the higher fre-
quency and, equivalently, the shorter wavelength.
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Q9. Why were silver atoms used in Stern-
Gerlach experiment? Also, write the impor-
tance of this experiment.

INTRODUCTION:

The Stern-Gerlach experiment examines the be-
haviour of a beam of neutral atoms in a non-uniform
magnetic field. If the field is taken along the z-
direction, the force on an atom having magnetic-
moment component /i, is

dB,
F, = .Uzg~

Thus, different allowed values of p, produce different
transverse deflections. Silver is especially suitable be-
cause its electronic structure makes the observed mag-
netic moment simple to interpret.

SOLUTION:

The electronic configuration of silver, Z = 47, is
Ag : [Kr]4d'%5s".

The filled inner shells, including the 4d 10 subshell,
have paired electrons. Their orbital and spin angular
momenta cancel, so they make no resultant contribu-
tion:

Leiosed = 0, Sclosed = 0.

The single outer 5s electron has

l:O’ s= -, j:

1 1
2 2’

and hence the ground state is

251/2.

Since I = 0, the valence electron has no orbital angu-
lar momentum. The magnetic moment of the atom
is therefore essentially the spin magnetic moment of
this one unpaired electron. Its component along the
magnetic field can take only two values because

m; = :I:l
] 2 :
Using
ez = —&jHBMy, 8§y =2
one obtains
M, = FuB,
where
__eh
HB om,

Sample Preview - Complete files can be purchased from abhi-physics.com

is the Bohr magneton. Consequently,

dB,
F, = ,UZE

has two opposite values, and the silver-atom beam
separates into two components.

Silver atoms also have practical experimental advan-
tages: a well-collimated neutral atomic beam can be
produced by heating silver in an oven, and the atoms
can be detected from the visible deposit formed on a
collecting plate. Their neutrality prevents the ordi-
nary Lorentz force on electric charge from obscuring
the magnetic-moment deflection.

Classically, atomic magnetic moments could have ar-
bitrary orientations. A classical beam would there-
fore be expected to form a continuous distribution of
deflections. Instead, Stern and Gerlach observed two
sharply separated components. The experiment con-
sequently established the following points:

1. It provided direct evidence for space quantiza-
tion: the component of atomic angular momen-
tum, and hence of magnetic moment, along a
chosen axis can assume only discrete values.

2. The twofold splitting of the silver beam was
later understood as evidence for the two al-
lowed projections of electron spin,

1

1
mq :+E, mg :—E.

3. It demonstrated that measurement of an
angular-momentum component gives discrete
quantum outcomes rather than a continuous
range of classical values.

4. It supplied important experimental support for
quantum mechanics and for the association be-
tween angular momentum and magnetic mo-
ment.

5. It introduced the principle of separating quan-
tum states by their magnetic moments, which
underlies atomic-beam magnetic-resonance
methods and later techniques for manipulating
and measuring spin states.

Historically, the experiment was initially interpreted
in terms of orbital space quantization because elec-
tron spin had not yet been proposed. The modern in-
terpretation of the two silver components is based on
the spin of the single 5s electron.

CONCLUSION:

Silver was used because its configuration [Kr] 4d'°5s!
contains closed shells with zero resultant angular mo-
mentum and one unpaired s-electron with [ = 0 and
j= % Its magnetic moment is therefore essentially
a single-electron spin moment with two allowed field
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components, approximately p, = g, producing two
opposite deflections in a non-uniform magnetic field.
The experiment established discrete space quantiza-
tion, gave decisive evidence for the two-valued projec-
tion of electron spin, contradicted the classical predic-
tion of continuous orientations, and became a founda-
tional demonstration of quantum-state measurement
and magnetic-state separation.

IFoS - 2025 - 15 MARKS

Q10. Write the electronic configurations
for carbon (C), nitrogen (N) and oxygen (O)
atoms, and then derive their ground states.

INTRODUCTION:

The atomic numbers are Zo = 6, Zy = 7, and Zp =
8. Their electronic configurations follow from the
Aufbau principle, the Pauli exclusion principle, and
Hund’s rules.

For these atoms, the closed subshells 1s22s2 have

and therefore do not affect the resultant term symbol.
It is sufficient to couple the electrons in the open 2p"
subshell. For a p-electron,
1
[=1, my =+1,0,—1, s==.
2
In Russell-Saunders coupling, an atomic level is de-

noted by -
L
J>

where S is the total spin, L = 0,1, 2, ... is represented
by S,P, D, ..., and

J=|L=S|,|L-S]+1,..,L+S.

Odd parity is indicated by a superscript °.

Hund’s rules select the ground level as follows: max-
imize S; for that value of S, maximize L; and then
choose the minimum J for a less-than-half-filled sub-

shell and the maximum J for a more-than-half-filled
subshell. The 2p subshell is half-filled at 2p>.

SOLUTION:

(a) For carbon, Z = 6, so the electronic configura-

tion is
C: 15?252 2p? |

The two 2p-electrons occupy different orbitals
with parallel spins:

m | +1 0 -1
2p? | 1 1

14/15

(b)

Thus

which is the maximum possible value and there-
fore gives
S=1, 25+1=3.

For two parallel-spin electrons, the Pauli prin-
ciple requires different m; values. The largest
possible orbital projection is consequently

Mp=1+0=1,
so the corresponding maximum-M; state has
L=1 (P).
Hence Hund’s first two rules select the term

3p.

Equivalently, the complete allowed terms of a
p? configuration are

3P, 1D, IS,

and the triplet term lies lowest because it has
the largest spin.

ForL=1andS=1,
J=0,1,2.

Since 2p? is less than half-filled, Hund’s third
rule selects the smallest value,

J=IL-S§=0.
The parity is even because
(D% = (-1)? = +1.

Therefore the carbon ground state is

‘C . 1s225%2p? 3P, ‘

For nitrogen, Z = 7, so the electronic configu-

ration is
N : 1s22s22p3 |

To maximize the total spin, the three 2p-
electrons occupy all three p-orbitals with par-
allel spins:

Therefore

le Preview - C
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and hence

3

S=- 25+1=4.
2

The orbital projection of this unique maximum-
spin arrangement is

M =(+1)+0+(-1) =0.

Since all three available m; orbitals must be
singly occupied in the maximum-spin state, no
state with S = 3/2 can have M; # 0. Thus

L=0 (9).
Hund’s rules therefore select
4s.

The other terms of p3, such as 2D and 2P, have
smaller spin and lie higher.

For L = 0 and S = 3/2, only one value of J is
possible:

3
J=5
The parity is odd because

(- = (-1 = -1.

Consequently the nitrogen ground state is

. 1292943 4co
N : 1s“2s“2p 53/2.

(c) For oxygen, Z = 8, so the electronic configura-

tion is
0 : 152252 2p*|

Hund’s first rule gives three parallel-spin elec-
trons in the three different p-orbitals; the
fourth electron must pair with opposite spin:

m |+1 0 -1

20 101 1
For this maximum-spin arrangement,
Mg=(1-1)aliloy
2 2 2 2
SO
S=1, 25+1=3.

Choosing the paired orbital at m; = +1 gives
the largest orbital projection compatible with
S=1:

M =(+1D)+HD+0+(-1)=1.

Sample Preview - Complete files can be purchased from abhi-physics.com

Therefore
L=1 (P),

and Hund’s first two rules select the term

3p.

The same result follows from the hole descrip-
tion: a p* configuration contains two holes in
the otherwise closed p® subshell and therefore
has the same allowed L and S terms as p*:

3p, Ip, Is.
ForL=1and S =1,
J=0,1,2

Since 2 p4 is more than half-filled, Hund’s third
rule selects the largest value,

J=L+S=2.
The parity is even:
D% = (-1t = +1.

Hence the oxygen ground state is

0 : 1s5%2s%2p* 3P, |

The contrast between carbon and oxygen provides a
useful check: p? and p* have the same lowest term
3P, but their ground J-values are opposite members
of the multiplet because p? is less than half-filled
whereas p* is more than half-filled.

CONCLUSION:

Under Russell-Saunders coupling for isolated light
atoms, the electronic configurations and ground-state
term symbols are

C : 15222 2p2,
N : 152 2¢2 2p3,

ground state 3PO,
ground state 45; 2

0 : 152 2s% 2p*, ground state 3P,.

Thus carbon and oxygen possess triplet-P ground
terms but different ground J-levels, while the exactly
half-filled 2p> subshell of nitrogen produces a spin-
aligned, orbitally non-degenerate quartet-S ground
state of odd parity.
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UPSC PHYSICS OPTIONAL Nuclear and Particle Physics

Question Index
No. Question Marks Year Exam Page
1 Are the nucleons inside the nucleus governed by the laws of quantum physics? 10 2026 CSE 3
Justify your answer.

2 Binding energy and rest mass energy of a two-nucleon bound state are denoted 10 2026 CSE 4
by B and Mc?, respectively, where c is the speed of light. Calculate the minimum
energy of a photon required to dissociate this bound state in terms of B and Mc?.

3 A nucleus of rest mass M is initially in an excited state whose energy is AE above 10 2026 CSE 5
its ground state. The nucleus emits a y-ray of energy hv and makes a transition
to its ground state. Calculate the fractional change in energy for the nucleus.

4 By considering the three-dimensional harmonic oscillator potential, explain the 20 2026 CSE 6
energy levels of nucleons inside the nucleus. Also, derive the zero-point energy
of nucleons. Why did this assumption fail to explain the existence of nuclei with
higher magic number?

5 What do you understand by the packing fraction ’ f* and the binding energy ’E,’ 10 2026 CSE 8
of a nucleus? Draw the graphs for packing fraction f versus mass number (A)

and binding energy fraction f, ( = Zb versus mass number (A). Further, explain

how the graphs of the variation of f and f, with A have complementary
approaches.

6 What is the criticality of a self-sustained nuclear reactor? Write the basic 20 2026 CSE 10
processes affecting the nuclear chain reactions of a finite-size nuclear reactor.
Also, write the critical size of reactors of different shapes in terms of geometrical
buckling constant.

7 The total binding energies of °0, 1°O and }’O are 111 - 96 MeV, 127-62 MeV and 15 2025 CSE 12
131 - 76 MeV respectively. Determine the energy gap between 1p, , and 1d;,
neutron shells for the nuclide whose mass number is close to 16.

8 What is the minimum energy required to break a ;He nucleus into free protons 15 2025 CSE 13
and neutrons? [ Given, my = 1007825 amu, m, = 1- 008665 amu,
m, = 000055 amu and my, = 4 - 002603 amu ]

9 Consider a uranium nucleus (,U**) breaking up spontaneously into two equal 15 2025 CSE 14
parts. Estimate the reduction of electrostatic energy of the nucleus considering
uniform charge distribution. [ Assume that nuclear radius is 1-2x 107>A/? ¢m ]

10  State the basic assumption of single-particle shell model. How do the centrifugal 10+10= 2025 CSE 15
and spin-orbit terms remove the degeneracy of three-dimensional spherical 20
harmonic oscillator?
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Q1. Are the nucleons inside the nucleus
governed by the laws of quantum physics?
Justify your answer.

INTRODUCTION:

Yes. Protons and neutrons inside a nucleus are mi-
croscopic particles confined to a region of linear di-
mension of order a few femtometres. Their motion
must therefore be described by quantum mechanics
rather than by classical trajectories. This can be jus-
tified quantitatively by comparing the nucleon’s de
Broglie wavelength with the nuclear size and is also
confirmed by characteristic nuclear phenomena such
as discrete energy levels, spin and parity, shell struc-
ture, tunnelling, and the Pauli exclusion principle.

Let a nucleon of mass my be localized within a nu-
cleus of radius

R = r0A1/3, ry = 1.2 fm,

where A is the mass number and 1fm = 10" ° m.
SOLUTION:

Localization of a nucleon to a distance of order R im-
plies, from the Heisenberg uncertainty principle,

h
ArAp = —.
rap 2

Taking Ar ~ R, the characteristic momentum is at
least of order

.
P~ 5

Consequently, the corresponding reduced de Broglie
wavelength is

or equivalently,
A~ 27R.

Thus the matter-wave length scale of a confined nu-
cleon is comparable to, or larger than, the dimensions
of the nucleus. The nucleon cannot be represented as
a localized classical particle following a definite orbit;
its wave character is essential throughout the nuclear
volume.

The same conclusion follows from the characteristic
confinement energy. In the non-relativistic approxi-
mation,

»’ h?
2my  2m NR2 .

Econf ~
For a representative nuclear length R ~ 2 fm, using

hc =~ 197 MeV fm, mN02 ~ 939 MeV,
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one obtains

(he)?
2(mprc2)R?

(197 MeV fm)?
 2(939 MeV)(2 fm)?

=~ 5.2MeV.

conf ~

This energy scale is comparable to typical nuclear ex-
citation and binding-energy scales, so quantum con-
finement is not a small correction to classical motion.
It determines the nuclear states themselves. More-
over,

pc  _he 197
2 %939

0.10,

myc?  Rmpc?

so this illustrative estimate is consistent with a pre-
dominantly non-relativistic quantum treatment, al-
though relativistic and subnucleonic corrections may
be required for greater precision.

Several observed properties of nuclei provide direct
evidence:

1. Nuclei possess discrete energy levels. Their
emission and absorption of y-rays occur at def-
inite energies

E, = E - Ef,

as expected for transitions between quantized
stationary states.

2. Protons and neutrons are spin—l fermions.
Identical nucleons obey the Pauli exclusion
principle, so they fill nuclear quantum states
rather than all collapsing into the lowest state.
This produces Fermi motion even in the nuclear
ground state.

3. Nuclear states have definite angular momen-
tum and parity. The observed shell structure
and the enhanced stability of nuclei having
magic numbers are consequences of quantized
single-particle states in an effective nuclear po-
tential.

4. Processes such as a-decay occur by quantum
tunnelling through the Coulomb barrier. Clas-
sically, an a-particle whose energy is below the
barrier could not escape, whereas quantum me-
chanics gives a finite penetration probability.

5. A nucleus is described by a many-nucleon
wavefunction,

W(ry,...,T4;01,...,04),

which evolves according to the quantum Hamil-
tonian,
HY = EY

for a stationary state. The wavefunction must
have the appropriate antisymmetry under in-
terchange of identical protons or identical neu-
trons.
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The uncertainty-principle estimate also gives the cor-
rect classical limit: if the confining length R were
made very large compared with the reduced de
Broglie wavelength, then 4/(pR) < 1, quantum in-
terference would become less important, and a clas-
sical description could emerge. In an actual nucleus,
however, fi/(pR) is of order unity, so that limit is not
applicable.

CONCLUSION:

The nucleons inside a nucleus are necessarily gov-
erned by quantum physics. Their de Broglie wave-
length is comparable to the nuclear dimensions, and
confinement produces momenta and energies of nu-
clear magnitude. Hence nucleons do not follow
definite classical trajectories; they occupy quantized
many-body states characterized by energy, angular
momentum, spin and parity. Discrete spectra, nu-
clear shell structure, Fermi motion, the Pauli exclu-
sion principle and quantum tunnelling provide exper-
imental manifestations of this quantum behaviour.

CSE + 2026 *+ 10 MARKS

Q2. Binding energy and rest mass energy
of a two-nucleon bound state are denoted by
Band Mc?, respectively, where c is the speed
of light. Calculate the minimum energy of
a photon required to dissociate this bound
state in terms of B and Mc?.

INTRODUCTION:

Consider the bound state initially at rest in the lab-
oratory frame. Let m; and my be the rest masses of
the two free nucleons. By definition of the binding
energy,
B = (my + my — M)c?
so that
(my +my)c? = Mc?® + B.

The photon is taken to propagate along the positive
z-direction. Four-momenta are written as

p=(C)

with metric signature (+,—,—,—), so that p/ Py =
m?c?. Energy and momentum conservation are most
conveniently imposed through the invariant mass of
the complete initial system. At threshold, the two out-
going nucleons have zero relative momentum in their
centre-of-momentum frame, which minimizes their
total invariant energy.

SOLUTION:

4/17

If E, is the incident photon energy, the four-momenta
of the stationary target and the photon are

EY EY
P* =(Mc,0), k= (—,o, 0, —).
C C

Since the photon is massless,
k? =0,
and
EY
Pk =(Mc) (—) = ME,.
c
Therefore, the squared total initial four-momentum is
(P+k)* = P2+ 2P -k+k? = M*c* + 2ME,.

In the centre-of-momentum frame of the final nucle-
ons, their momenta are equal and opposite:

P, =—q.

Their total energy in that frame is

P, =4q.

E}(q) = \/m%c‘* + g% + \/mgc4 + g%c2.

This is minimized at g = 0. Hence, at the dissociation
threshold,
Ej’,th = (my +my)c?,

and the squared final total four-momentum is
(P)? = (my +mp)*c?.
Four-momentum conservation gives P+ k = Pf, so at
threshold
M?c? + 2MEy i = (my + my)?c?.
Multiplying by ¢? and using
(my +my)c? = Mc? + B,
we obtain

M?c* + 2Mc*Ey i, = (Mc? + B).

Thus,
2MC*Ey pin = (Mc? + B)® — Mc*
= 2Mc?B + B?,
which yields
B? B
E, in = B+ =B (1 + ) A
yomin 2Mc? 2Mc?

The threshold exceeds B because a photon carries mo-
mentum E,/c. Since the target is initially at rest,
the final two-nucleon system must carry this momen-
tum in the positive z-direction even when its inter-
nal relative kinetic energy is zero. For weak binding,
B < Mc?,

B
E, mi =B(1+ ):B
y,min ZMCZ
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with the small positive recoil correction B2 /(2Mc?).
CONCLUSION:

For an isolated two-nucleon bound state of rest en-
ergy Mc?, initially at rest, the minimum photon en-
ergy required for dissociation is

B
Eymi =B<1+ )
ymin 2Mc?

Here E, iy, B, and Mc? are all measured in energy
units. At threshold the two nucleons have zero rela-
tive momentum in their centre-of-momentum frame,
while their total laboratory momentum is directed
along the incident photon.

CSE - 2026 - 10 MARKS

Q3. A nucleus of rest mass M is initially in
an excited state whose energy is AE above
its ground state. The nucleus emits a y-ray
of energy hv and makes a transition to its
ground state. Calculate the fractional change
in energy for the nucleus.

INTRODUCTION:
The emitted photon carries momentum

_

by =~

Since the initial nucleus is at rest, conservation of mo-
mentum requires the ground-state nucleus to recoil
with equal and opposite momentum. Consequently,
the photon energy is slightly smaller than the excita-
tion energy AE.

Let M denote the rest mass of the ground-state nu-
cleus. The initial energy is then

E; = Mc? + AE.

If E, = hv is the photon energy, the recoiling nucleus
has momentum magnitude p = E, /c and relativistic

energy
En = \|M?2c + pc2.

SOLUTION:

Energy and momentum conservation give

Me? + AE = Ey + [M?c* + E2.

Therefore,
Mc® + AE — E, =, IM2¢4 + EZ.

Sample Preview - Complete files can be purchased from abhi-physics.com

Squaring both sides,
(Mc? + AE)* — 2E,(Mc® + AE) + E} = M*c* + E7.
After cancellation,

2Mc*AE + (AE)? = 2E,(Mc? + AE),

so that
AE(2Mc? + AE)
E =hy=——0"——.
2(Mc? + AE)
Equivalently,
hv = AE (1 - L) .
2(Mc? + AE)

The energy retained by the nucleus as recoil kinetic

energy is
AE)?
TRzAE—hvz—( ) .
2(Mc? + AE)

Hence the fractional change, i.e. the fraction of the
transition energy going into nuclear recoil, is
AE—-hv AE
AE 2(Mc? + AE)’

For ordinary nuclear transitions,

AE <« Mc?,
and therefore
AE—hy _ AE
AE 2Mc?’

In the same approximation,

_(AEY
T oMc?’

hv:AE(l— AE )

R 2Mc?

This agrees with the non-relativistic recoil expression

_ P ) (AP
2M  2Mc® 2Mc?

R

CONCLUSION:

The photon energy is reduced below the excitation
energy because the ground-state nucleus must recoil.
The fractional energy change is

AE—hv _ AE _ AE
AE 2(Mc? + AE)  2Mc?
(AE <« Mc?).

Thus the nucleus receives the recoil energy

_ (AE)?

T, ,
R oMe?

5/17


https://abhi-physics.com

Nuclear and Particle Physics

UPSC PHYSICS OPTIONAL

in the direction opposite to the emitted y-ray, while

hv=AE<1— AE )

2Mc?

CSE + 2026 + 20 MARKS

Q4. By considering the three-dimensional
harmonic oscillator potential, explain the en-
ergy levels of nucleons inside the nucleus.
Also, derive the zero-point energy of nucle-
ons. Why did this assumption fail to explain
the existence of nuclei with higher magic
number?

INTRODUCTION:

In the independent-particle shell model, each nucleon
is assumed to move in an average, spherically sym-
metric potential produced by all the other nucleons.
Near the centre of a smooth potential well, its lead-
ing radial dependence is approximately quadratic. We
therefore take

V(ir)=-V, + %mwzrz,

where m is the nucleon mass, w is the oscillator fre-
quency, and —V is the value of the mean potential at
its minimum. The coordinate r is measured from the
nuclear centre, and the single-particle energy is mea-
sured relative to the zero chosen outside the potential.
Thus, the excitation energy above the bottom of the
well is independent of V.

The assumptions are that the nucleons move indepen-
dently, the mean field is central and identical in form
for all nucleons of a given species, and residual inter-
actions, Coulomb corrections and spin-orbit coupling
are initially neglected. Protons and neutrons fill their
respective levels separately according to the Pauli ex-
clusion principle. Each spatial state can contain two
identical nucleons because the nucleon has spin s = %

SOLUTION:
1. The three-dimensional oscillator spectrum

The single-particle Hamiltonian is

2

1
H=-V,+ L + —maw?r?.
2m 2

Since r? = x? + y% + z% and p? = p2 + P)zz +p2,
it separates into three one-dimensional oscilla-

tors:

6/17

The energy eigenvalues are consequently

3
Enenyn, = —Vo + how (nx +ny+n,+ 5)
N> Nys Ny = 0,1,2,....

Introducing the principal oscillator quantum
number
N =ny +ny +ng,

one obtains

eN:—VO+(N+§)hw.

Thus all states with the same value of N are de-
generate in the pure oscillator model. In spher-
ical coordinates,

N =2n, +1,

where n, = 0,1,2,... is the radial quantum
number and [ is the orbital angular-momentum
quantum number. Hence

&1 =—Vo+ (an +1+ %) ho.
For a given N, the allowed values are
I=N,N—2N—4,...,

ending at [ = 0 or [ = 1. The parity of every
state in the N-th oscillator shell is

m=(-1 =DV

The number of non-negative integer triples sat-
isfying ny +ny, +n, = N is

(spatial) _ (N +2) (N+ 1N +2)
EN “\ 2 )T 2

Including the two possible spin projections, the
capacity of the N-th shell for protons or neu-
trons separately is

gn = 265D — (N 4 (N + 2).

Therefore the shell capacities and cumulative
occupation numbers are

N
N | orbitals in the shell | gy Z n
n=0
0 1s 2 2
1 1p 6 | 8
2 1d, 2s 12 20
3 1f, 2p 20 | 40
4 1g, 2d, 3s 30 70
5 1h, 2f, 3p 42 | 112
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Indeed,
N
D0+ i+ = N+ DN . DN +3)

The pure three-dimensional harmonic oscil-
lator therefore predicts the shell-closure se-
quence

2, 8, 20, 40, 70, 112,...

for neutron number or proton number sepa-
rately. It correctly accounts for the first three
observed magic numbers 2, 8, and 20.

. Derivation of the zero-point energy

For each Cartesian coordinate, define the anni-
hilation and creation operators

a= |™ v+t .
1 Zh 1 [;thw pl
af = Mo i i
' 2n 2mhe

Using [x;, pj] = iAd;j, one finds

T

la;, a; =3
and
2
i 1 + 1
ik + —mw?x? = ho (ai' a; + —).
2m 2 2
Consequently,
H+Vy=ho Z (al-'ai+ l)
i=x,y,z 2

Since the eigenvalues of a;ral- are the non-
negative integers n;, the smallest possible oscil-
lator energy occurs for

Ny =ny, =n, =0.

Itis

E,, = ho l+1+l zéhw.
P 2 2 2 2

Thus the lowest single-particle energy, includ-
ing the depth of the nuclear mean field, is

& = _VO+ %hw .

The quantity %hw is the zero-point energy
above the bottom of the well. It cannot be re-
moved while retaining the oscillator potential
because simultaneous vanishing of all three co-
ordinate and momentum uncertainties would
violate the uncertainty principle.
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For A independent occupied single-particle
states, the oscillator contribution to the total en-

ergy is

a 3 4 34
Eose = Z<N,~+5)hw=thNi+?hw.
i=1

i=

—_

The Pauli principle prevents all identical nucle-
ons from occupying N; = 0, so the total en-
ergy also contains the shell-filling contribution
hwY; N;. A commonly used phenomenological
nuclear estimate is

ho =~ 41A71/3 MeV,

which gives the oscillator level spacing and
makes the single-nucleon zero-point energy ap-
proximately

E,p = 615A71/3 MeV.

. Failure for the higher magic numbers

The experimentally established higher magic
numbers are

28, 50, 82, 126,

whereas the pure oscillator gives 40,70,112,....
The failure follows from the excessive degener-
acy of the harmonic oscillator. Its energy de-
pends only on

N =2n, +1

and is independent of both [ and the total angu-
lar momentum

j=1+s

Hence the two states
1 1
=1+ -, j=1-=
/ 2 / 2
are predicted to have the same energy.

In an actual nucleus there is a strong spin-orbit
interaction,
Vls(r ) 1 'S,

and

l-s=%[j(j+1)—l(l+1)—s(s+1)]h2.

=1
Fors-z,
Lye, j=1+ 1,
l.s=12 2
_l"'_th’ j:l—l.
2 2

The nuclear spin-orbit interaction has the ob-
served ordering in which the aligned state j =
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I+ % is lowered substantially relative to the

j=1- % state. The splitting grows with [, so
high-I orbitals may be displaced across the gap
between adjacent oscillator shells.

For example, immediately above the closure at
20, the 1f;/, level is pulled down. Its degener-
acy is

2j+1:2(%)+1:8.

Filling this level therefore gives
20 + 8 = 28,

producing the observed magic number 28 in-
stead of the oscillator closure at 40. Analogous
rearrangements involving the 1gy/5, 1hq/2,
and 1i;3/, orbitals lead to the closures at 50, 82,
and 126, respectively.

The finite nuclear surface also makes the real-
istic mean field closer to a Woods-Saxon po-
tential than to an oscillator at large r, thereby
removing part of the accidental N-shell degen-
eracy. Nevertheless, the strong spin-orbit inter-
action is the decisive ingredient required to re-
produce the higher magic numbers.

CONCLUSION:

For a nucleon moving in the spherical harmonic-
oscillator mean field,

V(ir)=-V, + %mwzrz,

the single-particle energies are

sN:—V0+(N+g)hw

N=ny+ny,+n,=2n+1

The zero-point energy per nucleon, measured upward
from the potential minimum, is

3
EZp = Ehw s

or approximately 61.5A71/3MeV when the phe-
nomenological estimate hw = 41A71/3 MeV is used.

Including spin, the N-th oscillator shell can contain

len = (N + (N +2)]

protons or neutrons separately, giving the predicted
closures

\2, 8, 20, 40, 70, 112, ... \

Thus the oscillator approximation is useful near the
centre of a spherical nuclear mean field and explains
the first three magic numbers, but it fails for higher

8/17

shells because it neglects the finite-surface form of the
potential and, most importantly, the strong spin-orbit
splitting. The lowering of the aligned j = I+ 1 orbitals
reorganizes the spectrum and produces the observed
higher magic numbers

28, 50, 82, 126|.

CSE - 2026 - 10 MARKS

Q5. What do you understand by the pack-
ing fraction’ f* and the binding energy 'E,’ of
anucleus? Draw the graphs for packing frac-
tion f versus mass number (A) and binding

. b
energy fraction f, | = —; ) Versus mass num-

ber (A). Further, explain how the graphs of
the variation of f and f, with A have com-
plementary approaches.

INTRODUCTION:

The question requires the definitions of packing frac-
tion and nuclear binding energy, their qualitative vari-
ations with mass number A, and the physical reason
for the complementary nature of these variations.

Consider a nuclide containing Z protons and N =
A — Z neutrons. Let M(A,Z) be its ground-state
atomic mass, u the unified atomic mass unit, my the
mass of a hydrogen atom, and m,, the neutron mass.
The binding-energy sign convention adopted here is

E, >0

for a bound nucleus; thus Ej, is the energy required
to separate the nucleus completely into free nucleons
at rest and at infinite separation. Atomic masses will
be used, with electronic binding-energy corrections
neglected because they are very small on the nuclear-
energy scale.

Since different isobars with the same A have differ-
ent masses, the smooth curves represent nuclei on or
near the valley of stability. Shell, pairing, and odd-
even effects produce local deviations from these aver-
age trends.

SOLUTION:

1. The packing fraction is the fractional excess
or deficiency of the actual isotopic mass over
the integral mass number, conventionally mul-
tiplied by 10%:
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It is dimensionless. Some authors omit the fac-
tor 10%; that convention changes only the nu-
merical scale of the vertical axis.

The sign convention is therefore

f>0
—
M > Au
f<o
—

M < Au.

Thus a negative packing fraction means that the
average atomic mass per nucleon is less than u.

. The nuclear binding energy is the work re-
quired to disintegrate the nucleus into its Z free
protons and N free neutrons. It is also the en-
ergy released when these free nucleons com-
bine to form the nucleus. In terms of nuclear
masses,

E, = [Zmp + Nmy, — mp, (A, Z)] 2.

Using atomic masses and neglecting the small
electronic binding-energy correction,

| By = [Zmyg + (A~ Z)m, — M(A, 2)] |

The binding energy per nucleon, called the
binding-energy fraction in the question, is

_ 5

fb Al

usually expressed in MeV nucleon™!. It mea-

sures the average energy needed to remove a
nucleon, although individual separation ener-
gies need not equal Ej,/A.

. The required qualitative graphs are shown be-
low. The first zero crossing of the smooth
packing-fraction curve occurs near A = 15-16;
the light nuclei with A = 12-15 are therefore
not to be represented on the negative branch of
the smooth curve.

f

‘
‘
‘
‘
16 56 !
\ ! A H
‘
‘

min

For the lightest nuclei, f is positive and falls
rapidly with increasing A. Its smooth trend
crosses the zero line near A = 15-16, be-
comes negative, and reaches a broad minimum
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in the iron—nickel region. It then rises gradu-
ally and becomes positive again for sufficiently
heavy nuclei, with the second crossing occur-
ring roughly in the A = 210-220 region.

For a single free nucleon, E, = 0, so f, = 0. As
nucleons form light nuclei, fj, rises rapidly. It
attains a broad maximum of approximately

fy = 8.7-8.8 MeV nucleon™!

in the iron-nickel region, approximately A =
56-62, and then decreases slowly for heavier
nuclei.

. The complementary behavior follows directly

from mass—energy conservation. The atomic-
mass expression for binding energy gives
E
M(A,Z) = Zmyy + Nmy, — —.
c
Subtracting Au, where A = Z + N, yields
1)
M— Au=Z(my —u)+ N(m, —u) — =
c

Dividing by Au and using f;, = E,/ A,

M—Au~Z(m_H_1)+N(mn 1)_ o
Au A

u

Hence

The first two terms specify the mass per nu-
cleon of the corresponding unbound proton-—
neutron mixture. Along the valley of stabil-
ity they vary comparatively slowly with A,
whereas the binding contribution enters with
anegative sign. Greater binding energy per nu-
cleon removes more rest mass per nucleon; con-
sequently,

fp increasing =  f decreasing,
and
fp decreasing = f increasing.

Thus the broad maximum of f;, lies approxi-
mately in the same iron-nickel region in which
f has its broad minimum.

The two graphs are complementary but are
not exact mirror images. The reason is that
the neutron-to-proton ratio, and therefore Z/A
and N /A, changes systematically along the val-
ley of stability. Shell structure, pairing, and
odd-even effects also introduce local irregular-
ities.
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The maximum of f, has an immediate ener-
getic implication. Fusion of light nuclei can
release energy when the product lies nearer
the iron-nickel maximum and therefore has a
larger E,/A. Fission of a very heavy nucleus
can likewise release energy when its medium-
mass fragments have a larger E}, / A than the par-
ent.

CONCLUSION:

For a nuclide of atomic mass M(A,Z), the conven-
tional packing fraction is

04 M — AU
Au

>

and the positive binding energy and binding energy
per nucleon are

\ Ey = [Zmy + (A — Z)m, — M(A, 2)] ¢ \

Ey

fo=—1

Here f is dimensionless, E, is an energy, and f; is nor-
mally quoted in MeV nucleon™!.

For nuclei near the valley of stability, the smooth
f(A) curve falls through zero near A = 15-16,
reaches a broad minimum near the iron-nickel re-
gion, and then rises, becoming positive again among
very heavy nuclei. In the complementary variation,
fp rises from zero at A = 1 to approximately 8.7-
8.8 MeV nucleon™ near A = 56-62, and thereafter
decreases slowly.

This complementarity results from the negative bind-
ing term in

R R

u A uc?’

Subject to the gradual change of nuclear composition
and local structure effects, a maximum of binding en-
ergy per nucleon therefore corresponds to a minimum
of packing fraction. The iron-nickel region contains
the most strongly bound nuclei on average, and mo-
tion toward this region permits energy release by fu-
sion of light nuclei or fission of very heavy nuclei.

CSE - 2026 -

Qe. What is the criticality of a self-
sustained nuclear reactor? Write the basic
processes affecting the nuclear chain reac-
tions of a finite-size nuclear reactor. Also,
write the critical size of reactors of different

20 MARKS
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shapes in terms of geometrical buckling con-
stant.

INTRODUCTION:

A reactor is self-sustained when the neutron popu-
lation reproduces itself from one generation to the
next. Its criticality is therefore specified by the effec-
tive neutron multiplication factor

number of neutrons in one generation

kegr = .
eff ~ Humber of neutrons in the preceding generation

Thus,
keff <1

subcritical
kett = 1
critical
kegg > 1
supercritical.
Equivalently, the reactivity is
_ e 1
ket
so that p = 0 at criticality.

>

For the size calculation, consider a bare, homoge-
neous reactor in the one-group diffusion approxima-
tion. Let ¢(r) be the neutron flux, D the diffusion coef-
ficient, ¥, the macroscopic absorption cross-section,
> f the macroscopic fission cross-section, and v the
mean number of neutrons emitted per fission. The
geometrical dimensions appearing in the diffusion
boundary condition are extrapolated dimensions: the
flux is taken to vanish a small extrapolation distance
6 outside the physical surface.

SOLUTION:

The neutron life cycle in a finite reactor contains the
following basic processes.

1. A neutron is absorbed in a fissile nucleus and
produces fission. If v neutrons are emitted per
fission, this is the principal neutron-production
process.

2. Some fast neutrons produce additional fissions
before slowing down. This increases the neu-
tron population by the fast-fission factor e.

3. Elastic and inelastic scattering reduce neutron
energies. In a thermal reactor, moderation car-
ries the neutrons from fission energies to ther-
mal energies, where the fission probability of
fuels such as 23°U is large.

4. During slowing down, some neutrons undergo
non-fission capture, particularly in resonance-
energy regions. The resonance escape probabil-
ity p is the fraction that reaches thermal energy
without such absorption.
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5. Thermal neutrons may be absorbed in the fuel,
moderator, coolant, structural material, control
material, or fission products. The thermal uti-
lization factor f is the fraction of all thermal-
neutron absorptions that occur in the fuel.

6. Absorption in the fuel may cause either fission
or radiative capture. The reproduction factor n
is the number of fission neutrons produced per
thermal neutron absorbed in the fuel.

7. Since the reactor has finite dimensions, fast
and thermal neutrons may escape through its
boundary. If P¢ and P; are the fast and thermal
non-leakage probabilities, respectively, leakage
reduces the multiplication factor.

For a thermal reactor, these processes are summarized
by the six-factor formula

ket =nep f Prh.

The first four factors give the infinite-medium multi-
plication factor,

keo = nepf,

whereas P¢P; < 1accounts for leakage from a finite re-
actor. A self-sustained steady chain reaction requires

I]eprfPt =1.

Delayed neutrons do not appreciably alter the static
critical-size condition, but they are essential for the
controllable time-dependent response of a reactor
near criticality.

In one-group diffusion theory, the neutron balance
eigenvalue equation is

VE f
ket

~DV2p + 30 = —¢.

At exact criticality, kegr = 1, and hence
—DV2$ + 3, = v3s9.
Therefore,

vEf =3
=5

5

V2 +Bhp =0, B

where B2 is the material buckling. It measures the ex-
cess neutron production available to compensate leak-
age.

For a reactor of a specified shape, the fundamental
spatial mode satisfies

V2$ + Big = 0,

with zero flux at the extrapolated boundary. Here Bg
is the geometrical buckling, which measures leakage
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imposed by the size and shape. The criticality condi-
tion is consequently

B: =B, |

For a fixed material, a smaller reactor has larger Bé
and hence excessive leakage, whereas a larger reactor
has smaller Bﬁ.

For the common reactor geometries, the critical di-
mensions follow as below.

1. For a slab of physical thickness T, infinite in the
other two directions, let

T, =T+ 26

be its extrapolated thickness. The fundamental
flux is proportional to

. (nx)
sin| = |,
T,

and therefore

T,=2, |T.=Z -2
By, By

2. For a rectangular parallelepiped having physi-
cal side lengths a, b, and c, define

a, = a+ 26, b, =b+ 26, c =c+26.

Separation of variables gives the fundamental

mode
¢ o sin (n_x) sin (Q}) sin (”—Z> R
ae be Ce

so that

The critical dimensions satisfy

B2 znz[ t , 1 1 ]
" (@+28)?2 (B+25?2 (c+28?2]]

For a cube of physical side L,

Bz _ 371'2 _ \/577.'
5 (L+28)% B,

3. For a finite right circular cylinder of physical
radius R and height H, take

R, =R+, H, = H + 26.
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The fundamental radial solution is
Jo(2.4057/R,), since 2.405 is the first pos-
itive zero of J,. Including the axial mode

giVeS
( . ) < )
RE I_Ie I

Thus its critical dimensions obey

2 2
B%:(2.405> +< T ) .
R+6 H+26
A unique pair (R, H,.) is obtained only after

specifying the cylinder’s aspect ratio or one of
its dimensions.

4. For a sphere of physical radius R, let
R, =R+4.

The finite spherically symmetric solution is

sin(Bgr)
$(r) = C——

Regularity at r = 0 selects this solution, and
the extrapolated boundary condition ¢(R,) = 0

gives
BgR, = .
Hence
7\ T
B = (—) . Re=-—,
£ AR, By
and the physical critical radius is
b3
R =—-6|
C Bm

Since By, and By both have the dimension of inverse
length, their equality consistently determines a criti-
cal length. The relations also show the expected phys-
ical limit: increasing a reactor dimension decreases
Bg, reduces neutron leakage, and moves the reactor
toward supercriticality; decreasing the dimension in-
creases leakage and moves it toward subcriticality.

CONCLUSION:

A self-sustained nuclear reactor is critical when

p=0|

so that neutron production exactly balances absorp-
tion and outward leakage. In life-cycle notation this

is
nepfPrP =1\

In the bare, homogeneous, one-group diffusion model,
the equivalent critical-size condition is

kegr =1},

Bz :B2 _ VZf—Za
g m D

12/17

where B, and By, have units of inverse length.

Using extrapolated dimensions, the geometrical buck-
lings are

(E) , slab,
T,
8 (iz + iz + c2> rectangular parallelepiped,
Bé = J ae e e
( 5) (l> finite cylinder,
H,
(Re) R sphere.
Accordingly,
T, =2 —25
B
L=T s
By
T
Resphere = =— — 0
c,sphere Bm

while the critical radius and height of a finite cylinder

satisfy
< 2.405 )2 +< ™ )2 g
R, +6 H, +26 "

These results apply within diffusion theory to a
bare homogeneous reactor; reflectors, heterogeneous
cores, multigroup effects, and anisotropic leakage re-
quire the corresponding modified boundary condi-
tions and neutron-balance equations.

CSE - 2025 -

Q7. The total binding energies of ;°0, ;O
and 7O are 111 - 96 MeV, 127 - 62 MeV and
131 - 76 MeV respectively. Determine the en-
ergy gap between 1p,,, and 1ds;;, neutron
shells for the nuclide whose mass number is
close to 16.

15 MARKS

INTRODUCTION:

The proton number is fixed at Z = 8, while the neu-
tron numbers of the three isotopes are

N®0) =7, N(10) = 8, N(70) =o.
In the independent-particle shell model, °0 is a dou-
bly magic closed-shell nucleus. Its highest occupied
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neutron orbit is 1p;/;, whereas the next neutron
added to form 70 occupies the 1ds /, orbit.

Let B(A) denote the positive total binding energy of
40. The one-neutron separation energy is

S,(A) = B(A) — B(A - 1).

Neglecting changes in the mean nuclear field and
residual-particle correlations among the three neigh-
bouring isotopes, S,(1°0) gives the binding of a neu-
tron in the last occupied 1p; /, orbit, while s,(170)
gives the binding of the added neutron in the 1ds/,
orbit.

Single-particle energies are measured relative to the
neutron-emission threshold, so bound-state energies
are negative:

6ngj = —Sn.

The required shell gap is therefore
AE = e(1ds/3) — e(1py /2)-

SOLUTION:
The energy required to remove the eighth neutron
from 10, leaving 150, is
5,(1%0) = B(*%0) - B(*0)
= 127.62 MeV — 111.96 MeV
= 15.66 MeV.

Thus, in the shell-model approximation,

e(1py/2) = —15.66 MeV.

Similarly, the energy required to remove the ninth
neutron from 170, leaving the closed-shell 160 core,

Y 5(70) = B70)- B(Y0)

= 131.76 MeV — 127.62 MeV
= 4.14 MeV.
Hence,

6(1d5/2) =~ —4.14 MeV.

The separation between the two single-neutron levels
is consequently

AE = e(1ds5/5) — €(1py/2)
= (~4.14) — (~15.66) MeV
=11.52 MeV.

Equivalently,
AE = S,(1%0) - 5,(170) = 2B(**0) — B(*>0) — B(*70).

The positive value is physically consistent: the occu-
pied 1p;/, neutron is more deeply bound than the
1ds /, neutron lying above the N = 8 shell closure.

Sample Preview - Complete files can be purchased from abhi-physics.com

CONCLUSION:

The neutron-shell energy gap near mass number A =
16 is

AE = 6(1d5/2) — 6(1p1/2) =11.52 MeV |

Thus the 1d5/, neutron level lies approximately
11.52 MeV above the 1p; /, level. This inference as-
sumes that the neighbouring oxygen isotopes can be
described as one-neutron particle or hole states about
the closed-shell 1°0 core, with changes of the mean
field and residual correlation energies neglected.

CSE + 2025 + 15 MARKS

Q8. What is the minimum energy required
to break a ;He nucleus into free protons and
neutrons? [ Given, my = 1 - 007825 amu,
m, = 1-008665 amu, m, = 0 - 00055 amu and
My, = 4 - 002603 amu ]

INTRODUCTION:

The 3He nucleus contains two protons and two neu-
trons. The minimum energy required to separate it
into free nucleons is its nuclear binding energy. It is
obtained from the mass defect,

Am = (zmp + zmn) — MiKe nucleus>
using Einstein’s mass—energy relation,
Emin = Amc?.

The tabulated masses myy and myy, are atomic masses.
Hence

My = my — M, MiHe nucleus = MHe — 2Me»

where the negligible atomic electron binding energies
are ignored.

SOLUTION:
Substituting the nuclear masses into the mass-defect
expression gives
Am = 2(myg — m,) + 2m,, — (Mge — 2m,)
= 2my + 2my, — Myge.
Thus the electron masses cancel, as expected because

both sides contain two electrons when atomic masses
are used consistently.

Numerically,
Am = [2(1.007825) + 2(1.008665) — 4.002603] amu

=[2.015650 + 2.017330 — 4.002603] amu
= 0.030377 amu.
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Using
1amuc? = 931.5 MeV,

the required energy is

Epmin = (0.030377 amu)(931.5 MeV /amu)
= 28.30 MeV.

Equivalently, since 1 MeV = 1.602 x 10713 ],

Emin = (28.30)(1.602 x 10713) J
~453%x10712].

The positive mass defect confirms that energy must
be supplied to overcome the binding of the nucleons.
This value also corresponds to an average binding en-

ergy of

2830 7.07 Mev

per nucleon, consistent with the strong binding of the
“He nucleus.
CONCLUSION:

The minimum energy required to break one ‘ZlHe nu-
cleus completely into two free protons and two free
neutrons is

Eoin = 28.3 MeV = 453 x 10712 ]|

This is the total binding energy of the jHe nucleus and
is the threshold energy, neglecting recoil and atomic
electron-binding corrections.

CSE - 2025 - 15 MARKS

Q9. Consider a uranium nucleus (,,U*°)
breaking up spontaneously into two equal
parts. Estimate the reduction of electrostatic
energy of the nucleus considering uniform
charge distribution. [ Assume that nuclear
radiusis 1-2x 1072 A3 cm |

INTRODUCTION:

The electrostatic self-energy of a uniformly charged
spherical nucleus of charge Q = Ze and radius R is

3 1 Q°
Fo=2—x
5 47T€0 R
We compare the self-energy of the original spherical
nucleus with the sum of the self-energies of two equal
spherical fragments after they are sufficiently sepa-
rated that their mutual electrostatic interaction is neg-

ligible.

14/17

For the parent nucleus,

A = 236, Z =92, Q = 92e.

Equal division, with the proton-to-nucleon ratio un-
changed, gives

236 92
Ap="2=118, Zf=2=-=
F=7 P77
so charge and nucleon number are conserved. Writ-
ing the parent and fragment radii as R and Ry, respec-
tively, the given radius law implies

/

46,

R=rAY3,

where
ro=12x10"%cm = 1.2 fm.

SOLUTION:

The radius of the original uranium nucleus is

R = (1.2 fm)(236)'/3.

Since
2361/3 ~ 6.18,
we obtain
R =(1.2)(6.18) fm = 7.42 fm.
Using
¢?
—— = 1.44MeV fm,
47'[80

the electrostatic self-energy of the parent nucleus is

0 _3_1 Z%e?

5 47[60 R
Therefore,

@  3(92)%(1.44 MeV fm)
Ec =< .
5 7.42 fm

Numerically,

50 _ 0.6 x 8464 x 1.44
7.42

MeV = 9.86 x 102 MeV.

Each fragment has charge Ze/2 and radius R/2'/3. Its
self-energy is

51 @y
Cf = 54mey R/21/3 ’

The total self-energy of both fragments is conse-

quently

B = 2k

3 1 Z%*%/4
5 4rmey R/21/3
31 Zzez 2_2/3

5 47'[6'0 R
= g9 3213,
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Since
272/3 ~ 0.630,

the final electrostatic self-energy is

EY) = (9.86 x 102)(0.630) MeV = 6.21 x 102 MeV.

Hence the reduction in electrostatic energy is
AEe = B — B
=0 (1-272)
= (9.86 x 10%)(1 — 0.630) MeV
= 3.65 x 10> MeV.
In SI units,
AEc = (3.65 x 10%)(1.602 x 10713) ] =~ 5.85 x 10711 J.

The positive value is physically consistent: division
spreads the same total charge over two separated
nuclei, thereby lowering the total electrostatic self-
energy.

CONCLUSION:

For uniform spherical charge distributions, the spon-
taneous equal division

236 118 118
03 U— 46 X +46 X

reduces the electrostatic self-energy by

’ AEc = 3.65 x 10° MeV‘

or equivalently

‘AEC ~5.85%x10711] ‘

Thus approximately 365 MeV of electrostatic energy
is released in the direction of fragment separation, un-
der the assumptions of equal charge division, spher-
ical uniform-charge fragments, unchanged nuclear
density, and negligible mutual Coulomb interaction
in the final sufficiently separated state.

CSE - 2025 - 10+10=20 MARKS

Q10. State the basic assumption of single-
particle shell model. How do the centrifugal
and spin-orbit terms remove the degeneracy
of three-dimensional spherical harmonic os-
cillator?

INTRODUCTION:

The single-particle shell model assumes that, to a
good approximation, each nucleon moves indepen-
dently in a time-independent average potential pro-
duced by all the other nucleons. The complicated

Sample Preview - Complete files can be purchased from abhi-physics.com

residual two-nucleon interactions are replaced at lead-
ing order by a common, spherically symmetric mean
field. The Pauli exclusion principle is imposed sepa-
rately on protons and neutrons, and the residual inter-
action is treated as a comparatively small correction.

For a nucleon of mass m, the single-particle Hamilto-
nian may be written as

pZ

H=—
2m

+ V(@) +Vi(r)l-s.

For the ideal three-dimensional isotropic harmonic os-
cillator,

V(r) = %mwzr2
EY = (N + %) ho
N =2n, +1

where n, = 0,1,2,... is the radial quantum number
and [ is the orbital angular-momentum quantum num-
ber. Thus all states having the same oscillator quan-
tum number N, but different allowed values

I=N,N-2,...,

have the same energy. Including spin, a major oscil-
lator shell has degeneracy

gy =2 @2 +1)=(N+1N +2).
1

The centrifugal contribution is examined in the radial
equation, while the spin-orbit interaction is evaluated
in the coupled basis

j=1+s, s=

DN | =

SOLUTION:

For a central potential, write the wavefunction as

Uy (r)
r

Yijm(¥, 0).

Yl im (r,0) =
The radial Schrédinger equation is

K2 42
—— V() +
2m dr? ®) 2mr

Al +1
( 2 ) Uni(r) = Epjtiy(r).

Hence the effective radial potential is

R + 1)
Verr(r) = V() + Vee(r), Ve(r) = PSR
2mr
The centrifugal barrier vanishes for I = 0 and in-

creases with [(I + 1). Consequently, states with dif-
ferent [ experience different effective radial potentials
and have different radial distributions. In a general
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nuclear mean field this makes the energy depend sep-
arately on n, and [:

En,l * En,l’ for [+ l',

even when 2n, +1 = 2n/ +1I’. The accidental degen-
eracy between different [-values within one oscillator
shell is therefore removed.

There is an important qualification. The centrifugal
term is already present in the exact radial solution of
the isotropic harmonic oscillator. For the special po-
tential V(r) = mw?r?/2, its I-dependence is exactly
compensated by the radial excitation energy, giving
Er(z(,)l) = (Zn, +1+ %)hw = (N+ g)hw.

Thus the centrifugal barrier by itself does not split an
exact isotropic oscillator shell. The [-splitting arises
when the oscillator is replaced by, or corrected to-
ward, a realistic finite-depth nuclear mean field. It is
often represented phenomenologically within a major
shell by an [-dependent term such as

AH; = D12,

where the coefficient D, including its sign, depends
on the chosen mean-field parametrization. Its eigen-
value is

AE; = DR?I(I + 1),

so states with different ! are no longer degenerate.
Equivalently, the centrifugal barrier in the radial
equation supplies the physical origin of the sensitiv-
ity to I, while the non-oscillator form of the central
potential prevents the exact oscillator cancellation.

The remaining degeneracy between the two possible
orientations of spin relative to the orbital angular mo-
mentum is removed by the spin-orbit interaction. Let

Hs = Vii(r)1-s.

Using
PP=A+s)2 =1 +s+21-s,

one obtains
l-s= l(jz—lz—sz).
2
Therefore, in a state labelled by [, j,
hZ
(1-s) = ?[j(j+ D-Il+1)—s(s+1)].

For anucleon, s = %, so s(s+1) = 3/4, and the allowed
total angular momenta are

j=l+l and
2
. 1
Forj=1+ =,

G+ 0= (D) (14 2) =014 2,

16/17

and hence )
hel
L 8)jmtrrye = =
Forj=1- %,
1 1 1
i(+1) = z--)(l+-):l2—-,
G+D < 2 2 1
which gives
R +1)
(1'S>j:1—1/2 T,

If the radial dependence is replaced by its expectation
value in the orbit,

Cnl = <Vls(r)>nl >
the first-order shifts are

1 hl
AE, (l+ —) =Cy—,
Is 2 nl 2

and )
1 he(l+1)
Ais (l_ 5) T

The separation between the two spin-orbit partners is
consequently

hZ
EI+1/2 - E1—1/2 = Cnl?(ZI +1).

Thus the magnitude of the splitting increases approx-
imately with 2/ + 1.

In nuclei the effective spin-orbit coupling has the sign
for which the aligned state

1
j=1+=
/ 2
lies below the anti-aligned state

1
j=1—-—.
J 2
With the convention used above, this corresponds to
Cy < 0. Each I-multiplet, originally containing

2021 + 1)

states including spin, is divided into two levels:

j:l+%, 2j+1=2l+2,
and .
j=1-=,  2j+1=2L
J 5 J
Their total number of magnetic substates is con-
served:
@l+2)+ @) =22l+1).
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For [ =0, only j = 1/2 exists and
l1-s=0,

so there is no spin-orbit splitting of an s-orbit.
CONCLUSION:

The basic shell-model assumption is that every pro-
ton or neutron moves approximately independently
in a common, spherically symmetric mean field gen-
erated by all the other nucleons, with the Pauli princi-
ple enforced and residual interactions treated as cor-
rections.

The ideal three-dimensional harmonic oscillator has
energies

EQ = <N+ %)hw N =2n +1,

so different I-orbits belonging to the same N-shell are
accidentally degenerate. The centrifugal barrier

K231 + 1)

2mr?

makes different [-states experience different effective
radial potentials. In an exact harmonic oscillator its

Sample Preview - Complete files can be purchased from abhi-physics.com

effect is cancelled in the total energy, but in a realis-
tic non-oscillator nuclear mean field this cancellation
is lost, producing an /-dependent splitting.

The spin-orbit interaction further divides every [ # 0
orbit into the partners

j:l+% and j=1-1,

2
with

K2l 1
7> ]:l+§a

1-s)=
Eo=1 0y 1
LA
2 2

For the nuclear sign of the coupling, the aligned j =
I+ % level is lower, and the splitting has magnitude

hZ
Ep1/2— Ezfl/z‘ = |Cul ?(Zl +1).

The combined [-dependent central-field effect and
strong spin-orbit splitting destroy the large oscillator
degeneracy and generate the observed nuclear single-
particle shell structure.
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Question Index
No. Question Marks

Year

Exam Page

1 What are the different methods used to increase the probability of exposure for 5
the atomic planes with right orientation to X-rays in the X-rays diffraction
studies?

2 Explain the principle and working of the Laue’s diffraction method. Comment on 15
the origin of Laue spots and the utility of Laue’s diffraction pattern.

3 What is X-ray diffraction? How is an XRD pattern used to determine the crystal 15
structure of the material?

4 In powder diffraction method pattern for lead with radiation of wavelength 10
A =1-54 A, the (220) Bragg reflection angle is § = 32°. Find the radius of the
atom.

5 Find the radius of the interstitial sphere which can just fit into the void at the 10
body centre of the fcc structure coordinated by the facial atoms.

6 (i) Explain the Bravais lattice and non-Bravais lattice with suitable diagram. (i) ~ 10+5+
Draw the (100), (1 10) and (1 1 1) planes in a cubic unit cell. (iii) Obtain the 5=20
Miller indices of a plane with intercepts a, b/2, 3¢ in a simple cubic unit cell.

7 The spacing between successive (100) planes in sodium chloride is 1- 41 A. 10
X-rays incident on the surface of the crystal are found to give rise to second
order Bragg reflections at a glancing angle 10°. Calculate the wavelength of
X-ray radiations.

8 Consider the planes with indices (1 0 0) and (0 0 1); the lattice is f.c.c., and the 8
indices refer to the conventional cubic cell. What are the indices of these planes
when referred to the primitive axes : 4, = 2(X + 9), d, = 2(y + £) and
. o 2 2
a; = E(Z +x)?

9 Derive diffraction conditions using reciprocal lattice concept. What are these 10
conditions known as ?

10  Draw the crystal structure of CaF, indicating the positions of cations and anions. 10
What are their respective coordination numbers?
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Q1. What are the different methods used
to increase the probability of exposure for
the atomic planes with right orientation to
X-rays in the X-rays diffraction studies?

INTRODUCTION:

For diffraction from a set of parallel atomic planes of
spacing d, the incident X-rays must satisfy Bragg’s
condition

2d sinf = nA,

where 0 is the glancing angle between the incident
beam and the atomic planes, A is the X-ray wave-
length, and n is the order of diffraction. Thus, for fixed
d and A, diffraction occurs only when the plane nor-
mal has the required orientation relative to the inci-
dent beam. The probability of meeting this condition
can be increased by varying the wavelength, varying
the crystal orientation, or simultaneously providing
many randomly oriented crystallites.

SOLUTION:
The principal experimental methods are as follows.
1. Laue method: variation of wavelength

A stationary single crystal is exposed to a col-
limated beam of polychromatic, or “white,” X-
rays containing a continuous range of wave-
lengths. The orientations and spacings of the
atomic planes remain fixed, but for a suitably
oriented plane there is a greater probability that
the incident spectrum contains a wavelength

_ 2dsin6
T oon

A

which satisfies Bragg’s law.

The diffraction spots may be recorded in trans-
mission geometry, with the detector behind the
crystal, or in back-reflection geometry, with
the detector on the incident-beam side. This
method is especially useful for determining
crystal symmetry and orientation.

2. Rotating-crystal or oscillation method: variation
of crystal orientation

A single crystal is irradiated with monochro-
matic X-rays and rotated continuously, or os-
cillated through a limited angular range, about
a chosen axis. As the crystal turns, the angle 8
made by each family of atomic planes with the
incident beam changes. Different planes conse-
quently pass through the required Bragg orien-

tation 1
0 =sin ! ( n_) .
2d
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Whenever a reciprocal-lattice point intersects
the Ewald sphere, the corresponding reflected
beam is recorded. Related procedures, such as
the precession method, vary the crystal orienta-
tion in a controlled manner so that a larger and
more conveniently arranged set of reflections is
obtained.

3. Powder or Debye-Scherrer method: use of many
random orientations

A finely powdered specimen contains a very
large number of small crystallites whose orien-
tations are approximately random. For any fam-
ily of planes with spacing d, some crystallites
will statistically have those planes at the Bragg
angle 0 to the incident monochromatic beam.
Their diffracted rays have the same scattering
angle 20 and form a cone about the incident-
beam direction. A film or position-sensitive de-
tector intercepts this cone as rings or arcs.

The method therefore supplies the required ori-
entations simultaneously without mechanically
aligning a single crystal. It is particularly suit-
able for phase identification and determination
of interplanar spacings.

These approaches correspond to the three quantities
that can be diversified in Bragg’s condition: A is var-
ied in the Laue method, 0 is varied in rotating or
oscillating-crystal methods, and a large statistical dis-
tribution of 6 is supplied by the powder method. A re-
flection is possible only when nA < 2d, since sin6 < 1.

CONCLUSION:

The probability of exposing atomic planes in the cor-
rect orientation is increased by:

1. using a stationary single crystal and many X-
ray wavelengths in the Laue method;

2. rotating, oscillating, or precessing a single crys-
tal in a monochromatic beam so that its plane
normals successively acquire the required direc-
tion; and

3. using a powder containing numerous randomly
oriented crystallites, some of which automati-
cally have the required plane orientation.

In every case, the selected planes must be oriented at
the Bragg glancing angle

0= sinfl(%>

to the incident X-ray direction, equivalently with
their normal making the angle 90° — 6 with that di-
rection.
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Q2. Explain the principle and working of
the Laue’s diffraction method. Comment on
the origin of Laue spots and the utility of
Laue’s diffraction pattern.

INTRODUCTION:

Laue’s method is an X-ray diffraction method in
which a stationary single crystal is irradiated by a nar-
row beam of polychromatic, or “white,” X-rays. Its
principle is the coherent elastic scattering of X-rays
by the periodically arranged atoms of the crystal. Al-
though the orientation of the crystal is fixed, the con-
tinuous range of wavelengths allows different sets of
lattice planes to satisfy the diffraction condition simul-
taneously.

Let the primitive translation vectors of the crystal be
a, b, c. Let kj and k denote the incident and diffracted
wave vectors, respectively, with

21
ky| = k| = =,
ol = k| =

because X-ray diffraction is treated as elastic scatter-
ing. The scattering vector is

q:k—ko.

Constructive interference occurs when q is a
reciprocal-lattice vector. The incident-beam direction
is taken as fixed, and the direction of each diffracted
beam is determined by the corresponding reciprocal-
lattice point and the wavelength selected from the
incident spectrum.

SOLUTION:

Consider identical scatterers situated at lattice points

R = ua +vb + wc, u,v,weZ.

The phase difference between waves scattered from
lattice points separated by R is

Ap=(k—ky)-R=q-R.

For constructive interference from the entire crystal,
this phase difference must be an integral multiple of
2z for every lattice translation. It is therefore suffi-
cient and necessary that

q-a=2rh, q-b =27k, q-c =27l

where h,k,[ are integers. These are the three Laue
diffraction equations. Equivalently,

[k ko = G

Gy = ha* + kb* + Ic*

where
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is a reciprocal-lattice vector, with the reciprocal basis
defined by

*

a*-a=2mr, a*-b=a"-c=0,

and corresponding cyclic relations for b* and ¢*.

If (@, By, o) are the angles made by the incident beam
with a, b, ¢, and («, f, y) are those made by a diffracted
beam, the Laue equations may also be written as

a(cosa — cosay) = hA,

b(cos f — cos fy) = kA,
c(cosy —cosyy) = IA
for an orthogonal lattice with edge lengths a, b, c.

The connection with Bragg’s law follows from elastic
scattering. Using

k = ko + Gy
and |k| = |kg|, one obtains
ko + Gpal® = [kol*,

so that
2Ky - G + [Gppl* = 0.

Since Gy, is normal to the corresponding family of
lattice planes, this geometrical condition reduces to

nA = 2dy sin@ |,

where dyy; is the interplanar spacing, 0 is the glancing
angle, and n is the diffraction order. Thus, the Laue
equations and Bragg’s law express the same condition
in vector and plane descriptions, respectively.

The experimental working is as follows:

1. A beam of white X-rays, containing a continu-
ous range of wavelengths, is produced by an X-
ray tube and made narrow and approximately
parallel by collimating slits.

2. A stationary single crystal is placed in the path
of the collimated beam. Its orientation remains
fixed throughout the exposure.

3. For a particular family of planes, dy; and 0 are
fixed because the crystal is stationary. From the
incident continuous spectrum, only the wave-

length

1= 2dyyy sin @

n

that lies within the available spectral range is
strongly diffracted.

4. Many differently oriented plane families can
select different wavelengths at the same time.
Consequently, several diffracted beams emerge
in different directions.
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5. A photographic film or a two-dimensional X-
ray detector records the intersections of these
diffracted beams with the detector surface. The
direct transmitted beam is normally intercepted
or identified separately.

Two commonly used arrangements are:

1. In the transmission Laue method, the de-
tector is placed behind the crystal, approxi-
mately normal to the incident beam. The
forward-diffracted rays produce spots around
the transmitted-beam position. This arrange-
ment is suitable especially for relatively thin
crystals.

2. In the back-reflection Laue method, the detec-
tor is placed on the incident-beam side of the
crystal, with an opening through which the pri-
mary beam passes. The detector records rays
diffracted through large angles. This arrange-
ment is useful for thick or strongly absorbing
specimens because the radiation need penetrate
only a limited depth.

Each observed Laue spot originates from constructive
interference associated with a reciprocal-lattice vec-
tor Gy, or equivalently with a particular set of lat-
tice planes. Since the crystal is not rotated, the spot
does not arise because a plane family is mechanically
brought into reflection position. Instead, that family
selects from the white spectrum the wavelength that
satisfies Bragg’s law. Thus different spots generally
correspond not only to different (hkl) plane families
but also to different wavelengths.

In reciprocal-space language, the incident wave vec-
tors of different magnitudes form a range of Ewald
spheres because |ky| = 277/A varies across the white
spectrum. A reflection occurs whenever one of these
spheres passes through a reciprocal-lattice point. The
direction of the corresponding diffracted wave vector
fixes the location of the spot on the detector.

The spots are discrete because the translational pe-
riodicity of a well-ordered crystal permits strong
diffraction only at reciprocal-lattice points. Their in-
tensities depend on the incident spectral intensity, po-
larization and geometrical factors, absorption, multi-
plicity, and especially the crystal structure factor

Fup = Z f] exp[zm (hxj + kyj + lzj)] ,
j

where f; and (xj, Vjs zj) are the atomic scattering fac-
tor and fractional coordinates of the j-th atom in the
unit cell. A geometrically allowed spot may therefore
be weak or absent when Fy; = 0.

The Laue pattern has the following principal uses:

1. Determination of crystal orientation: The posi-
tions of the spots identify the directions of crys-

Sample Preview - Complete files can be purchased from abhi-physics.com

tallographic axes relative to the incident beam.
The method is widely used to align single crys-
tals before cutting, polishing, or carrying out
other diffraction measurements.

2. Identification of symmetry: The symmetry of
the spot pattern about the incident-beam direc-
tion reveals the corresponding rotational and
mirror symmetry of the crystal orientation, sub-
ject to the diffraction symmetry and possible in-
tensity equivalences.

3. Testing whether a specimen is a single crystal:
A well-oriented single crystal produces an or-
derly array of sharp spots. Several differently
oriented crystals or grains produce superposed
sets of spots.

4. Assessment of crystal quality: Sharp, regular
spots indicate good long-range order. Split,
streaked, diffuse, broadened, or distorted spots
can reveal mosaic structure, strain, lattice de-
fects, bending, disorder, or imperfect crys-
tallinity.

5. Observation of orientation changes: Changes in
spot positions can be used to study crystal rota-
tion, deformation, recrystallization, and related
structural changes.

6. Rapid crystallographic identification: Compari-
son of the measured spot geometry with calcu-
lated or standard patterns helps identify crystal-
lographic directions and, in suitable cases, dis-
tinguish possible crystal symmetries.

Because each spot normally involves a different and
not always precisely known wavelength, an ordinary
Laue photograph is less convenient for accurate de-
termination of lattice constants or a complete crys-
tal structure than monochromatic rotating-crystal or
powder methods. Its chief strength is the rapid deter-
mination of orientation, symmetry, and crystal per-
fection.

CONCLUSION:

Laue’s method uses a stationary single crystal and a
collimated polychromatic X-ray beam. Diffraction oc-
curs in directions satisfying

[k ko = G

or, in direct-lattice form,

q-a=2rh, q-b=2xk, q-c=2xl|

For elastic scattering these conditions are equivalent

to
nA = 2dy; sin6 |

Each reciprocal-lattice point that can satisfy this con-
dition selects an appropriate wavelength, measured in
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units of length, from the white spectrum and sends a
diffracted beam in a definite direction. Its intersection
with the detector forms a Laue spot. The method is
valid when the specimen has sufficient crystalline or-
der, the scattering is predominantly elastic, and the re-
quired wavelength lies within the incident spectrum.
The positions, symmetry, sharpness, splitting, and in-
tensities of the spots provide rapid information about
crystal orientation, symmetry, single-crystal charac-
ter, strain, defects, and overall crystal quality.

CSE - 2025 - 15 MARKS

Q3. What is X-ray diffraction? How is an
XRD pattern used to determine the crystal
structure of the material?

INTRODUCTION:

X-ray diffraction (XRD) is the coherent elastic scatter-
ing of X-rays by the periodically arranged atoms of
a crystalline material. Since X-ray wavelengths, typi-
cally of order 1071% m, are comparable to interatomic
spacings, waves scattered from different lattice planes
interfere. Constructive interference produces diffrac-
tion peaks whose positions, intensities, and shapes
contain information about the crystal structure.

Consider monochromatic radiation of wavelength A
incident on a set of parallel lattice planes separated by
dpi1, where (hkl) are Miller indices. Let 0 be the glanc-
ing angle between the incident beam and the planes;
the angle between the incident and diffracted beams
is then 26. The discussion assumes a crystalline speci-
men, predominantly elastic and kinematic scattering,
and an accurately known wavelength and instrumen-
tal geometry.

SOLUTION:

For rays scattered by two successive lattice planes, the
extra distance travelled by the lower ray is

A = 2dyy sin 6.

Constructive interference requires this path differ-
ence to be an integral multiple of the wavelength:

2dp sin@ = nA |,

This is Bragg’s law. Higher-order diffraction may
equivalently be indexed as first-order diffraction from
another reciprocal-lattice plane, so XRD patterns are
ordinarily indexed using n = 1:

n=12,...

dpp) = ————.
Rkl = 5 sin Onki

An XRD pattern records diffracted intensity I as a
function of 20. In a powder specimen, the crystal-
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lites are randomly oriented; for every allowed family
of lattice planes, some crystallites satisfy Bragg’s con-
dition. Consequently, each plane family produces a

diffraction cone, detected as a peak at a definite value
of 26.

The crystal structure is determined from the pattern
as follows.

1. Determine the interplanar spacings from peak po-
sitions.

For every measured peak at 20, its Bragg angle
is 6, = (26;)/2, and

A

h 25in9i‘

i

Thus the peak positions give a set of experimen-
tal interplanar spacings. These spacings are
compared with the metric relations appropriate
to possible crystal systems. For an orthogonal
unit cell,

L 3 h2 N k2 N 12

2 o2 22

dgg a° b
where a, b, c are the lattice parameters. Impor-
tant special cases are

1 :h2+k2+12

cubic: — ,
dyi a’
1 h? +k* 12
tetragonal: — = —
diy a c
2 g2 g2
orthorhombic: Lz = h_z + k_z l_z
dig @ b ¢

For a cubic crystal, Bragg’s law gives
2 Moo 2
sin” Oy = — (h* +k“ +1°).

= 2o )

Hence the ratios of experimental sin” 0 values
must equal ratios of the allowed integers h? +
k? + I2. Matching these ratios assigns Miller
indices to the peaks and determines the lattice
constant through

2 sin Gy

A consistent value of a from several indepen-
dently indexed peaks is an important test of the
proposed indexing.

2. Identify the Bravais lattice from systematic ab-
sences.

Not every geometrically possible reflection has
nonzero intensity. Translational symmetry
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causes characteristic reflection conditions. For
conventional cubic lattices,

Allowed reflections
all integral h, k, 1,
h+k+1even,
h,k,[ all even or all odd.

Bravais lattice ‘
primitive cubic (P)
body-centred cubic (I)
face-centred cubic (F)

These conditions follow from the lattice struc-
ture factor. For identical atoms with atomic
scattering factor f,

Py = Z fezm(hx}-Jrkyszj),
J

where (x;, yj,zj) are fractional atomic coordi-
nates.

For example, a body-centred lattice has atoms

at (0,0,0) and (l 11

51303 5O

Py = f [1 + ein(h+k+l)] )

Therefore Fp; = 2f when h + k + [ is even, but
Fuiy = 0 when it is odd. The missing odd-sum
reflections consequently identify body centring.
Analogous systematic absences distinguish face
centring and other translational symmetries.

3. Determine the atomic basis from relative intensi-
ties.

The integrated intensity of a reflection is, in
simplified form,
2 —2M
Tnkt o mpgi Lkt Pkt |l ™ €=,

where myy; is the multiplicity, Ly Ppy repre-
sents geometrical and polarization corrections,
and e ?Mwi is the thermal factor. For a basis
containing different atoms,

Fyy = Z fjeZHi(hxijkijrlzj) i
J

The factors f; depend on the atomic species
and scattering angle. Because the measured
intensity is governed by |Fyl®, different ar-
rangements of atoms within the same unit cell
produce different relative peak intensities even
when their peak positions are identical. Trial
structural models are therefore used to calcu-
late intensities, which are compared with the
observed values to infer the atomic species,
fractional coordinates, site occupancies, and
thermal displacements.

4. Refine and validate the structural model.

After determining a probable crystal sys-
tem, Bravais lattice, unit-cell dimensions, and
atomic basis, a calculated complete pattern is
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fitted to the observed pattern. In Rietveld re-
finement, structural and profile parameters are
varied simultaneously to minimize a weighted
residual such as

S = ZWZ [IiObS _ Iicalc]z_
i

Agreement must extend over the entire pattern:
peak positions test the unit-cell metric, system-
atic absences test lattice symmetry, relative in-
tensities test the atomic basis, and peak pro-
files provide information about crystallite size,
microstrain, defects, and instrumental broaden-
ing. Unindexed peaks may indicate an incorrect
model or the presence of additional crystalline
phases.

The diffraction condition also has a reciprocal-
space interpretation. If ky and k are the inci-
dent and elastically scattered wavevectors, with

21
kol = k| = =,
kol = [K| 1

then diffraction occurs when the scattering vec-
tor equals a reciprocal-lattice vector:

This form makes clear that peak positions deter-
mine the reciprocal lattice, whereas intensities
determine how atoms are distributed within the
corresponding real-space unit cell.

XRD has intrinsic limitations. Since an or-
dinary diffraction measurement records |Fy|*
rather than the phase of Fy;, atomic positions
cannot generally be obtained by direct inver-
sion without additional structural constraints
or phase-determination methods. Furthermore,
amorphous materials produce broad diffuse fea-
tures rather than a set of sharp Bragg peaks, and
preferred orientation, overlapping peaks, multi-
phase samples, and light elements can compli-
cate structure determination.

CONCLUSION:

X-ray diffraction is the coherent elastic scattering of
X-rays by a periodic crystal lattice, with diffraction
maxima satisfying

)

An XRD pattern determines crystal structure through
complementary information: peak positions yield
dpp, lattice parameters, and the crystal system; sys-
tematic absences identify translational symmetry and
the Bravais lattice; relative integrated intensities,

through
Tkt o< | P |

determine the atomic basis; and whole-pattern re-
finement tests and improves the complete structural
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model. The inferred structure is reliable when one in-
dexed unit cell consistently accounts for the observed
peak positions, extinction rules, and corrected inten-
sities, subject to the assumptions of adequate crys-
tallinity, known wavelength, suitable diffraction ge-
ometry, and proper allowance for instrumental and
specimen effects.

CSE - 2025 - 10 MARKS

Q4. In powder diffraction method pattern
for lead with radiation of wavelength A =
1-54 A, the (220) Bragg reflection angle is
0 = 32°. Find the radius of the atom.

INTRODUCTION:

Lead crystallizes in the face-centred cubic (FCC) struc-
ture. We assume the conventional hard-sphere model
in which neighbouring atoms touch along a face diag-
onal. The indexed (220) powder line is taken as a first-
order Bragg reflection, and the given 0 is the Bragg
angle between the incident beam and the reflecting
lattice planes.

Let a be the cubic lattice parameter, dyy, the spacing
of the (220) planes, and R the atomic radius. Bragg’s
law and the interplanar-spacing relation for a cubic
crystal will be used to determine a, after which the
FCC contact geometry gives R.

SOLUTION:

For first-order diffraction, Bragg’s law is
A= 2d220 sin 6.

Hence,

dypy = —2—.
220 = 3 sin0

For a cubic crystal,

a
dpil = ————-
VR + k2 + 12
Therefore, for the (220) planes,

a a a

d220:— - - T —.

J22+22402 V&8 22

Substitution in Bragg’s law gives

in 6
A=2 L)sin@zasm ,
(zﬁ V2

so that

i)

sinf’
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In an FCC unit cell, atoms touch along a face diago-
nal. The face diagonal has length a2 and contains
four atomic radii:

4R = avV2.
Thus,
Ro®2_ a
4 242
Using the expression for a,
Ro L (N2 _ _ 2
~ 2J2 \sin@)  2sinf’

Equivalently, for FCC lead, R = dyy.

Substituting the given values,

_154A  154A 154A
2sin32°  2(0.5299)  1.0598

=~ 145 A.

In SI units,
R=~145x10"10 m,

The corresponding lattice parameter is
a=2J2R = 2J2(1.45 A) = 4.11 A,

which is physically consistent with an FCC metal hav-
ing an atomic diameter 2R ~ 2.90 A.
CONCLUSION:

The radius of a lead atom, treating FCC atoms as
touching hard spheres, is

R=~145A=145x10""m]|

CSE - 2025 - 10 MARKS

Q5. Find the radius of the interstitial sphere
which can just fit into the void at the body
centre of the fcc structure coordinated by the
facial atoms.

INTRODUCTION:

Let the radius of each atom forming the ideal face-
centred cubic structure be R, the cube-edge length be
a, and the radius of the interstitial sphere be r. The
atoms are treated as identical rigid spheres. In an fcc
structure, neighbouring atoms touch along each face
diagonal.

The void at the body centre is surrounded by the six
face-centred atoms, one on each face of the cube, and
is therefore an octahedral void of coordination num-
ber 6. Taking the body centre and a face centre on a
common Cartesian axis, the distance between them is
a/2. For a sphere that just fits into the void, it must
touch each of these six atoms.
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SOLUTION:
The length of a face diagonal of the cubic unit cell is

\/az +a° = \Ea.

Along this diagonal, the two corner atoms and the in-
tervening face-centred atom are in contact. Hence the
face diagonal equals four atomic radii:

V2a=4R.

Therefore,
a=2R_y 3R
V2

The distance from the body centre,

(922)
2’2’ 2)°

to the centre of the atom on, for example, the face
x =0,
(o, g 5),
2 2

2
d= (9) +02+02 =2,
2 2

is

When the interstitial sphere just fits, it touches the
face-centred atom externally. Thus,

R+r=2.
2
UsingazZ\/ER,
R+r:@:x/§R,

so that

r=H2-1R.
Numerically,

% —J2-1=14142—1=~0414.

The corner atoms are farther from the body centre
than the facial atoms: their centre-to-centre distance
is

3

which exceeds R + r = +2R. Hence the six face-
centred atoms, rather than the corner atoms, deter-
mine the limiting size of the interstitial sphere.

CONCLUSION:

The body-centred void in an ideal fcc structure is
an octahedral void coordinated by six face-centred
atoms. The radius of the largest interstitial sphere
that can just fit into it is

r=(2-1)R=0414R|
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where R is the radius of an atom of the fcc lattice.
Thus, the interstitial sphere can have at most approx-
imately 41.4% of the host-atom radius.

IFoS - 2025 - 10+5+5=20 MARKS

Q6. (i) Explain the Bravais lattice and non-
Bravais lattice with suitable diagram. (ii)
Draw the (10 0), (1 10) and (1 1 1) planes
in a cubic unit cell. (iii) Obtain the Miller in-
dices of a plane with intercepts a, b/2, 3¢ in
a simple cubic unit cell.

INTRODUCTION:

A Bravais lattice is an infinite periodic array of ge-
ometrically equivalent points generated by integral
translations

R=n1a1 +n2a2+n3a3, ny, Ny, ng € Z,
where ag, a,, a3 are primitive translation vectors. Ev-
ery Bravais-lattice point therefore has the same sur-

roundings and can be carried into every other lattice
point by a lattice translation.

The expression “non-Bravais lattice” is convention-
ally used for a periodic atomic arrangement whose
sites cannot all be generated from one site by trans-
lations alone. More precisely, it is a crystal structure
consisting of a Bravais lattice supplied with a basis of
two or more inequivalent sites.

For the crystallographic parts, take a right-handed
Cartesian frame with the origin at a corner of the unit
cell and the positive x, y, and z axes along the crystal-
lographic axes of lengths a, b, and c, respectively. A
plane with intercepts pa, gb, and rc has Miller indices

proportional to
(l 1 l)
p’ q’ r 3

after clearing fractions and reducing to the smallest
relatively prime integers. An infinite intercept has re-
ciprocal zero. For the cubic cell in part (i), a = b = c,
and the plane (hkl) may be represented by

hx +k3—/ +12 =1
a a a

SOLUTION:

(i) For a Bravais lattice, translation by any lattice
vector R leaves the complete array invariant.
Thus, if R; and R, are any two lattice points,
then
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(ii)

10/15

is a lattice translation, and the local environ-
ment at R is identical to that at R, with the
same orientation.

A square array containing one identical point
per primitive cell is a two-dimensional exam-

ple:

R:n1a1 +n2a2, niy,ny eZ.

In contrast, suppose every square Bravais-
lattice point carries a two-site basis

a +a2

g = ——,

T =0, >

where A and B denote inequivalent atoms or
sites. The positions are then

s =R, + 1, s=A,B.

The translations R, carry A sites into A sites
and B sites into B sites, but no lattice translation
interchanges inequivalent A and B sites. Hence
the complete atomic arrangement is not itself a
one-point Bravais lattice, although its transla-
tional skeleton is Bravais.

The upper panels of the following diagram illus-
trate these two cases. The lower panels show
the requested planes in one cubic unit cell.

Tvo-sije basjs ¢
0O O o o
- - -0 . ° ° Lo
a, ! 10,0 O O
e

e o o
a; A

o [pavaiglattiee o °

(100) (110) (111)

In a cubic unit cell, the representative plane
(hkl) cuts the axes at

a a

SR VTR

a
227,

with a zero index indicating that the plane is
parallel to the corresponding axis.

For the three specified planes:

(100) : =1 = «x=a.

a

It is the face perpendicular to the positive x-axis
and parallel to the yz-plane. Its intercepts are

(a, 00, ).

(110) : +X=1 = x+y=a
a

(i)

It cuts the positive x- and y-axes at a and is par-
allel to the z-axis. Its intercepts are (a, a, ©).

X z
_+X+_ =1
a a a

(111) : = x+tyt+z=a

It cuts all three positive axes at a, so the por-
tion inside the unit cell is the triangle joining
(a,0,0), (0,a,0), and (0,0,a).

In a cubic crystal, the normal to a plane (hkl) is
parallel to the crystallographic direction [hkI].
Thus the normals to these planes point along
[100], [110], and [111], respectively.

The given intercepts are

X =a, s z = 3c.

_b
Y72

Measured in units of the corresponding axial
lattice constants, the intercepts are

(113)
2
Taking their reciprocals gives
(121)
3

Multiplication by the least common multiple 3
clears the fraction:

3(1,2, 1) ~(3,6,1).
3
Since 3, 6, and 1 have no common integral fac-

tor, these are already the smallest relatively
prime integers. Therefore the Miller indices are

o)

Equivalently, the plane equation obtained from
the intercept form is

or

Its coefficients are proportional to 3 : 6 : 1,
confirming the same indices.

CONCLUSION:

A Bravais lattice is generated by integral combina-
tions of primitive translations and has one translation-
ally equivalent class of lattice points. A periodic non-
Bravais arrangement requires a basis containing two
or more inequivalent sites attached to each Bravais-
lattice point.
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In the stated positive-axis convention, the cubic
planes are
(100) : x=a
(110) : x+y=a
(111) : x+y+z=a

with normals directed along [100], [110], and [111],
respectively. These relations assume a cubic cell with
mutually perpendicular axes and equal lattice param-
eter a.

For intercepts a, b/2, and 3c, the reciprocal-intercept
construction gives the dimensionless, relatively prime
Miller indices

(361) |.

CSE - 2024 - 10 MARKS

Q7. The spacing between successive (100)
planes in sodium chloride is 1 - 41 A. X-
rays incident on the surface of the crystal are
found to give rise to second order Bragg re-
flections at a glancing angle 10°. Calculate
the wavelength of X-ray radiations.

INTRODUCTION:

The wavelength is determined using Bragg’s law,
nA = 2dsin0,

where d is the spacing between successive reflecting
planes, n is the order of reflection, and 6 is the glanc-
ing angle between the incident X-ray beam and the
crystal planes. Here,

d=141A, n=2, 6 =10°,
with 1A =107 m.

SOLUTION:

Substituting the given values in Bragg’s law,

21 = 2(1.41A)sin 10°.

Hence,
A =1.41A xsin10°.
Using
sin 10° = 0.17365,
we obtain

A =(1.41)(0.17365) A = 0.24485 A.
Therefore, to three significant figures,

A =0.245A.
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In SI units,
A=0.245x10"%m = 2.45x 107 m.

The result also satisfies the Bragg-reflection condition
nA < 2d, since

21 =0.490A < 2d = 2.82A.

CONCLUSION:

The wavelength of the incident X-ray radiation is

A=0.245A =245x 10" m |

IFoS - 2024 - 8 MARKS

Q8. Consider the planes with indices (1 0 0)
and (0 0 1); the lattice is f.c.c., and the indices
refer to the conventional cubic cell. What are
the indices of these planes when referred to
the primitive axes: d;, = J(£+3), 4, = (§+2)
and a; = g(é + x)?

INTRODUCTION:

The task is to transform the Miller indices from the
conventional cubic basis

A

- ~ re - A

a = ax, b = ay, c=az

to the given primitive f.c.c. basis. Let a position vector
be written in primitive coordinates as

? = ulﬁl + uZ‘_jZ + u353.

The Miller indices of a plane are obtained from the
reciprocals of its intercepts on the chosen crystallo-
graphic axes, with the resulting triplet reduced to the
smallest integers. Equivalently, if a plane has conven-
tional indices (h k), its orientation is specified by the
covector

G= %”(hmkyuﬁ).

Its components with respect to the primitive recipro-
cal basis are determined by

SOLUTION:
For the given primitive vectors,

. a,. . L oa,. . L oa,. .
ap = 5(x+)/), ap = 5(y+z), as = 5(Z+x),
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the primitive reciprocal components of a conven-
tional plane (hk!) are

, _G-ai _ h+k
hlz = -,
2 2
é -
By = ap :k—i-l’
21 2
G-a
B, = as :l—i—h
21 2
Thus,
+k k+1 1+h
(hkl)cubic_’(T’T’T) N
primitive

For the (100) plane,

1 1
(loo)cubic - (_’0’_) Lo
2 2/primitive

Clearing the common denominator and reducing to
the smallest integers gives

(%,o, %) ~(101).

The same result follows directly from the plane equa-
tion. Since

L _a . . 5
r=s5 [(uy + u3)x + (ug +up)y + (uz + u3)z],
the representative cubic plane x = a becomes
a
E(ul +u3)=a = uj+u3=2

Its primitive-axis intercepts are (2, e, 2), whose recip-

rocals are
(1 0 1) ~(101)
2772 '

For the (00 1) plane,
11
(00 1)cubic - <0’ P _) P
22 primitive

Therefore,

(0,l l>~(011).

2°2
Indeed, the representative plane z = a gives
a
E(u2+u3)=a = Uy +tuz3=2,
so its primitive-axis intercepts are (eo, 2,2) and their
reciprocals yield the same indices.
CONCLUSION:

When referred to the given primitive axes, the plane
orientations are

(100)cupic = (10 1)primitive

(00 Deypic = (01 1)plrimitive -

12/15

For the particular representative planes x = a and
z = a, the unreduced reciprocal-intercept triplets are

respectively
and (O, 1 —);
22

(z03)
2 2
their conventional integer Miller-index forms are
(101)and (011).

CSE - 2023 - 10 MARKS

Q9. Derive diffraction conditions using re-
ciprocal lattice concept. What are these con-
ditions known as ?

INTRODUCTION:
Consider a crystal whose direct lattice is generated by
the primitive translation vectors

aj, ay, as,

so that every lattice point is at

R= nia; + npas + nsas, ng,no,ng € Z.

The reciprocal primitive vectors are defined, using the
27 convention, by

a; b i = 271'51]
Thus every reciprocal-lattice vector has the form

Gzhbl +kb2 +lb3, h,k,lEZ.

Let a monochromatic plane wave of wavelength A be
incident on the crystal with wave vector

2,
ki = TSi,

and let the elastically scattered wave have wave vec-
tor

kf = 7 Sf.
The scattering vector is taken to be
q-= kf — ki'

The required diffraction condition follows by demand-
ing constructive interference between waves scat-
tered from all translationally equivalent unit cells.

SOLUTION:
For an atom situated at r, the incident wave con-

tributes a phase factor

exp(ik; - r),
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whereas propagation of the scattered wave toward the
observation direction contributes

exp(—ikf . r).

Consequently, apart from the atomic scattering factor,
the amplitude from that atom contains

exp[—i(kf -k;)- r] = exp(—iq - r).

Let p,, denote the position of the y-th atom within a
unit cell. The position of the corresponding atom in
the cell translated by R is

ry,R =R+p,

The total scattered amplitude can therefore be written
in the form

AlQ =YY f@exp[-ig- R+ p,)].
R

Separating the unit-cell and lattice contributions
gives

AQ) = ) ful@e Pn Yy TR,
H R

7 — 7 —"
F(q) S(q)

where F(q) is the structure factor and S(q) is the lat-
tice sum.

For a crystal containing Nj, Ny, N3 cells along the
three primitive directions,

3

N-1
S@=]]| ) ¢
Jj=11n=0

Each factor is a geometric series:

N_ .
Zl min — g=iN-Dx/2 SDNX/2)
sin(x/2)

n=0

Its magnitude becomes of order N, rather than re-

maining bounded, when
X = 27mm, meZ.

Hence sharp diffraction maxima occur when

q-a; = 27h,

q-ay = 27k, q-a3 =27l

where h, k, [ are integers.

Expanding q in the reciprocal basis,
q-= xlbl + .X'zbz + .X'3b3,

and taking scalar products with the direct primitive
vectors gives

a; - q=271xy, ay - q = 271xy, az - q = 27x3.

Sample Preview - Complete files can be purchased from abhi-physics.com

Comparison with the constructive-interference condi-
tions yields

x1=h, Xzzk, .X'3=l.

Therefore,

kf—ki:q:Gzhbl +kb2+lb3‘

Thus diffraction occurs only when the momentum-
transfer wave vector is a reciprocal-lattice vector.

Equivalently, writing

27 2r ,
ki = 781', kf = TSf,

the three scalar conditions become

ay- (87— 8) =ha,

ay- (37— ) = kA,

as- (37— 8) = IA.

These are the three scalar forms of the diffraction con-
dition.

For elastic diffraction,
2r
gl = el = 2.
Since k f= k; + G, this requires
k; + G* = |k,

and hence
2k; G+ G? = 0.

Geometrically, the endpoint of ks must lie both on a
sphere of radius 277/, centred at the tail of k;, and at
a reciprocal-lattice point. This is the reciprocal-space
construction of the diffraction condition, commonly
called the Ewald-sphere construction.

The equivalence with Bragg’s law follows by associat-
ing G with a family of lattice planes normal to G. If
their spacing is d, then

21
G|l = —.
6=

Let 0 be the glancing angle between the incident beam
and these planes. For the reflecting orientation,

k; - G = —|k;||G|sin 6.
Substitution in
2k;-G+G? =0
gives

2|k;||G|sin 6 = G2.
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Using
21 27
k| = =, G| = —,
k=2 6=
one obtains

2dsinf = A.

If the momentum transfer is the n-th multiple of the
reciprocal vector corresponding to planes of spacing

d, the result is

which is Bragg’s law.

The lattice condition determines the allowed posi-
tions of diffraction maxima, while the structure fac-
tor F(G) determines their relative intensities and may
make some otherwise allowed reflections vanish.

CONCLUSION:

The reciprocal-lattice diffraction condition is

R

or, equivalently,

G=hb, +kby+Ibs, hkleZ,

‘al (kg - k) =21h, ay-(ky—k) =21k, a3 (ks - k) = 27l.

These are known as the Laue diffraction conditions or
Laue equations. For elastic scattering they are equiva-
lent to Bragg’s law,

Physically, a diffraction maximum is possible when
the scattering vector terminates at a reciprocal-lattice
point; its observable intensity is then governed by the
unit-cell structure factor.

IFoS - 2023 - 10 MARKS

Q10. Draw the crystal structure of CaF, in-
dicating the positions of cations and anions.
What are their respective coordination num-
bers?

INTRODUCTION:

CaF, crystallizes in the cubic fluorite structure. We
describe one conventional cubic unit cell of edge
length a, with Cartesian axes along its edges and the
origin at a corner. Fractional coordinates (x, y, z) de-
note the position

r=a(xx+yy+z2).

The Ca?" ions form a face-centred cubic lattice, while
the F~ ions occupy all the tetrahedral interstitial sites
of that lattice. The required coordination numbers fol-
low by identifying the nearest neighbours of each ion.

14/15

SOLUTION:

The Ca*" ions occupy the corners and face centres of
the conventional cubic cell. Representative fractional
coordinates are

(0,1,1>, (1,0,1>, (1,1,0>,
2 2 2 2 2 2

together with lattice-equivalent positions on the cell
boundary.

(0,0,0),

All eight tetrahedral sites are occupied by F~ ions:

b3
X, Y,Z2 €)=, —¢.

(x,v,2), 1

Thus the fluorine-ion positions include
(lll) (ll§> (lil) (Ell)
4°4°4)°\47474)° \4'474)° \4’ 4" 4)°
and the four positions obtained by the remaining

. 1 3
choices of 2 and T

D 0)

C
o
C

o c
(0] Ca2+ e [

The number of calcium ions belonging to one conven-
tional cell is ) )
5(3)+o(3) =4
8 2

whereas all eight fluoride ions shown lie inside the
cell:
NF = 8.

Hence
NCaZNF=428:132,

as required by the formula CaF,.

For a calcium ion at the origin, the nearest fluoride
ions are at relative positions

g(:l:l,:l:l,:l:l).
4
There are 23 = 8 such choices, all at the same distance
2 2 2 f3q
dews=(2) +(2) +(¢) - 2
Ca-F 4 4 4 4

Therefore each Ca®" ion is surrounded by eight F~
ions situated at the vertices of a cube.
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Consider next the fluoride ion at so both descriptions count the same number of
111 nearest-neighbour Ca — F contacts.
(Z’ 4 Z) ' CONCLUSION:

Its four nearest calcium ions are at In the fluorite structure of CaF,, the Ca?" ions form

11 11 11 a face-centred cubic lattice and the F~ ions occupy all
(0,0,0), (0, > 5) > <5 0, 5) > <E > O) . eight tetrahedral sites of each conventional unit cell.

Each Ca*" ion is cubically coordinated by eight F~

Each is at distance v3a/4 from the fluoride ion, and ions, whereas each F~ ion is tetrahedrally coordinated
these four calcium ions form the vertices of a tetrahe- by four Ca’" ions. Therefore,
dron. Thus each F~ ion has four nearest Ca®* neigh-
bours. CN(Ca**)=8,  CN(F)=4.

The coordination counts are also mutually consistent:
with four calcium and eight fluoride ions per cell,

4(8) = 8(4) = 32,
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