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2 A particle of mass 𝑚 kg having an initial velocity 𝑉0 is subjected to a retarding
force proportional to its instantaneous velocity. Obtain the expression for the
velocity and position of the particle as a function of time.

10 2024 CSE 6

3 The Lagrangian of a system is given by 𝐿(𝑟 , 𝑣) = 1
2𝑚(𝑣 + 𝑎)2 + 𝑏⃗ ⋅ 𝑣 − 𝑐 ⋅ 𝑟 where, 𝑎,

𝑏⃗ and 𝑐 are constant vectors. Construct the Hamiltonian of the system and find
the canonical equations of motion.

8 2024 IFoS 8

4 Construct the Lagrangian of a simple pendulum whose string is replaced by a
spring with spring constant k and rest length 𝑙0 oscillating in a vertical 𝑥 − 𝑦
plane. Find the equations of motion.

10 2024 IFoS 10

5 A force 𝐹 is given by 𝐹 = 𝑥2𝑦𝑥̂ + 𝑧𝑦 2 ̂𝑦 + 𝑥𝑧2 ̂𝑧. Determine whether or not the
force is conservative.
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7 Consider a particle of mass m moving in a potential field of the form
V(r⃗) = V0(x2 + y2), where V0 is a constant. What are the conserved physical
quantities for the particle ?

8 2022 IFoS 15

8 A small block of mass m slides without friction down a wedge-shaped block of
mass M and opening angle 𝛼 as depicted below.
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The wedge-shaped block itself slides along the horizontal frictionless floor along
the +ve x-direction. Find the horizontal acceleration Ẍ = d2X/dt2 of the
wedge-shaped block by the Lagrangian method and using the displacements X
and S of the blocks as generalized coordinates.

15 2022 IFoS 17

9 A body of mass 𝑚 at rest splits into two masses 𝑚1 and 𝑚2 by an explosion. After
the split the bodies move with a total kinetic energy 𝑇 in opposite direction.
Show that their relative speed is √

2𝑇𝑚
𝑚1𝑚2

.
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10 During take-off, an aircraft accelerates horizontally in a straight line at a rate 𝐴.

A small bob of mass 𝑚 is suspended on a string attached to the roof of the cabin,
and a hydrogen balloon (total mass 𝑚) is tethered to the floor by a string. For
each, determine the tension in the string and the equilibrium angle 𝜃 between
string and vertical. Draw a neat diagram to explain your answer.

10 2021 IFoS 19
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IFoS · 2025 · 10+5=15 MARKS

Q1. (i) Define cyclic coordinates and find
their connections with the symmetries of the
system.; (ii) A system with two degrees of
freedom is described by the Lagrangian L =
1
2m1q̇

2
1+ 1

2m2q21q̇
2
2− 𝛼

q1
, 𝛼 is constant. Find the

cyclic coordinates, conserved quantities and
symmetries for this system, if any.

INTRODUCTION:

The problem asks for the relation between cyclic co-
ordinates, continuous symmetries, and conservation
laws, and then for its application to the given two-
degree-of-freedom system.

Let the generalized coordinates be 𝑞𝑖, with generalized
velocities ̇𝑞𝑖, and let

𝐿 = 𝐿(𝑞𝑖, ̇𝑞𝑖, 𝑡).
A coordinate 𝑞𝑘 is called cyclic, ignorable, or redun-
dant when the Lagrangian has no explicit dependence
on that coordinate:

𝜕𝐿
𝜕𝑞𝑘

= 0.

The Lagrangian may nevertheless depend on the cor-
responding velocity ̇𝑞𝑘 . The conjugate generalized
momentum is

𝑝𝑘 = 𝜕𝐿
𝜕 ̇𝑞𝑘

.

The relevant governing principles are the Euler–
Lagrange equations and Noether’s theorem. A cyclic
coordinate generates a continuous translation in con-
figuration space,

𝑞𝑘 ⟶ 𝑞𝑘 + 𝜀, 𝛿𝑞𝑘 = 𝜀,
where 𝜀 is a constant infinitesimal parameter. Since
the Lagrangian is independent of 𝑞𝑘 , this transforma-
tion leaves the Lagrangian and hence the action in-
variant. Noether’s theorem then identifies 𝑝𝑘 as the
conserved charge.

For the given system, 𝑚1, 𝑚2, and 𝛼 are taken to be
constants, 𝑚1, 𝑚2 > 0, and the motion is restricted
to a regular domain with 𝑞1 ≠ 0. The positive 𝑞2-
direction is defined as the direction of increasing 𝑞2;
consequently, the sign of 𝑝2 specifies the sense of mo-
tion along that coordinate. No particular physical di-
mensions are assigned to 𝑞1 and 𝑞2, although if 𝑞1 is
a radial coordinate and 𝑞2 an angle, the 𝑞2-translation
is an ordinary rotation.

SOLUTION:

(i) The Euler–Lagrange equation for 𝑞𝑘 is

𝑑
𝑑𝑡 (

𝜕𝐿
𝜕 ̇𝑞𝑘

) − 𝜕𝐿
𝜕𝑞𝑘

= 0.

If 𝑞𝑘 is cyclic, then

𝜕𝐿
𝜕𝑞𝑘

= 0,

and hence
𝑑
𝑑𝑡 (

𝜕𝐿
𝜕 ̇𝑞𝑘

) = 0.

Therefore,

𝑝𝑘 = 𝜕𝐿
𝜕 ̇𝑞𝑘

= constant.

The connection with symmetry follows directly.
Under the infinitesimal transformation

𝛿𝑞𝑖 = 𝜀 𝛿𝑖𝑘 , 𝛿 ̇𝑞𝑖 = 0, 𝛿𝑡 = 0,
the change in the Lagrangian is

𝛿𝐿 = ∑
𝑖

𝜕𝐿
𝜕𝑞𝑖

𝛿𝑞𝑖 +∑
𝑖

𝜕𝐿
𝜕 ̇𝑞𝑖

𝛿 ̇𝑞𝑖 = 𝜀 𝜕𝐿𝜕𝑞𝑘
= 0.

Thus the action

𝑆 = ∫𝐿 𝑑𝑡

is invariant under translations along the 𝑞𝑘-
direction.

More generally, on using the Euler–Lagrange
equations, the variation of 𝐿 under a continu-
ous coordinate transformation can be written
as

𝛿𝐿 = 𝑑
𝑑𝑡 (∑𝑖

𝑝𝑖 𝛿𝑞𝑖) .

For the cyclic-coordinate transformation 𝛿𝑞𝑘 =
𝜀, this becomes

0 = 𝛿𝐿 = 𝜀 𝑑𝑝𝑘𝑑𝑡 ,

which again gives

𝑑𝑝𝑘
𝑑𝑡 = 0.

Hence the chain of implications is

𝜕𝐿
𝜕𝑞𝑘

= 0 ⟺ 𝑞𝑘 → 𝑞𝑘 + 𝜀 is a continuous symmetry

⟹ 𝑝𝑘 = constant.

The equivalence here refers to an ordinary con-
stant translation of the coordinate for which
the Lagrangian itself is invariant. More general
transformations may leave the action invariant
up to a total time derivative and lead to the gen-
eralized form of Noether’s theorem.
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If the Lagrangian has no explicit time depen-
dence, 𝜕𝐿

𝜕𝑡 = 0,
the system is also invariant under time transla-
tions

𝑡 ⟶ 𝑡 + 𝜀.
The corresponding conserved Noether charge
is the energy

𝐸 = ∑
𝑖

̇𝑞𝑖𝑝𝑖 − 𝐿.

Time is not one of the configuration coor-
dinates 𝑞𝑖, so this is an additional symme-
try rather than an additional cyclic coordinate
among the given 𝑞𝑖.

(ii) The Lagrangian is

𝐿(𝑞1, 𝑞2, ̇𝑞1, ̇𝑞2) = 1
2𝑚1 ̇𝑞 21 + 1

2𝑚2𝑞 21 ̇𝑞 22 − 𝛼
𝑞1
.

Its explicit coordinate derivatives are

𝜕𝐿
𝜕𝑞1

= 𝑚2𝑞1 ̇𝑞 22 + 𝛼
𝑞 21

, 𝜕𝐿
𝜕𝑞2

= 0.

Therefore 𝑞2 is cyclic, whereas 𝑞1 is not cyclic
for the stated Lagrangian.

The conjugate momenta are

𝑝1 = 𝜕𝐿
𝜕 ̇𝑞1

= 𝑚1 ̇𝑞1,

and
𝑝2 = 𝜕𝐿

𝜕 ̇𝑞2
= 𝑚2𝑞 21 ̇𝑞2.

The Euler–Lagrange equation for 𝑞2 gives

𝑑
𝑑𝑡 (𝑚2𝑞 21 ̇𝑞2) = 0.

Thus

𝑝2 = 𝑚2𝑞 21 ̇𝑞2 = 𝐽 = constant,
where 𝐽 denotes the conserved generalized mo-
mentum associated with the 𝑞2-symmetry.

Equivalently,

̇𝑞2 = 𝐽
𝑚2𝑞 21

.

Thus, when 𝐽 > 0, the motion is in the direc-
tion of increasing 𝑞2; when 𝐽 < 0, it is in the
direction of decreasing 𝑞2; and when 𝐽 = 0, 𝑞2
remains constant as long as 𝑞1 ≠ 0.
The corresponding finite continuous transfor-
mation is

𝑞′1 = 𝑞1, 𝑞′2 = 𝑞2 + 𝜀, 𝑡′ = 𝑡.

Since
̇𝑞′1 = ̇𝑞1, ̇𝑞′2 = ̇𝑞2,

one has

𝐿(𝑞′1, 𝑞′2, ̇𝑞′1, ̇𝑞′2) = 𝐿(𝑞1, 𝑞2, ̇𝑞1, ̇𝑞2).
Therefore the continuous symmetry group con-
tains translations along 𝑞2. If 𝑞2 is an angular
coordinate, this is rotational symmetry, 𝑞2 ↦
𝑞2 + 𝜀, and 𝐽 has the interpretation of the cor-
responding angular momentum. Without that
geometrical interpretation, 𝐽 should simply be
called the conserved generalized momentum
conjugate to 𝑞2.
For completeness, the equation of motion for
the non-cyclic coordinate 𝑞1 is

𝑑
𝑑𝑡 (

𝜕𝐿
𝜕 ̇𝑞1

) − 𝜕𝐿
𝜕𝑞1

= 0,

or
𝑚1 ̈𝑞1 − 𝑚2𝑞1 ̇𝑞 22 − 𝛼

𝑞 21
= 0.

Hence
𝑚1 ̈𝑞1 = 𝑚2𝑞1 ̇𝑞 22 + 𝛼

𝑞 21
.

Substitution of the conserved quantity

̇𝑞2 = 𝐽
𝑚2𝑞 21

gives

𝑚1 ̈𝑞1 = 𝐽 2
𝑚2𝑞 31

+ 𝛼
𝑞 21

.

This explicitly shows that no analogous con-
stant 𝑝1 follows, because the generalized force
conjugate to 𝑞1 is generally nonzero.

The Lagrangian also contains no explicit time
dependence:

𝜕𝐿
𝜕𝑡 = 0.

It is therefore invariant under time translations,

𝑡 ⟶ 𝑡 + 𝜀,
and the energy is conserved. Using

𝐸 = ̇𝑞1𝑝1 + ̇𝑞2𝑝2 − 𝐿,
one obtains

𝐸 = 𝑚1 ̇𝑞 21 + 𝑚2𝑞 21 ̇𝑞 22 − (12𝑚1 ̇𝑞 21 + 1
2𝑚2𝑞 21 ̇𝑞 22 − 𝛼

𝑞1
)

= 1
2𝑚1 ̇𝑞 21 + 1

2𝑚2𝑞 21 ̇𝑞 22 + 𝛼
𝑞1
.
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Therefore,

𝐸 = 1
2𝑚1 ̇𝑞 21 + 1

2𝑚2𝑞 21 ̇𝑞 22 + 𝛼
𝑞1

= constant.

Eliminating ̇𝑞2 in favour of 𝐽 gives the one-
dimensional energy form

𝐸 = 1
2𝑚1 ̇𝑞 21 + 𝐽 2

2𝑚2𝑞 21
+ 𝛼
𝑞1
.

Thus an effective potential for the 𝑞1-motion is

𝑉eff(𝑞1) = 𝐽 2
2𝑚2𝑞 21

+ 𝛼
𝑞1
.

Indeed,

−𝑚−11
𝑑𝑉eff
𝑑𝑞1

= 1
𝑚1

( 𝐽 2
𝑚2𝑞 31

+ 𝛼
𝑞 21

) ,

which agrees with the directly derived equation
for ̈𝑞1.
The conservation of energy can also be checked
explicitly:

𝑑𝐸
𝑑𝑡 = 𝑚1 ̇𝑞1 ̈𝑞1 + 𝑚2𝑞1 ̇𝑞1 ̇𝑞 22 + 𝑚2𝑞 21 ̇𝑞2 ̈𝑞2 − 𝛼

𝑞 21
̇𝑞1

= ̇𝑞1 (𝑚1 ̈𝑞1 − 𝑚2𝑞1 ̇𝑞 22 − 𝛼
𝑞 21

) + ̇𝑞2 𝑑𝑑𝑡 (𝑚2𝑞 21 ̇𝑞2)

= 0,

where both Euler–Lagrange equations have
been used.

The dimensions are consistent because every
term in 𝐿 and 𝐸 has the dimensions of energy:

[𝑚1 ̇𝑞 21 ] = [𝑚2𝑞 21 ̇𝑞 22 ] = [ 𝛼𝑞1
] = [𝐸].

Consequently,

[𝛼] = [𝐸][𝑞1], [𝐽 ] = [𝑝2] = [ 𝐸̇𝑞2
] .

If 𝑞2 is dimensionless, as for an angle measured
in radians, then

[𝐽 ] = [𝐸][𝑇 ],
the dimensions of angular momentum. In SI
units this is J s = kgm2 s−1, while 𝐸 is measured
in joules.

As a limiting check, if 𝐽 = 0, then

̇𝑞2 = 0, 𝐸 = 1
2𝑚1 ̇𝑞 21 + 𝛼

𝑞1
,

so the system reduces consistently to one-
dimensional 𝑞1-motion. If 𝑞1 is constant during
a motion, conservation of 𝐽 requires ̇𝑞2 to be
constant. For 𝛼 > 0, 𝑞1 > 0, and 𝐽 ≠ 0, both
terms on the right-hand side of

𝑚1 ̈𝑞1 = 𝐽 2
𝑚2𝑞 31

+ 𝛼
𝑞 21

are positive, confirming that the acceleration
is toward increasing 𝑞1 under the adopted sign
convention.

There is also a discrete reflection invariance

𝑞2 ⟶ −𝑞2, ̇𝑞2 ⟶ − ̇𝑞2,
provided the coordinate domain admits this re-
flection. It changes 𝐽 to −𝐽 and therefore
reverses the sense of motion. Because it is
a discrete rather than a continuously param-
eterized symmetry, it does not by itself pro-
duce an additional Noether conserved quantity.
Similarly, the velocity-quadratic autonomous
Lagrangian is invariant under time reversal,
which reverses both generalized momenta but
introduces no further independent continuous
Noether charge.

CONCLUSION:

A cyclic coordinate is one that is absent explicitly
from the Lagrangian,

𝜕𝐿
𝜕𝑞𝑘

= 0.

It represents invariance under translations in the cor-
responding configuration-space direction,

𝑞𝑘 → 𝑞𝑘 + 𝜀,
and its conjugate momentum

𝑝𝑘 = 𝜕𝐿
𝜕 ̇𝑞𝑘

is conserved.

For the given system, the only cyclic coordinate
among 𝑞1 and 𝑞2 is

𝑞2.
Its continuous symmetry and conserved generalized
momentum are

𝑞2 → 𝑞2 + 𝜀 , 𝐽 = 𝑝2 = 𝑚2𝑞 21 ̇𝑞2 = constant .

The sign of 𝐽 gives the direction of motion: 𝐽 > 0
corresponds to increasing 𝑞2, 𝐽 < 0 to decreasing 𝑞2,
and 𝐽 = 0 to fixed 𝑞2. If 𝑞2 is an angle, this symmetry
is rotational invariance and 𝐽 is angular momentum
with SI unit J s.
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Since 𝐿 is autonomous, the system also has time-
translation symmetry,

𝑡 → 𝑡 + 𝜀 ,
with conserved energy

𝐸 = 1
2𝑚1 ̇𝑞 21 + 1

2𝑚2𝑞 21 ̇𝑞 22 + 𝛼
𝑞1

= 1
2𝑚1 ̇𝑞 21 + 𝐽 2

2𝑚2𝑞 21
+ 𝛼
𝑞1

= constant.

The energy has SI unit joule, and dimensional consis-
tency requires

[𝛼] = [𝐸][𝑞1].
The results are valid for constant 𝑚1, 𝑚2, 𝛼 , with
𝑚1, 𝑚2 > 0, on any regular portion of the motion for
which 𝑞1 ≠ 0. The physical inference is that the in-
dependence of the dynamics from the absolute value
of 𝑞2 makes only changes in 𝑞2 physically relevant
and enforces conservation of its conjugate general-
ized momentum, while invariance under a shift of the
time origin enforces conservation of total energy.

CSE · 2024 · 10 MARKS

Q2. A particle of mass 𝑚 kg having an ini-
tial velocity 𝑉0 is subjected to a retarding
force proportional to its instantaneous veloc-
ity. Obtain the expression for the velocity
and position of the particle as a function of
time.

INTRODUCTION:

The problem requires the velocity and position of a
particle moving under linear resistive damping. Let
the motion be one-dimensional along the 𝑥-axis, and
choose the positive 𝑥-direction to be the direction of
the initial velocity. Thus,

𝑣(0) = 𝑉0 > 0, 𝑥(0) = 𝑥0.
Since the force is retarding, it acts opposite to the in-
stantaneous velocity. If 𝑘 > 0 is the constant of pro-
portionality, the force law is

𝐹𝑥 = −𝑘𝑣,
where 𝑘 is assumed constant and the particle is sub-
ject to no other force along the direction of motion.
Newton’s second law then gives the governing equa-
tion

𝑚𝑑𝑣
𝑑𝑡 = −𝑘𝑣.

The minus sign is fixed by the stated coordinate con-
vention: while 𝑣 > 0, the force and acceleration are

in the negative 𝑥-direction. The magnitude of the re-
tarding force is 𝑘𝑣 , so

[𝑘] = [𝐹]
[𝑣] = kgm s−2

ms−1
= kg s−1.

Consequently, 𝑚/𝑘 has the dimensions of time. De-
fine the relaxation time

𝜏 = 𝑚
𝑘 .

SOLUTION:

Using Newton’s second law and the linear retarding-
force law,

𝑚𝑑𝑣
𝑑𝑡 = −𝑘𝑣,

or 1
𝑣 𝑑𝑣 = − 𝑘

𝑚 𝑑𝑡.
Integrating from the initial state (𝑡, 𝑣) = (0, 𝑉0) to the
state (𝑡, 𝑣(𝑡)),

∫
𝑣(𝑡)

𝑉0
𝑑𝑣 ′
𝑣 ′ = − 𝑘

𝑚 ∫
𝑡

0
𝑑𝑡′,

which gives

ln (𝑣(𝑡)𝑉0
) = − 𝑘

𝑚 𝑡.

Exponentiation therefore yields

𝑣(𝑡) = 𝑉0 exp (− 𝑘
𝑚 𝑡) = 𝑉0𝑒−𝑡/𝜏 .

The acceleration is

𝑎(𝑡) = 𝑑𝑣
𝑑𝑡 = −𝑘𝑉0

𝑚 exp (− 𝑘
𝑚 𝑡) .

For 𝑉0 > 0, this is negative at every finite time, con-
firming that the force is indeed retarding. Moreover,

𝑚𝑎(𝑡) = −𝑘𝑉0 exp (− 𝑘
𝑚 𝑡) = −𝑘𝑣(𝑡),

so the obtained velocity satisfies the original equation
of motion.

To determine the position, use

𝑑𝑥
𝑑𝑡 = 𝑣(𝑡) = 𝑉0 exp (− 𝑘

𝑚 𝑡) .

Integrating from 𝑥(0) = 𝑥0 to 𝑥(𝑡),

𝑥(𝑡) − 𝑥0 = ∫
𝑡

0
𝑉0 exp (− 𝑘

𝑚 𝑡′) 𝑑𝑡′.

Since

∫ exp (− 𝑘
𝑚 𝑡′) 𝑑𝑡′ = −𝑚

𝑘 exp (− 𝑘
𝑚 𝑡′) ,
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one obtains

𝑥(𝑡) − 𝑥0 = 𝑉0 [−𝑚
𝑘 exp (− 𝑘

𝑚 𝑡′)]
𝑡

0

and hence

𝑥(𝑡) = 𝑥0 +
𝑚𝑉0
𝑘 (1 − exp (− 𝑘

𝑚 𝑡)) = 𝑥0 + 𝑉0𝜏 (1 − 𝑒−𝑡/𝜏 ) .

If the origin is chosen at the initial position, so that
𝑥0 = 0, this reduces to

𝑥(𝑡) = 𝑚𝑉0
𝑘 (1 − 𝑒−𝑘𝑡/𝑚) .

Differentiating the position expression verifies the
kinematic relation:

𝑑𝑥
𝑑𝑡 = 𝑚𝑉0

𝑘 ( 𝑘𝑚) 𝑒−𝑘𝑡/𝑚 = 𝑉0𝑒−𝑘𝑡/𝑚 = 𝑣(𝑡).

The dimensions are consistent. The exponential argu-
ment is dimensionless because

[𝑘𝑡𝑚 ] = (kg s−1)(s)
kg

= 1,

and the displacement scale has dimensions

[𝑚𝑉0𝑘 ] = kg (ms−1)
kg s−1

= m.

For short times 𝑡 ≪ 𝜏 , using

𝑒−𝑡/𝜏 = 1 − 𝑡
𝜏 + 𝑡2

2𝜏2 + ⋯ ,

the velocity and position become

𝑣(𝑡) ≃ 𝑉0 (1 − 𝑡
𝜏 ) = 𝑉0 −

𝑘𝑉0
𝑚 𝑡,

and

𝑥(𝑡) ≃ 𝑥0 + 𝑉0𝑡 −
𝑘𝑉0
2𝑚 𝑡2.

Thus the initial acceleration is

𝑎(0) = −𝑘𝑉0
𝑚 ,

as required directly by 𝑚𝑎(0) = −𝑘𝑉0.
The zero-damping limit also recovers uniformmotion.
As 𝑘 → 0,

𝑣(𝑡) → 𝑉0,
while

lim𝑘→0
𝑚𝑉0
𝑘 (1 − 𝑒−𝑘𝑡/𝑚) = 𝑉0𝑡 ,

so that
𝑥(𝑡) → 𝑥0 + 𝑉0𝑡 .

At long times,

lim𝑡→∞ 𝑣(𝑡) = 0, lim𝑡→∞ 𝑥(𝑡) = 𝑥0 +
𝑚𝑉0
𝑘 .

Therefore, although the particle approaches zero
speed only asymptotically, it travels only the finite
total distance

𝑠∞ = 𝑚𝑉0
𝑘

from its initial position.

As an energy check, the kinetic energy is

𝐾(𝑡) = 1
2𝑚𝑣

2(𝑡) = 1
2𝑚𝑉

20 𝑒−2𝑘𝑡/𝑚 .

Its rate of change is

𝑑𝐾
𝑑𝑡 = 𝑚𝑣 𝑑𝑣𝑑𝑡 = 𝑣(−𝑘𝑣) = −𝑘𝑣2 ≤ 0.

This equals the power delivered by the retarding
force,

𝑃 = 𝐹𝑥 𝑣 = (−𝑘𝑣)𝑣 = −𝑘𝑣2,
confirming that mechanical energy is continuously
dissipated and that the sign convention is physically
consistent.

CONCLUSION:

For the linear retarding force

𝐹𝑥 = −𝑘𝑣, 𝑘 > 0,
with 𝑥(0) = 𝑥0 and 𝑣(0) = 𝑉0, the velocity and posi-
tion are

𝑣(𝑡) = 𝑉0𝑒−𝑘𝑡/𝑚 in m s−1,

and

𝑥(𝑡) = 𝑥0 +
𝑚𝑉0
𝑘 (1 − 𝑒−𝑘𝑡/𝑚) in m.

If 𝑥0 = 0,

𝑥(𝑡) = 𝑚𝑉0
𝑘 (1 − 𝑒−𝑘𝑡/𝑚) .

The characteristic decay time is

𝜏 = 𝑚
𝑘 in s.

For 𝑉0 > 0, the acceleration and retarding force point
in the negative 𝑥-direction, while the velocity remains
in the positive 𝑥-direction and decreases exponen-
tially. The motion approaches rest asymptotically,
and the total distance travelled is finite:

𝑠∞ = 𝑚𝑉0
𝑘 in m.
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These results hold when the mass and damping coef-
ficient are constant, the resistive force is exactly pro-
portional to and opposite the instantaneous velocity,
and no other force acts along the direction of motion.

IFoS · 2024 · 8 MARKS

Q3. The Lagrangian of a system is given by
𝐿(𝑟 , 𝑣) = 1

2𝑚(𝑣 +𝑎)2+𝑏⃗ ⋅𝑣 −𝑐 ⋅ 𝑟 where, 𝑎, 𝑏⃗ and
𝑐 are constant vectors. Construct the Hamil-
tonian of the system and find the canonical
equations of motion.

INTRODUCTION:

The generalized coordinate is the position vector 𝑟 ,
and the corresponding generalized velocity is

𝑣 = ̇⃗𝑟 .
The Hamiltonian is obtained by the Legendre trans-
formation

𝐻(𝑟, 𝑝) = 𝑝 ⋅ 𝑣 − 𝐿(𝑟 , 𝑣),
where the canonical momentum is

𝑝 = 𝜕𝐿
𝜕𝑣 .

Since 𝑎, 𝑏⃗, and 𝑐 are constant vectors and 𝑚 ≠ 0, the
relation between 𝑝 and 𝑣 is invertible. Thus the La-
grangian is regular and a Hamiltonian formulation ex-
ists. All vectors and derivatives are taken in a fixed
inertial Cartesian frame. The canonical equations are

̇⃗𝑟 = 𝜕𝐻
𝜕𝑝 , ̇⃗𝑝 = −𝜕𝐻

𝜕𝑟 .

SOLUTION:

Differentiating the Lagrangian with respect to 𝑣 , com-
ponent by component, gives

𝑝𝑖 = 𝜕𝐿
𝜕𝑣𝑖

= 𝑚(𝑣𝑖 + 𝑎𝑖) + 𝑏𝑖.

Hence, in vector form,

𝑝 = 𝑚(𝑣 + 𝑎) + 𝑏⃗.
The Hessian with respect to the velocity components
is

𝜕2𝐿
𝜕𝑣𝑖𝜕𝑣𝑗

= 𝑚𝛿𝑖𝑗 , det ( 𝜕2𝐿
𝜕𝑣𝑖𝜕𝑣𝑗

) = 𝑚3 ≠ 0,

which explicitly verifies that the velocity can be ex-
pressed uniquely in terms of the canonical momen-
tum.

Solving the momentum relation for 𝑣 ,
𝑚(𝑣 + 𝑎) = 𝑝 − 𝑏⃗,

so that

𝑣 + 𝑎 = 𝑝 − 𝑏⃗
𝑚 , 𝑣 = 𝑝 − 𝑏⃗

𝑚 − 𝑎.

The Hamiltonian is

𝐻 = 𝑝 ⋅ 𝑣 − 𝐿.
Substituting the Lagrangian,

𝐻 = 𝑝 ⋅ 𝑣 − 1
2𝑚(𝑣 + 𝑎)2 − 𝑏⃗ ⋅ 𝑣 + 𝑐 ⋅ 𝑟 .

Combining the terms linear in 𝑣 ,

𝐻 = (𝑝 − 𝑏⃗) ⋅ 𝑣 − 1
2𝑚(𝑣 + 𝑎)2 + 𝑐 ⋅ 𝑟 .

Using

𝑝 − 𝑏⃗ = 𝑚(𝑣 + 𝑎), 𝑣 = 𝑝 − 𝑏⃗
𝑚 − 𝑎,

the first term becomes

(𝑝−𝑏⃗) ⋅𝑣 = (𝑝−𝑏⃗) ⋅(𝑝 − 𝑏⃗
𝑚 − 𝑎) = (𝑝 − 𝑏⃗)2

𝑚 −𝑎 ⋅(𝑝−𝑏⃗),

while

1
2𝑚(𝑣 + 𝑎)2 = 1

2𝑚 (𝑝 − 𝑏⃗
𝑚 )

2
= (𝑝 − 𝑏⃗)2

2𝑚 .

Therefore,

𝐻(𝑟, 𝑝) = (𝑝 − 𝑏⃗)2
2𝑚 − 𝑎 ⋅ (𝑝 − 𝑏⃗) + 𝑐 ⋅ 𝑟 .

Equivalently, on completing the square,

𝐻(𝑟, 𝑝) = (𝑝 − 𝑏⃗ − 𝑚𝑎)2
2𝑚 + 𝑐 ⋅ 𝑟 − 1

2𝑚𝑎
2.

The two forms are identical; the final constant term in
the second form does not affect Hamilton’s equations.

For the first canonical equation,

̇⃗𝑟 = 𝜕𝐻
𝜕𝑝 .

Since

𝜕
𝜕𝑝 [(𝑝 − 𝑏⃗)2

2𝑚 ] = 𝑝 − 𝑏⃗
𝑚 , 𝜕

𝜕𝑝 [−𝑎 ⋅ (𝑝 − 𝑏⃗)] = −𝑎,

one obtains

̇⃗𝑟 = 𝑝 − 𝑏⃗
𝑚 − 𝑎 .
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This agrees with the previously inverted momentum–
velocity relation and therefore provides an internal
consistency check.

For the second canonical equation,

̇⃗𝑝 = −𝜕𝐻
𝜕𝑟 .

Only the term 𝑐 ⋅ 𝑟 depends on 𝑟 , and hence

𝜕𝐻
𝜕𝑟 = 𝑐.

Therefore,
̇⃗𝑝 = −𝑐 .

The physical equation of motion follows by differen-
tiating the first canonical equation. Since 𝑎 and 𝑏⃗ are
constant,

̈⃗𝑟 =
̇⃗𝑝

𝑚 .

Using ̇⃗𝑝 = −𝑐,
𝑚 ̈⃗𝑟 = −𝑐 .

Thus the system describes a particle subjected to the
constant force

𝐹 = −𝑐.

For initial data

𝑟(0) = 𝑟0, 𝑝(0) = 𝑝0,
the canonical equations can also be integrated explic-
itly:

𝑝(𝑡) = 𝑝0 − 𝑐 𝑡,
and

̇⃗𝑟 (𝑡) = 𝑝0 − 𝑏⃗
𝑚 − 𝑎 − 𝑐

𝑚 𝑡.
Therefore,

𝑟(𝑡) = 𝑟0 + (𝑝0 − 𝑏⃗
𝑚 − 𝑎) 𝑡 − 𝑐

2𝑚 𝑡2.

The dimensions are consistent:

[𝑝] = [𝑏⃗] = 𝑀𝐿𝑇−1
[𝑎] = 𝐿𝑇−1

[𝑐] = 𝑀𝐿𝑇−2.
Consequently,

[(𝑝 − 𝑏⃗)2
2𝑚 ] = [𝑎 ⋅ (𝑝 − 𝑏⃗)] = [𝑐 ⋅ 𝑟] = 𝑀𝐿2𝑇−2,

so every term in 𝐻 has the dimension of energy.

Because the Lagrangian and Hamiltonian have no ex-
plicit time dependence,

𝑑𝐻
𝑑𝑡 = 𝜕𝐻

𝜕𝑡 = 0.
The Hamiltonian is therefore conserved along the mo-
tion. Indeed, using Hamilton’s equations,

𝑑𝐻
𝑑𝑡 = 𝜕𝐻

𝜕𝑟 ⋅ ̇⃗𝑟 + 𝜕𝐻
𝜕𝑝 ⋅ ̇⃗𝑝 = 𝑐 ⋅ ̇⃗𝑟 + ̇⃗𝑟 ⋅ (−𝑐) = 0.

As a limiting check, if

𝑎 = 𝑏⃗ = 0⃗,
then

𝐿 = 1
2𝑚𝑣

2 − 𝑐 ⋅ 𝑟 , 𝐻 = 𝑝 2

2𝑚 + 𝑐 ⋅ 𝑟 ,
and Hamilton’s equations reduce to

̇⃗𝑟 = 𝑝
𝑚 , ̇⃗𝑝 = −𝑐,

which are the standard equations for a particle in the
linear potential

𝑉 (𝑟) = 𝑐 ⋅ 𝑟 .
The role of the constant vectors 𝑎 and 𝑏⃗ can also be
seen by expanding the Lagrangian:

𝐿 = 1
2𝑚𝑣

2 + (𝑚𝑎 + 𝑏⃗) ⋅ 𝑣 + 1
2𝑚𝑎

2 − 𝑐 ⋅ 𝑟 .
Since

(𝑚𝑎 + 𝑏⃗) ⋅ 𝑣 = 𝑑
𝑑𝑡 [(𝑚𝑎 + 𝑏⃗) ⋅ 𝑟] ,

the velocity-linear term is a total time derivative,
while 1

2𝑚𝑎 2 is a constant. These terms alter the defini-
tion of the canonical momentum and shift the Hamil-
tonian by canonical-momentum and constant terms,
but they do not change the physical equation𝑚 ̈𝑟 = −𝑐.
CONCLUSION:

The canonical momentum is

𝑝 = 𝑚( ̇⃗𝑟 + 𝑎) + 𝑏⃗ .
The Hamiltonian, expressed entirely in terms of the
canonical variables (𝑟 , 𝑝), is

𝐻(𝑟, 𝑝) = (𝑝 − 𝑏⃗)2
2𝑚 − 𝑎 ⋅ (𝑝 − 𝑏⃗) + 𝑐 ⋅ 𝑟

or, equivalently,

𝐻(𝑟, 𝑝) = (𝑝 − 𝑏⃗ − 𝑚𝑎)2
2𝑚 + 𝑐 ⋅ 𝑟 − 1

2𝑚𝑎
2 .

The canonical equations of motion are

̇⃗𝑟 = 𝑝 − 𝑏⃗
𝑚 − 𝑎, ̇⃗𝑝 = −𝑐 .
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They imply

𝑚 ̈⃗𝑟 = −𝑐 ,
so the particle has the constant acceleration

̈𝑟 = − 𝑐
𝑚 ,

directed opposite to 𝑐. This result is valid for constant
𝑎, 𝑏⃗, and 𝑐, with𝑚 ≠ 0. The vectors 𝑎 and 𝑏⃗ shift the re-
lation between canonical momentum and mechanical
velocity but do not change the physical force, which
is 𝐹 = −𝑐.

IFoS · 2024 · 10 MARKS

Q4. Construct the Lagrangian of a sim-
ple pendulum whose string is replaced by a
spring with spring constant k and rest length
𝑙0 oscillating in a vertical 𝑥−𝑦 plane. Find the
equations of motion.

INTRODUCTION:

The system is an elastic pendulum consisting of a
point mass 𝑚 attached to the lower end of a massless
Hookean spring. The upper end of the spring is fixed
at a pivot 𝑂, and the motion is restricted to a verti-
cal plane. The problem requires the Lagrangian and
the coupled nonlinear equations governing the radial
extension and angular motion.

Choose an inertial Cartesian frame with origin at 𝑂,
the 𝑥-axis horizontal towards the right, and the 𝑦-axis
vertically upward. Let 𝑟(𝑡) > 0 be the instantaneous
length of the spring, and let 𝜃(𝑡) be the anglemeasured
from the vertically downward direction towards the
positive 𝑥-direction. Thus,

𝑥 = 𝑟 sin 𝜃, 𝑦 = −𝑟 cos 𝜃.
The generalized coordinates are

𝑞1 = 𝑟, 𝑞2 = 𝜃.

The following assumptions are made:

1. The bob is a point mass 𝑚, while the spring is
massless.

2. The spring remains straight and obeys Hooke’s
law throughout the motion.

3. The motion is planar, and the pivot is fixed in
an inertial frame.

4. Damping and air resistance are absent, so all
forces are conservative.

5. The spring length remains positive, 𝑟 > 0.

With the outward radial unit vector directed from the
pivot towards the mass, Hooke’s law gives

F𝑠 = −𝑘(𝑟 − 𝑙0) ê𝑟 .
Thus, when 𝑟 > 𝑙0, the stretched spring pulls the mass
inward.

The governing principle is Hamilton’s principle,

𝛿 ∫
𝑡2

𝑡1
𝐿 𝑑𝑡 = 0, 𝐿 = 𝑇 − 𝑉 ,

which leads to the Euler–Lagrange equations

𝑑
𝑑𝑡 (

𝜕𝐿
𝜕 ̇𝑞𝑖

) − 𝜕𝐿
𝜕𝑞𝑖

= 0.

SOLUTION:

The coordinate and sign conventions are represented
by the following diagram.

𝑥

𝑦

𝑂

𝑚

𝑟
𝑘, 𝑙0

𝜃

𝑚𝑔

𝐹𝑠

From
𝑥 = 𝑟 sin 𝜃, 𝑦 = −𝑟 cos 𝜃,

the velocity components are

̇𝑥 = ̇𝑟 sin 𝜃 + 𝑟 ̇𝜃 cos 𝜃,
and

̇𝑦 = − ̇𝑟 cos 𝜃 + 𝑟 ̇𝜃 sin 𝜃.
Therefore,

̇𝑥2 + ̇𝑦2 = ( ̇𝑟 sin 𝜃 + 𝑟 ̇𝜃 cos 𝜃)2 + (− ̇𝑟 cos 𝜃 + 𝑟 ̇𝜃 sin 𝜃)2

= ̇𝑟2 (sin2 𝜃 + cos2 𝜃) + 𝑟2 ̇𝜃2 (sin2 𝜃 + cos2 𝜃)
+ 2𝑟 ̇𝑟 ̇𝜃 sin 𝜃 cos 𝜃 − 2𝑟 ̇𝑟 ̇𝜃 sin 𝜃 cos 𝜃

= ̇𝑟2 + 𝑟2 ̇𝜃2.
Hence the kinetic energy is

𝑇 = 𝑚
2 ( ̇𝑟2 + 𝑟2 ̇𝜃2) .

Taking the gravitational potential energy to be zero
at the level of the pivot,

𝑉𝑔 = 𝑚𝑔𝑦 = −𝑚𝑔𝑟 cos 𝜃.
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The elastic potential energy of the spring is

𝑉𝑠 = 𝑘
2 (𝑟 − 𝑙0)2.

Thus,

𝑉 = 𝑉𝑠 + 𝑉𝑔 = 𝑘
2 (𝑟 − 𝑙0)2 − 𝑚𝑔𝑟 cos 𝜃.

The Lagrangian is consequently

𝐿(𝑟 , 𝜃 , ̇𝑟 , ̇𝜃) = 𝑚
2 ( ̇𝑟2 + 𝑟2 ̇𝜃2) − 𝑘

2 (𝑟 − 𝑙0)2 + 𝑚𝑔𝑟 cos 𝜃 .

For the radial coordinate 𝑟 ,
𝜕𝐿
𝜕 ̇𝑟 = 𝑚 ̇𝑟 , 𝑑

𝑑𝑡 (
𝜕𝐿
𝜕 ̇𝑟 ) = 𝑚 ̈𝑟 ,

and 𝜕𝐿
𝜕𝑟 = 𝑚𝑟 ̇𝜃2 − 𝑘(𝑟 − 𝑙0) + 𝑚𝑔 cos 𝜃.

The Euler–Lagrange equation for 𝑟 is therefore
𝑚 ̈𝑟 − {𝑚𝑟 ̇𝜃2 − 𝑘(𝑟 − 𝑙0) + 𝑚𝑔 cos 𝜃} = 0.

Hence,

𝑚 ( ̈𝑟 − 𝑟 ̇𝜃2) = 𝑚𝑔 cos 𝜃 − 𝑘(𝑟 − 𝑙0) .

Equivalently,

̈𝑟 − 𝑟 ̇𝜃2 = 𝑔 cos 𝜃 − 𝑘
𝑚 (𝑟 − 𝑙0) .

This equation has the expected radial-force interpre-
tation. The outward radial component of the acceler-
ation is

𝑎𝑟 = ̈𝑟 − 𝑟 ̇𝜃2.
The component of gravity along the outward radial
direction is

𝑚𝑔 cos 𝜃,
whereas the spring force is

−𝑘(𝑟 − 𝑙0).
Thus the radial equation is also obtained directly from
Newton’s second law along ê𝑟 .
For the angular coordinate 𝜃 ,

𝜕𝐿
𝜕 ̇𝜃 = 𝑚𝑟2 ̇𝜃 .

Therefore,

𝑑
𝑑𝑡 (

𝜕𝐿
𝜕 ̇𝜃 ) = 𝑚𝑟2 ̈𝜃 + 2𝑚𝑟 ̇𝑟 ̇𝜃 .

Also, 𝜕𝐿
𝜕𝜃 = −𝑚𝑔𝑟 sin 𝜃.

The angular Euler–Lagrange equation becomes

𝑚𝑟2 ̈𝜃 + 2𝑚𝑟 ̇𝑟 ̇𝜃 + 𝑚𝑔𝑟 sin 𝜃 = 0.
For 𝑚 > 0 and 𝑟 > 0, division by 𝑚𝑟 gives

𝑟 ̈𝜃 + 2 ̇𝑟 ̇𝜃 + 𝑔 sin 𝜃 = 0 .

Equivalently,

̈𝜃 + 2 ̇𝑟
𝑟
̇𝜃 + 𝑔

𝑟 sin 𝜃 = 0 .

The term
2 ̇𝑟
𝑟
̇𝜃

expresses the coupling between radial and angular
motion due to the changing distance of the mass from
the pivot.

The angular equation can also be checked by tak-
ing moments about 𝑂. Since the spring force passes
through 𝑂, it exerts no torque about the pivot. The
angular momentum about 𝑂 is

ℒ𝑂 = 𝑚𝑟2 ̇𝜃 ,
while the gravitational torque in the positive-𝜃 con-
vention is

𝜏𝑂 = −𝑚𝑔𝑟 sin 𝜃.
Thus,

𝑑
𝑑𝑡 (𝑚𝑟

2 ̇𝜃) = −𝑚𝑔𝑟 sin 𝜃,
which reproduces the angular equation.

For the static downward equilibrium,

𝜃eq = 0, ̇𝑟 = ̇𝜃 = ̈𝑟 = ̈𝜃 = 0.
The radial equation then gives

0 = 𝑚𝑔 − 𝑘(𝑟eq − 𝑙0),
so that

𝑟eq = 𝑙0 +
𝑚𝑔
𝑘 .

Therefore, gravity produces the physically expected
extension

𝑟eq − 𝑙0 =
𝑚𝑔
𝑘 > 0.

At the inverted position 𝜃 = 𝜋 ,
𝑚𝑔 cos 𝜋 = −𝑚𝑔,

so gravity has an inward radial component, consis-
tently with the adopted convention.

The dimensional consistency of the radial equation
follows from

[ ̈𝑟 ] = [𝑟 ̇𝜃2] = [𝑔] = ms−2,
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and

[ 𝑘𝑚 (𝑟 − 𝑙0)] = Nm−1
kg

m = kg s−2

kg
m = ms−2.

In the angular equation,

[ ̈𝜃] = [ ̇𝑟
𝑟
̇𝜃] = [𝑔𝑟 ] = s−2,

because the angle in radians is dimensionless.

Since the Lagrangian has no explicit time dependence,
the corresponding energy function

𝐸 = ̇𝑟 𝜕𝐿𝜕 ̇𝑟 + ̇𝜃 𝜕𝐿𝜕 ̇𝜃 − 𝐿

is conserved. Substitution gives

𝐸 = 𝑚
2 ( ̇𝑟2 + 𝑟2 ̇𝜃2) + 𝑘

2 (𝑟 − 𝑙0)2 − 𝑚𝑔𝑟 cos 𝜃 .

This conservation law may be verified directly with-
out assuming the result. Differentiating 𝐸 gives

𝑑𝐸
𝑑𝑡 = 𝑚 ̇𝑟 ̈𝑟 + 𝑚𝑟 ̇𝑟 ̇𝜃2 + 𝑚𝑟2 ̇𝜃 ̈𝜃 + 𝑘(𝑟 − 𝑙0) ̇𝑟

− 𝑚𝑔 ̇𝑟 cos 𝜃 + 𝑚𝑔𝑟 ̇𝜃 sin 𝜃.
Regrouping the terms according to the two equations
of motion,

𝑑𝐸
𝑑𝑡 = ̇𝑟 [𝑚 ̈𝑟 − 𝑚𝑟 ̇𝜃2 + 𝑘(𝑟 − 𝑙0) − 𝑚𝑔 cos 𝜃]

+ ̇𝜃 [𝑚𝑟2 ̈𝜃 + 2𝑚𝑟 ̇𝑟 ̇𝜃 + 𝑚𝑔𝑟 sin 𝜃] .
Each square bracket vanishes by the corresponding
Euler–Lagrange equation. Therefore,

𝑑𝐸
𝑑𝑡 = 0 ,

confirming conservation of total mechanical energy.

As a limiting check, suppose the spring is sufficiently
stiff that radial departures from equilibrium are negli-
gible. Then

𝑟 ≃ 𝑟eq = constant, ̇𝑟 ≃ 0.
The angular equation reduces to

̈𝜃 + 𝑔
𝑟eq

sin 𝜃 = 0,

which is the nonlinear equation of an ordinary simple
pendulum of length 𝑟eq. For small angular displace-
ments,

sin 𝜃 ≃ 𝜃,
and hence

̈𝜃 + 𝑔
𝑟eq

𝜃 = 0.

Thus,

𝜔𝜃 ≃ √
𝑔
𝑟eq

,

as expected for a simple pendulum.

For small oscillations about the stable downward equi-
librium, write

𝑟 = 𝑟eq + 𝜌, |𝜌| ≪ 𝑟eq, |𝜃 | ≪ 1.
To first order in the small quantities,

sin 𝜃 ≃ 𝜃, cos 𝜃 ≃ 1,
while

𝑟 ̇𝜃2, ̇𝜌 ̇𝜃 , 𝜌𝜃
are of second order and are neglected. Using

𝑘(𝑟eq − 𝑙0) = 𝑚𝑔,
the radial equation becomes

𝑚 ̈𝜌 = −𝑘𝜌,
or

̈𝜌 + 𝑘
𝑚𝜌 = 0.

The angular equation becomes

̈𝜃 + 𝑔
𝑟eq

𝜃 = 0.

Thus the radial and angular motions decouple to lin-
ear order, with frequencies

𝜔𝑟 = √
𝑘
𝑚 , 𝜔𝜃 = √

𝑔
𝑟eq

=
√

𝑔
𝑙0 + 𝑚𝑔/𝑘 .

CONCLUSION:

For a point mass 𝑚 suspended from a massless
Hookean spring of spring constant 𝑘 and rest length
𝑙0, with 𝑟 measured outward from the pivot and 𝜃
measured from the vertically downward direction to-
wards positive 𝑥 , the Lagrangian is

𝐿 = 𝑚
2 ( ̇𝑟2 + 𝑟2 ̇𝜃2) − 𝑘

2 (𝑟 − 𝑙0)2 + 𝑚𝑔𝑟 cos 𝜃 .

The coupled nonlinear equations of motion are

𝑚 ( ̈𝑟 − 𝑟 ̇𝜃2) = 𝑚𝑔 cos 𝜃 − 𝑘(𝑟 − 𝑙0)

in the outward radial direction, and

𝑟 ̈𝜃 + 2 ̇𝑟 ̇𝜃 + 𝑔 sin 𝜃 = 0

in the direction of increasing 𝜃 .
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Here 𝑟 and 𝑙0 are measured in m, 𝑚 in kg, 𝑘 in Nm−1,
𝜃 in radians, and 𝑔 in m s−2. The stable downward
equilibrium is

𝜃eq = 0, 𝑟eq = 𝑙0 +
𝑚𝑔
𝑘 ,

so the equilibrium extension is 𝑚𝑔/𝑘 in the down-
ward direction.

The conserved mechanical energy is

𝐸 = 𝑚
2 ( ̇𝑟2 + 𝑟2 ̇𝜃2) + 𝑘

2 (𝑟 − 𝑙0)2 − 𝑚𝑔𝑟 cos 𝜃 = constant .

The equations are valid for planar motion with 𝑟 > 0,
a fixed pivot, a point bob, a massless spring obeying
Hooke’s law, and negligible dissipative forces. In the
stiff-spring limit the angular equation reduces to the
ordinary simple-pendulum equation. Near the stable
equilibrium, the radial and angular small-oscillation
frequencies are

𝜔𝑟 = √
𝑘
𝑚 , 𝜔𝜃 = √

𝑔
𝑙0 + 𝑚𝑔/𝑘 .

CSE · 2023 · 10 MARKS

Q5. A force 𝐹 is given by 𝐹 = 𝑥2𝑦𝑥̂ +𝑧𝑦 2 ̂𝑦 +
𝑥𝑧2 ̂𝑧. Determine whether or not the force is
conservative.

INTRODUCTION:

The demand is to determine whether the given force
field can be expressed as the gradient of a single-
valued scalar potential. Write

𝐹 = 𝐹𝑥 𝑥̂ + 𝐹𝑦 ̂𝑦 + 𝐹𝑧 ̂𝑧
𝐹𝑥 = 𝑥2𝑦
𝐹𝑦 = 𝑧𝑦2
𝐹𝑧 = 𝑥𝑧2.

The field is polynomial and hence continuously differ-
entiable throughout the simply connected domain ℝ3.
Therefore, a necessary and sufficient condition for 𝐹
to be conservative on this domain is

∇ × 𝐹 = 0⃗
at every point. Equivalently, the relevant mixed par-
tial derivatives of the components must agree. The
standard right-handed Cartesian coordinate system is
used.

SOLUTION:

The curl of the force field is

∇ × 𝐹 =
|||||

𝑥̂ ̂𝑦 ̂𝑧
𝜕
𝜕𝑥

𝜕
𝜕𝑦

𝜕
𝜕𝑧

𝑥2𝑦 𝑧𝑦2 𝑥𝑧2

|||||
.

Expanding the determinant,

∇ × 𝐹 = (𝜕𝐹𝑧𝜕𝑦 − 𝜕𝐹𝑦
𝜕𝑧 ) 𝑥̂ + (𝜕𝐹𝑥𝜕𝑧 − 𝜕𝐹𝑧

𝜕𝑥 ) ̂𝑦 + (
𝜕𝐹𝑦
𝜕𝑥 − 𝜕𝐹𝑥

𝜕𝑦 ) ̂𝑧.

The required derivatives are

𝜕𝐹𝑧
𝜕𝑦 = 𝜕(𝑥𝑧2)

𝜕𝑦 = 0, 𝜕𝐹𝑦
𝜕𝑧 = 𝜕(𝑧𝑦2)

𝜕𝑧 = 𝑦2,

𝜕𝐹𝑥
𝜕𝑧 = 𝜕(𝑥2𝑦)

𝜕𝑧 = 0, 𝜕𝐹𝑧
𝜕𝑥 = 𝜕(𝑥𝑧2)

𝜕𝑥 = 𝑧2,
and

𝜕𝐹𝑦
𝜕𝑥 = 𝜕(𝑧𝑦2)

𝜕𝑥 = 0, 𝜕𝐹𝑥
𝜕𝑦 = 𝜕(𝑥2𝑦)

𝜕𝑦 = 𝑥2.

Hence
∇ × 𝐹 = −𝑦2𝑥̂ − 𝑧2 ̂𝑦 − 𝑥2 ̂𝑧 .

This curl is not identically zero. It vanishes only at
the isolated point

𝑥 = 𝑦 = 𝑧 = 0,
which is insufficient: conservativeness requires the
curl to vanish throughout an open domain.

The conclusion can also be checked directly through
the equality of mixed derivatives that would follow
from a potential 𝑉 . If

𝐹 = −∇𝑉 ,
then, for example,

𝜕𝐹𝑥
𝜕𝑦 = 𝜕𝐹𝑦

𝜕𝑥 .

But here
𝜕𝐹𝑥
𝜕𝑦 = 𝑥2, 𝜕𝐹𝑦

𝜕𝑥 = 0,
which are unequal for 𝑥 ≠ 0. Thus no scalar potential
can generate the given field throughout ℝ3.
As an independent circulation check, consider a rect-
angle in the plane 𝑧 = 0, with

𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑,
oriented counterclockwise as viewed from + ̂𝑧. By
Stokes’ theorem,

∮𝜕𝑆 𝐹 ⋅ 𝑑𝑟 = ∬𝑆
(∇ × 𝐹) ⋅ ̂𝑧 𝑑𝐴.

Since
(∇ × 𝐹) ⋅ ̂𝑧 = −𝑥2,
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one obtains

∮𝜕𝑆 𝐹 ⋅ 𝑑𝑟 = −∫
𝑑

𝑐 ∫
𝑏

𝑎
𝑥2 𝑑𝑥 𝑑𝑦 = −(𝑑 − 𝑐)(𝑏3 − 𝑎3)

3 ,

which is generally nonzero. This confirms that the
work depends on the path and that the work around
a closed path need not vanish.

Dimensionally, each component of ∇ × 𝐹 has the di-
mensions of force per unit length, as expected after
taking one spatial derivative of a force field. For a
loop whose dimensions shrink to zero, the circulation
also tends to zero with the enclosed area and the local
curl; this limiting behavior is consistent with Stokes’
theorem but does not make the field conservative on
any finite open region where the curl is nonzero.

CONCLUSION:

The given force field is

not conservative

on ℝ3, because
∇ × 𝐹 = −𝑦2𝑥̂ − 𝑧2 ̂𝑦 − 𝑥2 ̂𝑧 ≠ 0⃗

in general. Consequently, no single-valued scalar po-
tential exists for this force over ℝ3, the work done is
path-dependent, and the circulation around a closed
curve can be nonzero.

IFoS · 2023 · 8 MARKS

Q6. What are the coordinates of the centre
of mass of the system of masses shown in the
figure?

1 2

1

2

y(m)

x(m) −→

3 kg

m1

8 kg

m3

4 kg

m2

INTRODUCTION:

The system consists of three point masses in the 𝑥𝑦-
plane. Taking the origin and the positive 𝑥- and
𝑦-directions exactly as indicated in the figure, their
masses and position vectors are

𝑚1 = 3 kg, 𝑟1 = (0m, 0m),

𝑚2 = 4 kg, 𝑟2 = (2m, 1m),
and

𝑚3 = 8 kg, 𝑟3 = (1m, 2m).
For discrete point masses, the centre-of-mass position
vector is the mass-weighted mean

𝑅CM = ∑𝑖 𝑚𝑖𝑟𝑖
∑𝑖 𝑚𝑖

.

Hence its Cartesian coordinates are

𝑥CM = ∑𝑖 𝑚𝑖𝑥𝑖
∑𝑖 𝑚𝑖

, 𝑦CM = ∑𝑖 𝑚𝑖𝑦𝑖
∑𝑖 𝑚𝑖

.

SOLUTION:

The configuration represented by the given figure is

1 2

1

2

𝑦(m)

𝑥(m)

3 kg
𝑚1

4 kg
𝑚2

8 kg
𝑚3

The total mass is

𝑀 = 𝑚1 + 𝑚2 + 𝑚3 = 3 kg + 4 kg + 8 kg = 15 kg.

The 𝑥-coordinate of the centre of mass is

𝑥CM = 𝑚1𝑥1 + 𝑚2𝑥2 + 𝑚3𝑥3
𝑀

= (3 kg)(0m) + (4 kg)(2m) + (8 kg)(1m)
15 kg

= 16 kgm
15 kg = 16

15 m ≃ 1.07m.

Similarly, the 𝑦-coordinate is

𝑦CM = 𝑚1𝑦1 + 𝑚2𝑦2 + 𝑚3𝑦3
𝑀

= (3 kg)(0m) + (4 kg)(1m) + (8 kg)(2m)
15 kg

= 20 kgm
15 kg = 4

3 m ≃ 1.33m.

Thus
𝑅CM = (1615 î + 4

3 ĵ)m.
Both coordinates lie between the minimum and max-
imum particle coordinates, 0 ≤ 𝑥CM ≤ 2m and 0 ≤
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𝑦CM ≤ 2m, as required for a positive-mass weighted
mean.

CONCLUSION:

With respect to the origin and axes shown in the fig-
ure, the coordinates of the centre of mass are

(𝑥CM, 𝑦CM) = (1615 ,
4
3)m ≃ (1.07, 1.33)m.

IFoS · 2022 · 8 MARKS

Q7. Consider a particle of mass m mov-
ing in a potential field of the form V(r⃗) =
V0(x2 + y2), where V0 is a constant. What
are the conserved physical quantities for the
particle ?

INTRODUCTION:

The demand is to identify the constants of motion by
examining the continuous symmetries of the poten-
tial. We use a fixed Cartesian inertial frame with

𝑟 = 𝑥 𝑥̂ + 𝑦 𝑦̂ + 𝑧 𝑧̂, 𝜌 = √𝑥2 + 𝑦2,
and take positive rotations about the 𝑧-axis according
to the right-hand rule. The potential can then be writ-
ten as

𝑉 (𝑟) = 𝑉0𝜌2.
It is independent of time 𝑡 , the coordinate 𝑧, and the
azimuthal angle 𝜙. By Noether’s theorem, these in-
variances imply conservation of total mechanical en-
ergy, linear momentum along the 𝑧-axis, and angular
momentum about the 𝑧-axis, respectively. The mo-
tion is assumed to be governed by the non-relativistic
Lagrangian

ℒ = 𝑚
2 ( ̇𝑥2 + ̇𝑦2 + ̇𝑧2) − 𝑉0(𝑥2 + 𝑦2),

with𝑚 and 𝑉0 constant and with no non-conservative
or explicitly time-dependent forces.

SOLUTION:

The geometry and the force directions in the trans-
verse plane are represented by:

𝑥

𝑦

𝜌
𝐹𝜙

𝑚

𝑂

Since

∇𝑉 = 𝜕𝑉
𝜕𝑥 𝑥̂ + 𝜕𝑉

𝜕𝑦 𝑦̂ + 𝜕𝑉
𝜕𝑧 𝑧̂ = 2𝑉0𝑥 𝑥̂ + 2𝑉0𝑦 𝑦̂ ,

the force is

𝐹 = −∇𝑉 = −2𝑉0𝑥 𝑥̂ − 2𝑉0𝑦 𝑦̂ , 𝐹𝑧 = 0.
For 𝑉0 > 0, the transverse force points toward the 𝑧-
axis; for 𝑉0 < 0, it points away from that axis. The
conservation laws themselves hold for either sign of
𝑉0.

1. Conservation of total mechanical energy

The potential has no explicit time dependence:

𝜕𝑉
𝜕𝑡 = 0.

The total mechanical energy is therefore

𝐸 = 𝑇 + 𝑉 = 𝑚
2 ( ̇𝑥2 + ̇𝑦2 + ̇𝑧2) + 𝑉0(𝑥2 + 𝑦2).

To verify its conservation directly,

𝑑𝐸
𝑑𝑡 = 𝑚 ̇𝑥 ̈𝑥 + 𝑚 ̇𝑦 ̈𝑦 + 𝑚 ̇𝑧 ̈𝑧 + 2𝑉0𝑥 ̇𝑥 + 2𝑉0𝑦 ̇𝑦 .

The equations of motion are

𝑚 ̈𝑥 = −2𝑉0𝑥, 𝑚 ̈𝑦 = −2𝑉0𝑦, 𝑚 ̈𝑧 = 0.
Substitution gives

𝑑𝐸
𝑑𝑡 = ̇𝑥(−2𝑉0𝑥) + ̇𝑦(−2𝑉0𝑦) + 0 + 2𝑉0𝑥 ̇𝑥 + 2𝑉0𝑦 ̇𝑦 = 0.

Hence

𝐸 = 𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧
2𝑚 + 𝑉0(𝑥2 + 𝑦2) = constant.

2. Conservation of the 𝑧-component of linear mo-
mentum

Since 𝑉 is independent of 𝑧, the coordinate 𝑧 is
cyclic:

𝜕𝑉
𝜕𝑧 = 0.

Consequently,

̇𝑝𝑧 = 𝐹𝑧 = −𝜕𝑉
𝜕𝑧 = 0,

and therefore

𝑝𝑧 = 𝑚 ̇𝑧 = constant.
Thus the motion parallel to the 𝑧-axis is uni-
form:

𝑧(𝑡) = 𝑧0 +
𝑝𝑧
𝑚 𝑡.

The full linear momentum is not generally con-
served, because

̇𝑝𝑥 = −2𝑉0𝑥, ̇𝑝𝑦 = −2𝑉0𝑦
are not generally zero.
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3. Conservation of angular momentum about the 𝑧-
axis

The potential depends on 𝑥 and 𝑦 only through
𝑥2 + 𝑦2 = 𝜌2. It is therefore invariant under
rotations

𝑥 ⟶ 𝑥 cos 𝛼 − 𝑦 sin 𝛼
𝑦 ⟶ 𝑥 sin 𝛼 + 𝑦 cos 𝛼

about the 𝑧-axis. The corresponding conserved
quantity is

𝐿𝑧 = (𝑟 × 𝑝)𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 = 𝑚(𝑥 ̇𝑦 − 𝑦 ̇𝑥).
Direct differentiation yields

𝑑𝐿𝑧
𝑑𝑡 = 𝑥 ̇𝑝𝑦 − 𝑦 ̇𝑝𝑥 = 𝑥(−2𝑉0𝑦) − 𝑦(−2𝑉0𝑥) = 0.

Equivalently, the 𝑧-component of the torque is

𝜏𝑧 = (𝑟 × 𝐹)𝑧 = 𝑥𝐹𝑦 − 𝑦𝐹𝑥 = 0.
Thus

𝐿𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 = 𝑚(𝑥 ̇𝑦 − 𝑦 ̇𝑥) = constant.

The entire angular-momentum vector is not
generally conserved. Indeed,

𝜏 = 𝑟 × 𝐹 = 2𝑉0𝑧 (𝑦 𝑥̂ − 𝑥 𝑦̂) ,
so 𝜏𝑥 and 𝜏𝑦 need not vanish, whereas 𝜏𝑧 = 0.

4. Additional constants arising from separability

Because the 𝑥 , 𝑦 , and 𝑧motions are dynamically
separable, the energies assigned to the individ-
ual Cartesian motions are separately constant:

𝐸𝑥 = 𝑝2𝑥
2𝑚 + 𝑉0𝑥2

𝐸𝑦 = 𝑝2𝑦
2𝑚 + 𝑉0𝑦2

𝐸𝑧 =
𝑝2𝑧
2𝑚 .

For example,

𝑑𝐸𝑥
𝑑𝑡 = 𝑝𝑥 ̇𝑝𝑥

𝑚 + 2𝑉0𝑥 ̇𝑥 = ̇𝑥(−2𝑉0𝑥) + 2𝑉0𝑥 ̇𝑥 = 0,

and similarly 𝑑𝐸𝑦/𝑑𝑡 = 0. Also, 𝐸𝑧 is constant
because 𝑝𝑧 is constant. These quantities satisfy

𝐸 = 𝐸𝑥 + 𝐸𝑦 + 𝐸𝑧 ,
so they are not all independent of the total en-
ergy. The symmetry-generated quantities nor-
mally requested are 𝐸, 𝑝𝑧 , and 𝐿𝑧 .

For 𝑉0 > 0, defining

𝜔2 = 2𝑉0
𝑚 ,

the transverse equations become

̈𝑥 + 𝜔2𝑥 = 0, ̈𝑦 + 𝜔2𝑦 = 0.
Thus the transverse motion is an isotropic har-
monic oscillation, while the 𝑧-motion is free.
This provides a plausibility check: isotropy in
the 𝑥-𝑦 plane requires conservation of 𝐿𝑧 , and
absence of any 𝑧-directed force requires conser-
vation of 𝑝𝑧 .
Dimensionally,

[𝑉0] = [𝑉 ]
[𝑥2] =

J
m2 = kg s−2,

so 𝑉0𝑥2 has the dimension of energy and 2𝑉0𝑥
has the dimension of force. Moreover,

[2𝑉0𝑚 ] = s−2,

as required for 𝜔2. In the limiting case 𝑉0 → 0,
the force vanishes and all three components of
linear momentum and all three components of
angular momentum become conserved, consis-
tently enlarging the set of conservation laws for
a free particle.

CONCLUSION:

For a particle moving in

𝑉 (𝑟) = 𝑉0(𝑥2 + 𝑦2),
the principal conserved physical quantities are

𝐸 = 𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧
2𝑚 + 𝑉0(𝑥2 + 𝑦2), 𝑝𝑧 = 𝑚 ̇𝑧, 𝐿𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 .

They follow, respectively, from invariance under time
translations, translations along the 𝑧-axis, and rota-
tions about the 𝑧-axis. The direction associated with
the conserved linear momentum is the 𝑧-direction,
and the conserved angular-momentum component is
the component along the 𝑧-axis. The separate quanti-
ties

𝐸𝑥 = 𝑝2𝑥
2𝑚 + 𝑉0𝑥2, 𝐸𝑦 = 𝑝2𝑦

2𝑚 + 𝑉0𝑦2, 𝐸𝑧 =
𝑝2𝑧
2𝑚

are also constants of motion because the Cartesian
equations are separable, with 𝐸 = 𝐸𝑥 +𝐸𝑦 +𝐸𝑧 . In gen-
eral, neither the full linear-momentum vector nor the
full angular-momentum vector is conserved. For 𝑉0 >
0, the particle executes bounded isotropic harmonic
motion transverse to the 𝑧-axis with 𝜔 = √2𝑉0/𝑚,
together with uniform motion parallel to the 𝑧-axis;
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for 𝑉0 < 0, the transverse motion is unstable, but the
stated conservation laws remain valid.

IFoS · 2022 · 15 MARKS

Q8. A small block of mass m slides without
friction down a wedge-shaped block of mass
M and opening angle 𝛼 as depicted below.

x

y

O

X M

α

m

S

The wedge-shaped block itself slides along
the horizontal frictionless floor along the
+ve x-direction. Find the horizontal accelera-
tion Ẍ = d2X/dt2 of the wedge-shaped block
by the Lagrangian method and using the dis-
placements X and S of the blocks as general-
ized coordinates.

A small block of mass m slides without friction down
a wedge-shaped block of mass M and opening angle
𝛼 as depicted below.

The wedge-shaped block itself slides along the hor-
izontal frictionless floor along the +ve x-direction.
Find the horizontal acceleration Ẍ = d2X/dt2 of the
wedge-shaped block by the Lagrangian method and
using the displacements X and S of the blocks as gen-
eralized coordinates.

INTRODUCTION:

The required quantity is the horizontal acceleration of
the wedge in the inertial frame fixed to the floor. Let
the positive 𝑥-axis point horizontally to the right and
the positive 𝑦-axis vertically upward. The coordinate
𝑋 denotes the horizontal displacement of a reference
point fixed to the wedge. The angle 𝛼 is the angle
made by the inclined face with the horizontal.

Let 𝑆 be the displacement of the small block measured
along the inclined face from a fixed upper point of
the wedge, with 𝑆 increasing as the block slides down-
ward and to the left. Thus, increasing 𝑆 has horizon-
tal and vertical components −𝑆 cos 𝛼 and −𝑆 sin 𝛼 , re-
spectively.

The floor and the contact between the two blocks
are frictionless, both blocks are treated as rigid, and
the small block remains in contact with the incline.

Hence the only generalized coordinates are 𝑋 and 𝑆.
The governing principle is Lagrange’s equation,

d
d𝑡 (

𝜕𝐿
𝜕 ̇𝑞𝑖

) − 𝜕𝐿
𝜕𝑞𝑖

= 0, 𝐿 = 𝑇 − 𝑉 .

SOLUTION:

The configuration and the coordinate conventions are
shown below.

𝑥

𝑦

𝑂

𝑋 𝑀
𝛼

𝑚

𝑆

If (𝑥𝑚 , 𝑦𝑚) are the coordinates of the small block, then,
apart from constants fixed by the choice of reference
point,

𝑥𝑚 = 𝑋 − 𝑆 cos 𝛼 + constant

𝑦𝑚 = −𝑆 sin 𝛼 + constant.
Therefore,

̇𝑥𝑚 = ̇𝑋 − ̇𝑆 cos 𝛼, ̇𝑦𝑚 = − ̇𝑆 sin 𝛼.

The kinetic energy of the wedge is

𝑇𝑀 = 1
2𝑀

̇𝑋 2,
while that of the small block is

𝑇𝑚 = 1
2𝑚 ( ̇𝑥2𝑚 + ̇𝑦2𝑚)

= 1
2𝑚 [( ̇𝑋 − ̇𝑆 cos 𝛼)2 + ̇𝑆2 sin2 𝛼]

= 1
2𝑚

̇𝑋 2 − 𝑚 ̇𝑋 ̇𝑆 cos 𝛼 + 1
2𝑚

̇𝑆2.
Hence the total kinetic energy is

𝑇 = 1
2(𝑀 + 𝑚) ̇𝑋 2 − 𝑚 ̇𝑋 ̇𝑆 cos 𝛼 + 1

2𝑚
̇𝑆2.

Taking the gravitational potential energy to vanish at
any convenient reference level,

𝑉 = 𝑚𝑔𝑦𝑚 = −𝑚𝑔𝑆 sin 𝛼 + constant.
The irrelevant additive constant may be omitted, giv-
ing the Lagrangian

𝐿 = 1
2(𝑀 + 𝑚) ̇𝑋 2 − 𝑚 ̇𝑋 ̇𝑆 cos 𝛼 + 1

2𝑚
̇𝑆2 + 𝑚𝑔𝑆 sin 𝛼.

Since 𝑋 does not occur explicitly in 𝐿, it is a cyclic
coordinate. Its Lagrange equation gives

d
d𝑡 [(𝑀 + 𝑚) ̇𝑋 − 𝑚 ̇𝑆 cos 𝛼] = 0,
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or
(𝑀 + 𝑚) ̈𝑋 − 𝑚 ̈𝑆 cos 𝛼 = 0. (1)

This equation is also the statement of conservation of
the total horizontal momentum, as expected because
there is no external horizontal force.

For the coordinate 𝑆,
𝜕𝐿
𝜕 ̇𝑆 = 𝑚 ̇𝑆 − 𝑚 ̇𝑋 cos 𝛼, 𝜕𝐿

𝜕𝑆 = 𝑚𝑔 sin 𝛼.

Thus,
𝑚 ̈𝑆 − 𝑚 ̈𝑋 cos 𝛼 − 𝑚𝑔 sin 𝛼 = 0,

and hence
̈𝑆 = 𝑔 sin 𝛼 + ̈𝑋 cos 𝛼. (2)

Substituting equation (2) into equation (1),

(𝑀 + 𝑚) ̈𝑋 = 𝑚 cos 𝛼 (𝑔 sin 𝛼 + ̈𝑋 cos 𝛼) ,
(𝑀 + 𝑚 − 𝑚 cos2 𝛼) ̈𝑋 = 𝑚𝑔 sin 𝛼 cos 𝛼.

Using 1 − cos2 𝛼 = sin2 𝛼 ,
𝑀 + 𝑚 − 𝑚 cos2 𝛼 = 𝑀 + 𝑚 sin2 𝛼.

Therefore,

̈𝑋 = 𝑚𝑔 sin 𝛼 cos 𝛼
𝑀 + 𝑚 sin2 𝛼

.

For 0 < 𝛼 < 𝜋/2, both sin 𝛼 and cos 𝛼 are positive, so
̈𝑋 > 0. The wedge consequently accelerates toward

the right, opposite to the leftward horizontal compo-
nent of the small block’s motion. Also, ̈𝑋 → 0 for ei-
ther 𝛼 → 0 or 𝛼 → 𝜋/2, as expected: in the first case
gravity has no component along the surface, while in
the second case the block’s motion has no horizontal
component.

CONCLUSION:

The horizontal acceleration of the wedge-shaped
block is

̈𝑋 = 𝑚𝑔 sin 𝛼 cos 𝛼
𝑀 + 𝑚 sin2 𝛼

in units of m s−2. For the configuration shown, with
0 < 𝛼 < 𝜋/2 and 𝑆 increasing downward along
the incline, this acceleration is along the positive 𝑥-
direction, i.e. horizontally to the right. The result ap-
plies while both contacts remain frictionless and the
small block remains in contact with the inclined face.

CSE · 2021 · 15 MARKS

Q9. A body of mass𝑚 at rest splits into two
masses 𝑚1 and 𝑚2 by an explosion. After the

split the bodies move with a total kinetic en-
ergy 𝑇 in opposite direction. Show that their
relative speed is √

2𝑇𝑚
𝑚1𝑚2

.

INTRODUCTION:

The demand is to determine the relative speed of the
two fragments using conservation of linear momen-
tum and the given total kinetic energy. We work in
the initial rest frame of the body and assume non-
relativistic motion, negligible external impulse during
the explosion, and conservation of mass in the form

𝑚 = 𝑚1 + 𝑚2.
Choose the 𝑥-axis along the motion of mass 𝑚1. After
the explosion, let

𝑣1 = 𝑣1x̂, 𝑣2 = −𝑣2x̂,
where 𝑣1, 𝑣2 > 0. Thus, the fragments move in oppo-
site directions. Their relative velocity is

𝑣12 = 𝑣1 − 𝑣2 = (𝑣1 + 𝑣2)x̂,
so their relative speed is 𝑣rel = 𝑣1 + 𝑣2.
SOLUTION:

Since the original body is at rest, its initial momentum
is zero. The explosion is an internal process and the
external impulse during it is negligible; hence linear
momentum is conserved:

𝑚1𝑣1 + 𝑚2𝑣2 = 0.
Using the stated sign convention,

𝑚1𝑣1 − 𝑚2𝑣2 = 0,
and therefore

𝑚1𝑣1 = 𝑚2𝑣2.
Let the commonmagnitude of the fragment momenta
be 𝑝. Then

𝑝 = 𝑚1𝑣1 = 𝑚2𝑣2, 𝑣1 =
𝑝
𝑚1

, 𝑣2 =
𝑝
𝑚2

.

The total kinetic energy after the explosion is

𝑇 = 1
2𝑚1𝑣21 + 1

2𝑚2𝑣22 .
Substituting the velocities in terms of 𝑝,

𝑇 = 1
2𝑚1 (

𝑝
𝑚1

)
2
+ 1
2𝑚2 (

𝑝
𝑚2

)
2
,

so

𝑇 = 𝑝2
2 ( 1

𝑚1
+ 1
𝑚2

) = 𝑝2
2
𝑚1 + 𝑚2
𝑚1𝑚2

.
Since 𝑚1 + 𝑚2 = 𝑚,

𝑇 = 𝑝2𝑚
2𝑚1𝑚2

,
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which gives

𝑝2 = 2𝑇𝑚1𝑚2
𝑚 .

Because the velocities are oppositely directed, the rel-
ative speed is the sum of their individual speeds:

𝑣rel = 𝑣1 + 𝑣2.
Hence

𝑣rel =
𝑝
𝑚1

+ 𝑝
𝑚2

= 𝑝 ( 1
𝑚1

+ 1
𝑚2

) = 𝑝 𝑚
𝑚1𝑚2

.

Squaring and substituting for 𝑝2,

𝑣2rel = 𝑝2 𝑚2

𝑚21𝑚22
= (2𝑇𝑚1𝑚2

𝑚 ) 𝑚2

𝑚21𝑚22
= 2𝑇𝑚

𝑚1𝑚2
.

Therefore,

𝑣rel = √
2𝑇𝑚
𝑚1𝑚2

.

Equivalently, introducing the reduced mass

𝜇 = 𝑚1𝑚2
𝑚1 + 𝑚2

= 𝑚1𝑚2
𝑚 ,

the total kinetic energy in the zero-momentum frame
is

𝑇 = 1
2𝜇𝑣

2
rel,

which immediately gives the same result.

The dimensional check is

[ 𝑇𝑚
𝑚1𝑚2

] = (𝑀𝐿2𝑇−2)𝑀
𝑀2 = 𝐿2𝑇−2,

so its square root has the dimension of speed. Also, as
𝑇 → 0, the relative speed tends to zero, as physically
required. For 𝑚1 = 𝑚2 = 𝑚/2, momentum conserva-
tion gives equal and opposite speeds, and the formula
reduces consistently to

𝑣rel = √
8𝑇
𝑚 .

CONCLUSION:

The fragmentsmove in opposite directions along their
common line of motion, with momenta equal in mag-
nitude and opposite in direction. Under the assump-
tions of negligible external impulse, non-relativistic
motion, and 𝑚 = 𝑚1 + 𝑚2, their relative speed is

𝑣rel = √
2𝑇𝑚
𝑚1𝑚2

.

The relative velocity of 𝑚1 with respect to 𝑚2 is di-
rected along the motion of 𝑚1, while that of 𝑚2 with

respect to 𝑚1 has the same magnitude and the oppo-
site direction.

IFoS · 2021 · 10 MARKS

Q10. During take-off, an aircraft acceler-
ates horizontally in a straight line at a rate
𝐴. A small bob of mass 𝑚 is suspended on a
string attached to the roof of the cabin, and a
hydrogen balloon (total mass 𝑚) is tethered
to the floor by a string. For each, determine
the tension in the string and the equilibrium
angle 𝜃 between string and vertical. Draw a
neat diagram to explain your answer.

INTRODUCTION:

Take the aircraft acceleration to be constant and di-
rected along the positive horizontal 𝑥-axis:

𝐴 = 𝐴𝑥̂,
with the positive 𝑦-axis vertically upward. The cal-
culation will be made in the non-inertial frame fixed
to the aircraft. In this frame, every object of mass 𝑀
experiences the pseudo-force

𝐹p = −𝑀𝐴𝑥̂.
Consequently, gravity and the pseudo-force together
correspond to the effective gravitational acceleration

𝑔eff = −𝐴𝑥̂ − 𝑔𝑦̂ , 𝑔eff = √𝑔2 + 𝐴2.

The strings are assumed light, inextensible, and taut.
The bob and the balloon are in equilibrium relative to
the aircraft. The bob is treated as a point mass. For
the balloon, let 𝑉 be its displaced volume and let 𝜌 be
the local density of the cabin air, taken approximately
uniform over the dimensions of the balloon. The to-
tal balloon mass 𝑚 includes the hydrogen, envelope,
and all attached parts. The cabin air is assumed to
have reached mechanical equilibrium in the accelerat-
ing frame, so that its pressure gradient is determined
by gravity and the horizontal pseudo-force.

For the bob, 𝜃b is measured from the vertically down-
ward line through the roof attachment. For the bal-
loon, 𝜃bal is measured from the vertically upward line
through the floor attachment. Angles toward the pos-
itive 𝑥-direction are described as forward, while an-
gles toward the negative 𝑥-direction are described as
backward.

SOLUTION:

1. The geometry and sign convention are shown
below. The aircraft accelerates to the right.
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The bob is displaced backward, whereas a suffi-
ciently buoyant balloon is displaced forward.

𝐴

𝑥

𝑦
𝑚

𝜃b

𝑚

𝜃bal

𝑔eff

−𝑔eff

The arrow 𝐴 points to the right and denotes
the actual acceleration of the aircraft. The ef-
fective gravity 𝑔eff points downward and back-
ward. The pressure-produced buoyant force on
the balloon will be shown to point opposite to
𝑔eff, namely upward and forward.

2. For the bob, the real forces are its weight

𝑊 = −𝑚𝑔𝑦̂
and the tension exerted by the roof string. Since
the bob lies behind the roof attachment, the ten-
sion on the bob points upward and forward:

𝑇 b = 𝑇b sin 𝜃b 𝑥̂ + 𝑇b cos 𝜃b 𝑦̂ .
The pseudo-force in the aircraft frame is

𝐹p = −𝑚𝐴𝑥̂.
Equilibrium relative to the aircraft requires

𝑇 b + 𝑊 + 𝐹p = 0.
Thus

𝑇b sin 𝜃b 𝑥̂ + 𝑇b cos 𝜃b 𝑦̂ − 𝑚𝐴𝑥̂ − 𝑚𝑔𝑦̂ = 0.
Equating the horizontal and vertical compo-
nents gives

𝑇b sin 𝜃b = 𝑚𝐴, 𝑇b cos 𝜃b = 𝑚𝑔.
Dividing the first equation by the second,

tan 𝜃b = 𝐴
𝑔 ,

and hence

𝜃b = tan−1(𝐴𝑔 ) .

Squaring and adding the component equations,

𝑇 2b (sin2 𝜃b + cos2 𝜃b) = 𝑚2𝐴2 + 𝑚2𝑔2,
so that

𝑇b = 𝑚√𝑔2 + 𝐴2 .

Equivalently, the string aligns the bob with the
effective gravity:

𝑔eff = −𝐴𝑥̂ − 𝑔𝑦̂ .
Its horizontal component is backward, confirm-
ing that the bob must trail behind the accelerat-
ing aircraft.

3. For the balloon, ordinary vertical buoyancy
alone is insufficient because the accelerating
cabin air also has a horizontal pressure gradi-
ent. To derive the pressure gradient, consider
a small cabin-air element of density 𝜌 at rest in
the aircraft frame. The forces per unit volume
are the pressure force

−∇𝑝,
gravity

−𝜌𝑔𝑦̂ ,
and the pseudo-force

−𝜌𝐴𝑥̂.
Static equilibrium of the air therefore gives

−∇𝑝 − 𝜌𝐴𝑥̂ − 𝜌𝑔𝑦̂ = 0,
or

∇𝑝 = −𝜌𝐴𝑥̂ − 𝜌𝑔𝑦̂ = 𝜌𝑔eff .
Thus pressure decreases both upward and for-
ward.

The net pressure force on a body occupying vol-
ume 𝑉 is

𝐹pressure = −∮𝜕𝑉 𝑝 𝑛 𝑑𝑆,

where 𝑛 is the outward unit normal. Applying
the divergence theorem component by compo-
nent, and taking the pressure gradient as ap-
proximately constant over the balloon,

𝐹pressure = −∫𝑉 ∇𝑝 𝑑𝑉 = −𝑉∇𝑝.

Using the pressure-gradient equation,

𝐹pressure = 𝜌𝑉𝐴𝑥̂ + 𝜌𝑉𝑔𝑦̂ .
This is the generalized buoyant force in the ac-
celerating cabin. It is directed upward and for-
ward, opposite to 𝑔eff, and has magnitude

𝐹pressure = 𝜌𝑉√𝑔2 + 𝐴2.

Theweight and pseudo-force acting on the total
balloon mass 𝑚 are

𝑊 + 𝐹p = −𝑚𝑔𝑦̂ − 𝑚𝐴𝑥̂.
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Therefore, before including the tether tension,
the resultant force on the balloon is

𝐹 free = 𝐹pressure + 𝑊 + 𝐹p

= (𝜌𝑉 − 𝑚)𝐴𝑥̂ + (𝜌𝑉 − 𝑚)𝑔𝑦̂
= (𝜌𝑉 − 𝑚) (𝐴𝑥̂ + 𝑔𝑦̂) .

For a balloon that can be held by a taut floor
tether,

𝜌𝑉 > 𝑚.
Under this condition, 𝐹 free points upward and
forward. The balloon consequently displaces
forward until the floor tether pulls it downward
and backward.

The tension exerted on the balloon is directed
from the balloon toward the floor attachment.
Its components are

𝑇 bal = −𝑇bal sin 𝜃bal 𝑥̂ − 𝑇bal cos 𝜃bal 𝑦̂ .
Equilibrium requires

𝑇 bal + 𝐹 free = 0,
so that

𝑇bal sin 𝜃bal = (𝜌𝑉 − 𝑚)𝐴,
and

𝑇bal cos 𝜃bal = (𝜌𝑉 − 𝑚)𝑔.
Dividing these equations gives

tan 𝜃bal = 𝐴
𝑔 ,

hence

𝜃bal = tan−1(𝐴𝑔 ) .

Squaring and adding gives

𝑇 2bal = (𝜌𝑉 − 𝑚)2(𝐴2 + 𝑔2),
and, since 𝜌𝑉 − 𝑚 > 0,

𝑇bal = (𝜌𝑉 − 𝑚)√𝑔2 + 𝐴2 .

If
𝐵0 = 𝜌𝑉𝑔

is the ordinary buoyant force in a non-
accelerating cabin, then

𝜌𝑉 − 𝑚 = 𝐵0 − 𝑚𝑔
𝑔 .

The balloon tension can consequently also be
written as

𝑇bal = (𝐵0 − 𝑚𝑔)
√
1 + 𝐴2

𝑔2 .

If 𝑇0 = 𝐵0 − 𝑚𝑔 is its floor-tether tension when
𝐴 = 0, then

𝑇bal = 𝑇0
√
1 + 𝐴2

𝑔2 .

Thus the total balloon mass 𝑚 by itself does not
determine its tension. The displaced volume 𝑉 ,
the air density 𝜌, the ordinary buoyant force
𝐵0, or the stationary-cabin tension 𝑇0 must ad-
ditionally be known.

4. The limiting cases, dimensions, and physical di-
rections provide checks on the results. When
𝐴 → 0,

𝜃b, 𝜃bal → 0,
and

𝑇b → 𝑚𝑔, 𝑇bal → (𝜌𝑉 − 𝑚)𝑔 = 𝜌𝑉𝑔 − 𝑚𝑔.
These are precisely the ordinary vertical-
equilibrium results.

When 𝐴 ≫ 𝑔,

tan 𝜃 ≃ 𝐴
𝑔 ≫ 1, 𝜃 → 𝜋

2 ,

so both strings become nearly horizontal. The
bob lies backward because the effective gravity
points backward, while the balloon lies forward
because its net buoyancy points opposite to the
effective gravity.

The dimensions are

[𝑚√𝑔2 + 𝐴2] = [mass][acceleration] = [force],

and similarly

[(𝜌𝑉 − 𝑚)√𝑔2 + 𝐴2] = [force].

Thus both tensions have the required SI unit of
newton.

If 𝜌𝑉 = 𝑚, the pressure force exactly balances
the balloon’s weight and pseudo-force:

𝐹 free = 0, 𝑇bal = 0.
The tether is then slack and its equilibrium an-
gle is not determined. If 𝜌𝑉 < 𝑚, the free
resultant is downward and backward. A floor
tether, which can only pull the balloon toward
the floor, cannot balance that resultant with a
taut string in the stated configuration.
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CONCLUSION:

For the bob suspended from the roof,

𝑇b = 𝑚√𝑔2 + 𝐴2 N, 𝜃b = tan−1(𝐴𝑔 ) .

The angle is dimensionless and may be expressed in
radians or degrees. The bob and its string slope back-
ward, opposite to the direction of aircraft acceleration.

For a balloon of total mass 𝑚 and displaced volume
𝑉 , in cabin air of density 𝜌, a taut floor-tether equilib-
rium requires

𝜌𝑉 > 𝑚 .
Under this condition,

𝑇bal = (𝜌𝑉 − 𝑚)√𝑔2 + 𝐴2 N, 𝜃bal = tan−1(𝐴𝑔 ) .

Equivalently,

𝑇bal = (𝐵0 − 𝑚𝑔)
√
1 + 𝐴2

𝑔2 N, 𝐵0 = 𝜌𝑉𝑔 .

The balloon and its string slope forward, in the direc-
tion of aircraft acceleration. Thus the bob and the
buoyant balloonmake equal angular magnitudes with
their respective vertical reference lines, but they lean
in opposite horizontal directions. The balloon ten-
sion is not determined by the stated mass 𝑚 alone; its
displaced-air mass 𝜌𝑉 , ordinary buoyant force 𝐵0, or
stationary-cabin tether tension must also be specified.
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Question Index
No. Question Marks Year Exam Page
1 A particle executes simple harmonic motion of amplitude 𝐴 and angular

frequency 𝜔. A damping force proportional to velocity acts on the particle.
Derive the expression for the displacement of the particle as a function of time
and discuss the effect of damping on amplitude and frequency. Also, calculate
the time at which the amplitude reduces to half its initial value, if the damping
coefficient is 𝑏 and mass is 𝑚.

10 2026 CSE 3

2 𝑚 𝑑2𝑥
𝑑𝑡2 + 𝛾 𝑑𝑥

𝑑𝑡 + 𝑘𝑥 = 0; A harmonic oscillator is represented by the equation

𝑚 𝑑2𝑥
𝑑𝑡2 + 𝛾 𝑑𝑥

𝑑𝑡 + 𝑘𝑥 = 0; where 𝑚 = 0 ⋅ 25 kg, 𝛾 = 0 ⋅ 07 kg s−1 and 𝑘 = 85 Nm−1.
Determine (i) the period of oscillation, and (ii) the number of oscillations in
which its amplitude will become half of its original value.

15 2025 CSE 4

3 A 15 ⋅ 0 cm violin string, fixed at both the ends, is vibrating with the largest
wavelength. The speed of the wave in this string is 250 m/s, and the speed of
sound in air is 350 m/s. What is the frequency and wavelength of the emitted
sound wave?

8 2025 IFoS 6

4 A particle of mass m is suspended from a spring which has mass m and force

constant k. Show that the oscillation frequency is given by 𝜔 = √3
2 𝜔0, where 𝜔0 is

frequency of oscillation when spring is considered massless.

15 2025 IFoS 7

5 A weakly damped harmonic oscillator consisting of spring-mass system has the
following parameters : Mass 𝑚 = 0.25 kg, Spring constant 𝑘 = 100 N m−1,
Damping coefficient 𝛾 = 1 N s m−1 A periodic force 𝐹 = 5 cos𝜔𝑡 (newton) is
applied to the system. Determine (i) the amplitude of the oscillator at resonance
and (ii) the 𝑄-value of the oscillator.

15 2024 CSE 9

6 Consider a damped harmonic oscillator given by the equation ̈𝑥 + 2𝜇 ̇𝑥 + 𝜔20𝑥 = 0.
Obtain the displacements for (i) overdamped, (ii) underdamped and, (iii) critically
damped motion.

15 2024 IFoS 11

7 Calculate the group and phase velocities for the wave packet corresponding to a
relativistic particle.

8 2024 IFoS 14

8 Using Huygens’ principle for a plane wave travelling from rarer medium 1 to a
denser medium 2, show that sin 𝑖

sin 𝑟 =
𝑣1
𝑣2
= 𝜇2

𝜇1
, where 𝑖 and 𝑟 are the angles of

incidence and refraction, respectively. 𝑣1, 𝜇1 and 𝑣2, 𝜇2 are the velocities and
refractive indices in media 1 and 2, respectively.

10 2023 CSE 16

9 Write equation for damped harmonic oscillations and obtain expression for
logarithmic decrement. In a damped harmonic motion, the first amplitude is
10 cm, which reduces to 2 cm after 50 oscillations, each of period 4 seconds.
Determine the logarithmic decrement. Also, calculate the number of oscillations
in which the amplitude decreases to 25%.

20 2023 CSE 18

10 Find an expression for the average energy of a forced oscillator in the
steady-state motion.

10 2023 IFoS 20
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CSE · 2026 · 10 MARKS

Q1. A particle executes simple harmonic
motion of amplitude 𝐴 and angular fre-
quency 𝜔. A damping force proportional to
velocity acts on the particle. Derive the ex-
pression for the displacement of the particle
as a function of time and discuss the effect of
damping on amplitude and frequency. Also,
calculate the time at which the amplitude re-
duces to half its initial value, if the damping
coefficient is 𝑏 and mass is 𝑚.

INTRODUCTION:

Let 𝑥(𝑡) denote the displacement from equilibrium,
with the positive 𝑥-direction chosen arbitrarily. The
undamped angular frequency is 𝜔, so the restoring-
force constant is

𝑘 = 𝑚𝜔2.
The velocity-dependent damping force is assumed to
be linear and opposite to the instantaneous velocity:

𝐹d = −𝑏 ̇𝑥, 𝑏 > 0.
Thus the motion is governed by Newton’s second law
applied in an inertial frame. Define the damping rate

𝛾 = 𝑏
2𝑚 .

The initial amplitude 𝐴 will mean the value of the
exponentially decaying amplitude envelope at 𝑡 = 0.
The phase of the oscillator at that instant is denoted
by 𝜙.
SOLUTION:

1. The restoring and damping forces give

𝑚 ̈𝑥 = −𝑚𝜔2𝑥 − 𝑏 ̇𝑥,
or

̈𝑥 + 𝑏
𝑚 ̇𝑥 + 𝜔2𝑥 = 0.

Using 𝛾 = 𝑏/(2𝑚), this becomes

̈𝑥 + 2𝛾 ̇𝑥 + 𝜔2𝑥 = 0.

To solve it, take

𝑥(𝑡) = 𝑒𝑟 𝑡 .
Substitution gives the characteristic equation

𝑟2 + 2𝛾 𝑟 + 𝜔2 = 0,
whose roots are

𝑟 = −𝛾 ± √𝛾 2 − 𝜔2.

For the usual oscillatory, or underdamped, case

𝛾 < 𝜔 ⟺ 𝑏 < 2𝑚𝜔,
define the damped angular frequency

𝜔d = √𝜔2 − 𝛾 2 = √𝜔2 − 𝑏2
4𝑚2 .

The roots are then

𝑟 = −𝛾 ± 𝑖𝜔d.
Hence

𝑥(𝑡) = 𝑒−𝛾 𝑡 (𝐶 cos𝜔d𝑡 + 𝐷 sin𝜔d𝑡) .
Writing 𝐶 = 𝐴 cos 𝜙 and 𝐷 = −𝐴 sin 𝜙, the dis-
placement is

𝑥(𝑡) = 𝐴𝑒−𝑏𝑡/(2𝑚) cos (𝜔d𝑡 + 𝜙)

𝜔d = √𝜔2 − 𝑏2
4𝑚2 .

If the initial conditions are specified as 𝑥(0) = 𝐴
and ̇𝑥(0) = 0, direct determination of the con-
stants instead gives

𝑥(𝑡) = 𝐴𝑒−𝑏𝑡/(2𝑚) [cos(𝜔d𝑡) + 𝑏
2𝑚𝜔d

sin(𝜔d𝑡)] .

This is equivalent to the amplitude–phase form
with an appropriate constant phase and ampli-
tude parameter.

In the zero-damping limit 𝑏 → 0,
𝛾 → 0, 𝜔d → 𝜔,

and the solution reduces to ordinary simple har-
monic motion, as required.

2. The time-dependent amplitude envelope is

𝐴(𝑡) = 𝐴𝑒−𝛾 𝑡 = 𝐴𝑒−𝑏𝑡/(2𝑚).
Therefore damping causes the amplitude to de-
crease exponentially rather than remain con-
stant. Since the mechanical energy of a har-
monic oscillator is proportional to the square
of its amplitude,

𝐸(𝑡) ∝ 𝐴2(𝑡),
its slowly varying envelope decays as

𝐸(𝑡) = 𝐸(0)𝑒−𝑏𝑡/𝑚 .
This agrees with the fact that

𝑑𝐸
𝑑𝑡 = −𝑏 ̇𝑥 2 ≤ 0,
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so the damping force continuously removes me-
chanical energy.

Damping also lowers the oscillation frequency
from 𝜔 to

𝜔d = √𝜔2 − 𝑏2
4𝑚2 < 𝜔.

For weak damping, 𝑏 ≪ 2𝑚𝜔, the binomial ex-
pansion gives

𝜔d = 𝜔√1 − 𝑏2
4𝑚2𝜔2 ≃ 𝜔 (1 − 𝑏2

8𝑚2𝜔2 ) .

Thus the reduction in frequency is second order
in 𝑏 for weak damping, whereas the amplitude-
decay rate is first order in 𝑏.
At critical damping,

𝑏 = 2𝑚𝜔,
the two characteristic roots coincide and

𝑥(𝑡) = (𝐶 + 𝐷𝑡)𝑒−𝜔𝑡 .
The particle returns to equilibrium without os-
cillating. For

𝑏 > 2𝑚𝜔,
the motion is overdamped:

𝑥(𝑡) = 𝐶𝑒(−𝛾+√𝛾 2−𝜔2)𝑡 + 𝐷𝑒(−𝛾−√𝛾 2−𝜔2)𝑡 ,
and again no oscillation frequency exists.

3. Let 𝑡1/2 be the time at which the amplitude en-
velope becomes 𝐴/2. Then

𝐴𝑒−𝑏𝑡1/2/(2𝑚) = 𝐴
2 .

Cancelling 𝐴 and taking natural logarithms,

−𝑏𝑡1/2
2𝑚 = ln (12) = − ln 2.

Therefore

𝑡1/2 = 2𝑚
𝑏 ln 2 .

Since 𝑏/𝑚 has dimensions of inverse time, 2𝑚/𝑏
has dimensions of time, as required.

CONCLUSION:

For underdamped motion, 𝑏 < 2𝑚𝜔, the displacement
is

𝑥(𝑡) = 𝐴𝑒−𝑏𝑡/(2𝑚) cos [√𝜔2 − 𝑏2
4𝑚2 𝑡 + 𝜙] .

The amplitude decreases exponentially according to

𝐴(𝑡) = 𝐴𝑒−𝑏𝑡/(2𝑚) ,

while the angular frequency is reduced from the un-
damped value 𝜔 to

𝜔d = √𝜔2 − 𝑏2
4𝑚2 .

At 𝑏 = 2𝑚𝜔 the system is critically damped, and for
𝑏 > 2𝑚𝜔 it is overdamped; in both cases the motion is
non-oscillatory. The time required for the amplitude
envelope to fall to one-half of its initial value is

𝑡1/2 = 2𝑚 ln 2
𝑏 ,

measured in seconds when 𝑚 is in kilograms and 𝑏 is
in kg s−1.

CSE · 2025 · 15 MARKS

Q2. 𝑚 𝑑2𝑥
𝑑𝑡2 +𝛾

𝑑𝑥
𝑑𝑡 +𝑘𝑥 = 0;A harmonic oscilla-

tor is represented by the equation𝑚 𝑑2𝑥
𝑑𝑡2 +𝛾

𝑑𝑥
𝑑𝑡 +

𝑘𝑥 = 0; where 𝑚 = 0 ⋅ 25 kg, 𝛾 = 0 ⋅ 07 kg s−1

and 𝑘 = 85 Nm−1. Determine (i) the period
of oscillation, and (ii) the number of oscilla-
tions in which its amplitude will become half
of its original value.

INTRODUCTION:

The equation describes a one-dimensional oscillator
subject to a linear restoring force and viscous damp-
ing. The displacement 𝑥 is measured from the equilib-
rium position along a fixed positive axis. The restor-
ing force is −𝑘𝑥 , while the damping force is

𝐹d = −𝛾 ̇𝑥,
so it always acts opposite to the instantaneous veloc-
ity.

The motion is assumed to remain in the linear regime,
with constant 𝑚, 𝑘, and 𝛾 , and with no external driv-
ing force. Define

𝜔0 = √
𝑘
𝑚 , 𝛽 = 𝛾

2𝑚 ,

where 𝜔0 is the undamped natural angular frequency
and 𝛽 is the amplitude-decay constant. For under-
damped motion, 𝛽 < 𝜔0, and the damped angular fre-
quency is

𝜔d = √𝜔20 − 𝛽2.
The period is 𝑇 = 2𝜋/𝜔d. The number of oscillations
required for the exponentially decaying amplitude to
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become one-half is obtained from the amplitude enve-
lope.

SOLUTION:

Dividing the equation of motion by 𝑚,

̈𝑥 + 𝛾
𝑚 ̇𝑥 + 𝑘

𝑚𝑥 = 0.

Using

2𝛽 = 𝛾
𝑚 , 𝜔20 = 𝑘

𝑚 ,
this becomes

̈𝑥 + 2𝛽 ̇𝑥 + 𝜔20𝑥 = 0.

For a trial solution 𝑥 = 𝑒𝑟 𝑡 , the characteristic equation
is

𝑟2 + 2𝛽𝑟 + 𝜔20 = 0.
Hence

𝑟 = −𝛽 ± √𝛽2 − 𝜔20 .
If 𝛽 < 𝜔0, the roots may be written as

𝑟 = −𝛽 ± 𝑖𝜔d, 𝜔d = √𝜔20 − 𝛽2.
The displacement is therefore

𝑥(𝑡) = 𝐴0𝑒−𝛽𝑡 cos(𝜔d𝑡 + 𝜙),
where 𝐴0 and 𝜙 are fixed by the initial conditions.
Thus the amplitude envelope is

𝐴(𝑡) = 𝐴0𝑒−𝛽𝑡 .

The units are consistent:

[ 𝑘𝑚] = Nm−1
kg

= kg s−2

kg
= s−2,

and

[ 𝛾𝑚 ] = kg s−1

kg
= s−1.

(i) The decay constant is

𝛽 = 𝛾
2𝑚 = 0.07 kg s−1

2(0.25 kg) = 0.07
0.50 s−1 = 0.14 s−1.

The square of the undamped natural angular
frequency is

𝜔20 = 𝑘
𝑚 = 85 Nm−1

0.25 kg
= 340 s−2,

so that

𝜔0 = √340 rad s−1 = 18.439 rad s−1.

Since

𝛽2 = (0.14)2 = 0.0196 s−2 < 340 s−2 = 𝜔20 ,

the oscillator is strongly underdamped and ex-
ecutes oscillatory motion.

Its damped angular frequency is

𝜔d = √𝜔20 − 𝛽2
= √340 − 0.0196 rad s−1

= √339.9804 rad s−1

= 18.4386 rad s−1.

Therefore, the period of the damped oscillation
is

𝑇 = 2𝜋
𝜔d

= 2𝜋
18.4386 rad s−1

= 0.34076 s

≃ 0.341 s.

As a limiting check, when 𝛾 → 0, one has 𝛽 → 0
and

𝑇 → 𝑇0 = 2𝜋
𝜔0

= 2𝜋
18.439 s ≃ 0.34075 s.

The computed damped period is very slightly
greater than 𝑇0, as expected because damping
reduces the angular frequency.

(ii) Let 𝑡1/2 be the time at which the amplitude be-
comes one-half of its initial value. From

𝐴(𝑡) = 𝐴0𝑒−𝛽𝑡 ,
the condition 𝐴(𝑡1/2) = 𝐴0/2 gives

𝐴0𝑒−𝛽𝑡1/2 =
𝐴0
2 .

After cancelling 𝐴0,

𝑒−𝛽𝑡1/2 = 1
2 .

Taking natural logarithms,

−𝛽𝑡1/2 = − ln 2,
and hence

𝑡1/2 = ln 2
𝛽

= 0.693147
0.14 s−1

= 4.951 s.

If 𝑁 denotes the number of oscillation periods
completed in this time, then

𝑁 = 𝑡1/2
𝑇 .
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Therefore,
𝑁 = 4.951 s

0.34076 s
= 14.53.

Equivalently,

𝑁 = 𝜔d ln 2
2𝜋𝛽 = (18.4386)(0.693147)

2𝜋(0.14) = 14.53.

For a discrete-cycle plausibility check, after 14
complete oscillations,

𝐴14
𝐴0

= 𝑒−𝛽(14𝑇 ) = 𝑒−(0.14)(14)(0.34076) ≃ 0.513,

whereas after 15 complete oscillations,

𝐴15
𝐴0

= 𝑒−𝛽(15𝑇 ) = 𝑒−(0.14)(15)(0.34076) ≃ 0.489.

Thus the amplitude crosses 𝐴0/2 between the
fourteenth and fifteenth completed oscillations,
consistently with 𝑁 = 14.53.

CONCLUSION:

The oscillator is underdamped because

𝛽 = 0.14 s−1 < 𝜔0 = 18.439 rad s−1.
Its damped angular frequency and period are

𝜔d = 18.4386 rad s−1 , 𝑇 ≃ 0.341 s .

The amplitude decays as

𝐴(𝑡) = 𝐴0𝑒−0.14𝑡 ,
because the damping force acts opposite to the veloc-
ity. It becomes half of its initial value after

𝑡1/2 ≃ 4.95 s ,

corresponding to

𝑁 ≃ 14.53 oscillations .
Hence the amplitude becomes one-half between the
fourteenth and fifteenth completed oscillations; if an
integral number of completed oscillations is required,
it is below one-half after approximately

15 complete oscillations .

IFoS · 2025 · 8 MARKS

Q3. A 15 ⋅ 0 cm violin string, fixed at both
the ends, is vibrating with the largest wave-
length. The speed of the wave in this string

is 250 m/s, and the speed of sound in air is
350 m/s. What is the frequency and wave-
length of the emitted sound wave?

INTRODUCTION:

The required quantities are the frequency 𝑓sound and
wavelength 𝜆sound of the sound emitted into air.

Let
𝐿 = 15.0 cm = 0.150 m

𝑣s = 250 ms−1

𝑣a = 350 ms−1

where 𝑣s is the transverse-wave speed on the string
and 𝑣a is the speed of sound in air.

Choose the 𝑥-axis along the string, with 𝑥 = 0 at the
left fixed end and 𝑥 = 𝐿 at the right fixed end. The
transverse displacement is denoted by 𝑦(𝑥, 𝑡), with
positive 𝑦 upward. Since both ends are fixed,

𝑦(0, 𝑡) = 𝑦(𝐿, 𝑡) = 0.
Thus, both ends must be nodes of every allowed
standing-wave mode. The largest allowed wave-
length is therefore the wavelength of the fundamen-
tal mode, for which the string contains one half-
wavelength.

It is assumed that the string is uniform, the oscil-
lations are small, the air is stationary and approxi-
mately nondispersive, and losses and end corrections
are negligible. The string forces the adjacent air to
oscillate at the same frequency; hence the sound fre-
quency equals the vibration frequency of the string,
although its wavelength changes because the wave
speed changes on passing from the string to air.

SOLUTION:

For the fundamental standing-wave mode, the fixed
ends are consecutive nodes and there is one antinode
at 𝑥 = 𝐿/2:

𝑥

𝑦

𝐿
0 𝐿

𝐴

In general, if 𝑛 half-wavelengths fit into a string of
length 𝐿,

𝐿 = 𝑛𝜆𝑛2 ,
so that

𝜆𝑛 = 2𝐿
𝑛 , 𝑛 = 1, 2, 3, … .
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The wavelength is largest for the smallest permitted
positive integer, 𝑛 = 1. Hence the fundamental wave-
length on the string is

𝜆s = 2𝐿.
Substituting the string length,

𝜆s = 2(0.150 m) = 0.300 m.
1. The frequency of vibration of the string is ob-

tained from 𝑣 = 𝑓 𝜆:

𝑓s =
𝑣s
𝜆s

= 250 ms−1
0.300 m

= 8.33 × 102 s−1.

Therefore,

𝑓s = 8.33 × 102 Hz.

The air is driven periodically by the string.
Since the number of oscillations produced per
second cannot change at the string–air cou-
pling,

𝑓sound = 𝑓s = 8.33 × 102 Hz.

2. The wavelength of the sound in air is

𝜆sound = 𝑣a
𝑓sound

.

On substitution,

𝜆sound = 350 ms−1
8.33 × 102 s−1

= 4.20 × 10−1 m.

Thus,

𝜆sound = 0.420 m = 42.0 cm.

The dimensional checks are

[𝑓 ] = [𝑣]
[𝜆] =

ms−1
m

= s−1 = Hz

[𝜆sound] =
[𝑣a]
[𝑓 ] = ms−1

s−1
= m.

The result is also physically plausible: the frequency
remains unchanged, while

𝜆sound
𝜆s

= 𝑣a
𝑣s

= 350
250 = 1.40.

Therefore, because sound travels 1.40 times faster in
air than the transverse wave travels on the string,
its wavelength in air is 1.40 times the standing-wave
wavelength on the string:

1.40(0.300 m) = 0.420 m.

CONCLUSION:

For the largest-wavelength, fixed-end mode, the
string vibrates in its fundamental mode with

𝜆s = 2𝐿 = 0.300 m.
The emitted sound has frequency

𝑓sound = 8.33 × 102 Hz ≈ 833 Hz

and wavelength in air

𝜆sound = 0.420 m = 42.0 cm .

The sound propagates outward through the air from
the vibrating string; no unique propagation direction
is specified by the question. These results apply for
a uniform string vibrating in the fundamental mode
and for stationary, approximately nondispersive air
with negligible end corrections and losses. The phys-
ical inference is that coupling to air preserves the fre-
quency, while the higher wave speed in air produces
a correspondingly larger wavelength.

IFoS · 2025 · 15 MARKS

Q4. A particle of mass m is suspended
from a spring which has mass m and force
constant k. Show that the oscillation fre-
quency is given by 𝜔 = √3

2 𝜔0, where 𝜔0 is
frequency of oscillation when spring is con-
sidered massless.

INTRODUCTION:

The required quantity is the angular frequency of
small vertical oscillations when the inertia of the
spring is included. Let the suspended particle have
mass 𝑀 , let the uniform spring have mass 𝑚𝑠 , natu-
ral or equilibrium-coordinate length 𝐿, and force con-
stant 𝑘. At the end we shall use the data

𝑀 = 𝑚𝑠 = 𝑚.

Let 𝑦 , measured vertically downward from the fixed
end, label a point of the spring, so that 0 ≤ 𝑦 ≤ 𝐿. Let
𝑥(𝑡) be the small downward displacement of the lower
end, and hence of the suspended particle, from the
static equilibrium position. Measuring displacement
from static equilibrium removes all terms linear in 𝑥
arising from gravity; gravity changes the equilibrium
extension but not the small-oscillation frequency.

For the standard effective-mass treatment of a uni-
form spring, the incremental longitudinal extension

Sample Preview ⋅ Complete files can be purchased from abhi‑physics.com 7/22

https://abhi-physics.com


Waves and Optics UPSC PHYSICS OPTIONAL

is assumed to be distributed uniformly. Since the up-
per end is fixed and the lower endmoves through 𝑥(𝑡),
the displacement field is

𝑢(𝑦, 𝑡) = 𝑦
𝐿𝑥(𝑡), 𝑢(0, 𝑡) = 0, 𝑢(𝐿, 𝑡) = 𝑥(𝑡).

Thus different parts of the massive spring have dif-
ferent velocities and the entire spring mass cannot be
added directly to 𝑀 . The governing principle is con-
servation of mechanical energy, or equivalently La-
grange’s equation, with both the particle’s kinetic en-
ergy and the distributed kinetic energy of the spring
included.

SOLUTION:

The geometry and sign convention are shown below.
The coordinate 𝑦 and the displacement 𝑥 are both pos-
itive vertically downward.

𝑀
𝑥

𝑦

0

𝐿

𝑢(𝑦, 𝑡)

Since the spring is uniform, its linear mass density is

𝜆 = 𝑚𝑠
𝐿 .

An element of length 𝑑𝑦 therefore has mass

𝑑𝑚 = 𝜆 𝑑𝑦 = 𝑚𝑠
𝐿 𝑑𝑦.

From the assumed displacement field,

𝑢(𝑦, 𝑡) = 𝑦
𝐿𝑥(𝑡),

the velocity of this element is

𝑣(𝑦 , 𝑡) = 𝜕𝑢
𝜕𝑡 = 𝑦

𝐿 ̇𝑥(𝑡).

The element at the fixed end has zero velocity, while
the element at the lower end has velocity ̇𝑥 , as re-
quired by the boundary conditions.

The kinetic energy of the spring is consequently

𝑇𝑠 = 1
2 ∫

𝐿

0
𝑣2 𝑑𝑚.

Substituting 𝑣 = (𝑦/𝐿) ̇𝑥 and 𝑑𝑚 = (𝑚𝑠/𝐿)𝑑𝑦 ,

𝑇𝑠 = 1
2 ∫

𝐿

0
(𝑦𝐿 ̇𝑥)

2 𝑚𝑠
𝐿 𝑑𝑦

= 𝑚𝑠 ̇𝑥 2

2𝐿3 ∫
𝐿

0
𝑦2 𝑑𝑦

= 𝑚𝑠 ̇𝑥 2

2𝐿3 [𝑦
3

3 ]
𝐿

0

= 𝑚𝑠 ̇𝑥 2

2𝐿3
𝐿3
3 = 1

2 (𝑚𝑠
3 ) ̇𝑥 2.

Thus, for this mode of motion, the spring contributes
the effective inertial mass

𝑚eff,spring = 𝑚𝑠
3 .

The kinetic energy of the suspended particle is

𝑇𝑀 = 1
2𝑀 ̇𝑥 2.

Hence the total kinetic energy is

𝑇 = 𝑇𝑀 + 𝑇𝑠 = 1
2 (𝑀 + 𝑚𝑠

3 ) ̇𝑥 2.

The elastic potential energy can also be obtained di-
rectly from the distributed deformation. A spring seg-
ment of equilibrium length 𝑑𝑦 has force constant

𝑘𝑦 = 𝑘 𝐿
𝑑𝑦 ,

because the force constant of a uniform spring is in-
versely proportional to its length. Its incremental ex-
tension is

𝑑𝑢 = 𝜕𝑢
𝜕𝑦 𝑑𝑦 = 𝑥

𝐿 𝑑𝑦.
Therefore its elastic energy is

𝑑𝑉 = 1
2𝑘𝑦 (𝑑𝑢)

2 = 1
2 (𝑘 𝐿

𝑑𝑦 ) (
𝑥
𝐿𝑑𝑦)

2
= 1

2
𝑘𝑥2
𝐿 𝑑𝑦.

Integrating over the spring gives

𝑉 = ∫
𝐿

0
𝑑𝑉 = 1

2
𝑘𝑥2
𝐿 ∫

𝐿

0
𝑑𝑦 = 1

2𝑘𝑥
2.

The Lagrangian is therefore

ℒ = 1
2 (𝑀 + 𝑚𝑠

3 ) ̇𝑥 2 − 1
2𝑘𝑥

2.
Lagrange’s equation,

𝑑
𝑑𝑡 (

𝜕ℒ
𝜕 ̇𝑥 ) − 𝜕ℒ

𝜕𝑥 = 0,
gives

(𝑀 + 𝑚𝑠
3 ) ̈𝑥 + 𝑘𝑥 = 0.

Comparing this with the simple-harmonic equation

̈𝑥 + 𝜔2𝑥 = 0,
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we obtain the general result

𝜔2 = 𝑘
𝑀 + 𝑚𝑠/3

, 𝜔 =
√

𝑘
𝑀 + 𝑚𝑠/3

.

In the present problem,

𝑀 = 𝑚𝑠 = 𝑚,
and hence

𝜔 =
√

𝑘
𝑚 + 𝑚/3

=
√

𝑘
4𝑚/3

= √
3𝑘
4𝑚

= √3
2 √

𝑘
𝑚 .

When the spring is considered massless, 𝑚𝑠 = 0, so
the angular frequency is

𝜔0 = √
𝑘
𝑚 .

Consequently,

𝜔 = √3
2 𝜔0 .

The dimensional check is

[ 𝑘𝑚] = Nm−1
kg

= kg s−2

kg
= s−2,

so 𝜔 has dimension s−1, conventionally expressed in
rad s−1.
As a limiting check, the general expression satisfies

lim𝑚𝑠→0√
𝑘

𝑀 + 𝑚𝑠/3
= √

𝑘
𝑀 ,

which is exactly the massless-spring result. Also,

𝜔
𝜔0

= √3
2 ≃ 0.866 < 1,

which is physically plausible: the moving spring adds
inertia without increasing the force constant, and
therefore lowers the frequency. During the oscilla-
tion the energy

𝐸 = 1
2 (𝑀 + 𝑚𝑠

3 ) ̇𝑥 2 + 1
2𝑘𝑥

2

is conserved.

CONCLUSION:

For small vertical oscillations of a uniform linear
spring, with the upper end fixed and the incremen-
tal displacement varying as 𝑢(𝑦, 𝑡) = 𝑦𝑥(𝑡)/𝐿, the
spring’s distributed mass 𝑚𝑠 contributes an effective
oscillating mass 𝑚𝑠/3. Therefore

𝜔 =
√

𝑘
𝑀 + 𝑚𝑠/3

.

For a suspended particle and spring each of mass 𝑚,

𝜔 = √
3𝑘
4𝑚 = √3

2 𝜔0 , 𝜔0 = √
𝑘
𝑚 .

The motion is simple harmonic in the vertical direc-
tion about the static equilibrium position, and 𝜔 is
measured in rad s−1. The result is valid for small lon-
gitudinal oscillations of a uniformHookean spring un-
der the linear displacement-profile approximation. It
shows that the inertia of the spring reduces the angu-
lar frequency to approximately 86.6% of its massless-
spring value.

CSE · 2024 · 15 MARKS

Q5. A weakly damped harmonic oscilla-
tor consisting of spring-mass system has the
following parameters : Mass 𝑚 = 0.25 kg,
Spring constant 𝑘 = 100 N m−1, Damping
coefficient 𝛾 = 1 N s m−1 A periodic force
𝐹 = 5 cos𝜔𝑡 (newton) is applied to the sys-
tem. Determine (i) the amplitude of the os-
cillator at resonance and (ii) the 𝑄-value of
the oscillator.

INTRODUCTION:

The required quantities are themaximum steady-state
displacement amplitude under harmonic forcing and
the quality factor of the oscillator. Let 𝑥(𝑡) denote dis-
placement along the spring axis, with positive 𝑥 cho-
sen in the direction of the applied force at 𝑡 = 0. The
equation of motion is

𝑚 ̈𝑥 + 𝛾 ̇𝑥 + 𝑘𝑥 = 𝐹0 cos𝜔𝑡, 𝐹0 = 5 N.
Here the damping force is −𝛾 ̇𝑥 , so that it always op-
poses the velocity.

Define the undamped natural angular frequency and
the damping parameter by

𝜔0 = √
𝑘
𝑚 , 𝛽 = 𝛾

2𝑚 .

The weak-damping assumption requires

𝛽 ≪ 𝜔0 ⟺ 𝛾 ≪ 2√𝑚𝑘.
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The steady-state displacement is written as

𝑥(𝑡) = 𝐴(𝜔) cos(𝜔𝑡 − 𝛿),
where𝐴(𝜔) is the non-negative amplitude and 𝛿 is the
displacement lag relative to the applied force. Tran-
sient motion is omitted because it decays as 𝑒−𝛽𝑡 .
SOLUTION:

The physical arrangement and the adopted positive
direction are represented schematically below.

𝑚
𝐹

+𝑥

𝑘

Substitution of

𝑥(𝑡) = 𝐴 cos(𝜔𝑡 − 𝛿)
into the equation of motion, or equivalently use of
complex amplitudes, gives

(𝑘 − 𝑚𝜔2 + 𝑖𝛾𝜔) 𝑥̃ = 𝐹0.
Therefore,

𝐴(𝜔) = |𝑥̃ | = 𝐹0
√(𝑘 − 𝑚𝜔2)2 + 𝛾 2𝜔2

,

and the phase lag satisfies

tan 𝛿 = 𝛾𝜔
𝑘 − 𝑚𝜔2 .

1. For displacement resonance, 𝐴(𝜔) is maxi-
mized. Since 𝐹0 is fixed, it is sufficient to mini-
mize

𝐷(𝜔) = (𝑘 − 𝑚𝜔2)2 + 𝛾 2𝜔2.
Differentiating,

𝑑𝐷
𝑑𝜔 = 2 (𝑘 − 𝑚𝜔2) (−2𝑚𝜔) + 2𝛾 2𝜔.

For the non-zero resonant frequency,

−4𝑚 (𝑘 − 𝑚𝜔2𝑟 ) + 2𝛾 2 = 0,
so that

𝑘 − 𝑚𝜔2𝑟 = 𝛾 2
2𝑚 .

Hence

𝜔2𝑟 = 𝑘
𝑚 − 𝛾 2

2𝑚2 = 𝜔20 − 2𝛽2.

For the given data,

𝜔0 = √
100 N m−1
0.25 kg

= √400 s−2 = 20.0 rad s−1,

and

𝛽 = 1 N s m−1
2(0.25 kg) = 2.00 s−1.

Thus

𝜔𝑟 = √(20.0)2 − 2(2.00)2 rad s−1 = √392 rad s−1 = 19.8 rad s−1.

At this frequency,

𝑘 − 𝑚𝜔2𝑟 = 𝛾 2
2𝑚 = (1 N s m−1)2

2(0.25 kg) = 2.00 N m−1.

Therefore,

𝐴𝑟 =
𝐹0

√(𝑘 − 𝑚𝜔2𝑟 )2 + 𝛾 2𝜔2𝑟
= 5 N

√(2.00 N m−1)2 + (1 N s m−1)2(19.8 s−1)2

= 5 N

√4.00 + 392 N m−1

= 5
19.9 m

= 0.251 m.

Equivalently, using the resonance condition,

𝐴𝑟 =
𝐹0

𝛾√𝜔20 − 𝛽2
= 𝐹0

𝛾√𝜔20 − 𝛾 2/(4𝑚2)
.

Under the weak-damping approximation 𝛽2 ≪
𝜔20 ,

𝐴𝑟 ≃
𝐹0
𝛾𝜔0

= 5 N

(1 N s m−1)(20.0 s−1)
= 0.250 m.

Thus the exact displacement-resonance result
and the usual weak-damping result agree to
within about 0.5%.
The dimensional check is

[𝛾𝜔0] = (N s m−1) (s−1) = N m−1,
and hence

[ 𝐹0
𝛾𝜔0

] = N

N m−1 = m,

as required for a displacement amplitude.

A useful physical check is the limit 𝛾 → 0:
the resonant amplitude varies as 1/𝛾 and there-
fore becomes unbounded in the ideal undamped
steady-state model. This is the expected reso-
nance behaviour. At the actual displacement-
resonance frequency,

tan 𝛿𝑟 =
𝛾𝜔𝑟

𝛾 2/(2𝑚) = 2𝑚𝜔𝑟
𝛾 ≃ 9.90,

so
𝛿𝑟 ≃ 84.2∘.

The displacement therefore lags the force by
nearly 90∘, as expected for weak damping near
resonance.
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2. The quality factor of a weakly damped oscilla-
tor is

𝑄 = 2𝜋 energy stored
energy lost per cycle

= 𝜔0
2𝛽 = 𝑚𝜔0

𝛾 = √𝑚𝑘
𝛾 .

Substitution gives

𝑄 = (0.25 kg)(20.0 s−1)
1 N s m−1

= 5.00 kg s−1

1 kg s−1

= 5.00.
Thus 𝑄 is dimensionless.

The same result follows from the fractional en-
ergy loss. For weak damping, the mechanical
energy decays as

𝐸(𝑡) ∝ 𝑒−2𝛽𝑡 .
During one approximately natural period 𝑇0 =
2𝜋/𝜔0, the small fractional energy loss is

Δ𝐸
𝐸 ≃ 2𝛽𝑇0 =

4𝜋𝛽
𝜔0

.

Consequently,

𝑄 = 2𝜋 𝐸
Δ𝐸 ≃ 𝜔0

2𝛽 = 5.00,

which confirms the result.

The weak-damping condition is also numeri-
cally consistent:

𝛽
𝜔0

= 2.00
20.0 = 0.100

𝛾
2√𝑚𝑘

= 1
2√(0.25)(100)

= 0.100.

Moreover, 𝜔2𝑟 = 𝜔20 − 2𝛽2 > 0, so a non-zero
displacement-resonance peak exists.

CONCLUSION:

For the convention

𝑚 ̈𝑥 + 𝛾 ̇𝑥 + 𝑘𝑥 = 5 cos𝜔𝑡,
the displacement-resonance frequency is

𝜔𝑟 = 19.8 rad s−1 .
The corresponding steady-state amplitude along the
spring axis is

𝐴𝑟 = 0.251 m ,
or, within the standard weak-damping approxima-
tion,

𝐴𝑟 ≃
𝐹0
𝛾𝜔0

= 0.250 m .

The displacement lags the driving force by approxi-
mately

𝛿𝑟 ≃ 84.2∘ ,
which is close to the expected 90∘ lag at weakly
damped resonance.

The oscillator quality factor is

𝑄 = 𝑚𝜔0
𝛾 = √𝑚𝑘

𝛾 = 5.00 ,

which is dimensionless. These results apply to the lin-
ear steady-state motion with viscous damping, after
the transient has decayed. The value 𝑄 = 5 indicates
a moderately sharp resonance, while the conditions
𝛽/𝜔0 = 0.10 and 𝜔2𝑟 > 0 confirm that the assumed
weakly damped resonance is physically admissible.

IFoS · 2024 · 15 MARKS

Q6. Consider a damped harmonic oscilla-
tor given by the equation ̈𝑥 + 2𝜇 ̇𝑥 + 𝜔20𝑥 = 0.
Obtain the displacements for (i) overdamped,
(ii) underdamped and, (iii) critically damped
motion.

INTRODUCTION:

The required displacement is obtained by solving the
homogeneous, linear equation of motion

̈𝑥 + 2𝜇 ̇𝑥 + 𝜔20𝑥 = 0.
Here 𝑥(𝑡) is the signed displacement from the stable
equilibrium position, measured along a fixed 𝑥-axis;
𝑥 > 0 and 𝑥 < 0 denote the two opposite directions
along this axis. The motion is described in an inertial
frame. The parameter 𝜔0 > 0 is the natural angular
frequency of the corresponding undamped oscillator,
while 𝜇 ≥ 0 is the damping constant per unit mass.
Thus

[𝜇] = [𝜔0] = 𝑇−1.
The equation assumes linear restoring force, viscous
damping proportional to velocity, constant coeffi-
cients, and the absence of an external driving force.

For a mechanical oscillator of mass𝑚, spring constant
𝑘, and viscous coefficient 𝑏,

𝜔20 = 𝑘
𝑚 , 2𝜇 = 𝑏

𝑚 ,

so the three regimes are distinguished by comparing
the damping rate 𝜇 with the natural frequency 𝜔0. For
completeness, let

𝑥(0) = 𝑥0, ̇𝑥(0) = 𝑣0,
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where 𝑥0 and 𝑣0 are arbitrary initial displacement and
velocity. The general solutions and their correspond-
ing initial-value forms will both be obtained.

SOLUTION:

Since the coefficients are constant, take the trial dis-
placement

𝑥(𝑡) = 𝑒𝜆𝑡 .
Then

̇𝑥 = 𝜆𝑒𝜆𝑡 , ̈𝑥 = 𝜆2𝑒𝜆𝑡 .
Substitution into the equation of motion gives

(𝜆2 + 2𝜇𝜆 + 𝜔20) 𝑒𝜆𝑡 = 0.

Because 𝑒𝜆𝑡 ≠ 0, the characteristic equation is

𝜆2 + 2𝜇𝜆 + 𝜔20 = 0,
whose roots are

𝜆1,2 = −𝜇 ± √𝜇2 − 𝜔20 .
The nature of these roots determines the form of the
displacement.

(i) For overdamped motion, 𝜇 > 𝜔0.
Define

𝛼 = √𝜇2 − 𝜔20 > 0.
The two characteristic roots are real and dis-
tinct:

𝜆1 = −𝜇 + 𝛼, 𝜆2 = −𝜇 − 𝛼.
Since 𝜔0 > 0,

𝛼 = √𝜇2 − 𝜔20 < 𝜇,
and therefore both roots are negative:

𝜆1 < 0, 𝜆2 < 0.
Hence the general displacement is

𝑥(𝑡) = 𝐶1𝑒(−𝜇+𝛼)𝑡 + 𝐶2𝑒(−𝜇−𝛼)𝑡

𝛼 = √𝜇2 − 𝜔20 .
Equivalently,

𝑥(𝑡) = 𝑒−𝜇𝑡 (𝐶1𝑒𝛼𝑡 + 𝐶2𝑒−𝛼𝑡) = 𝑒−𝜇𝑡 (𝐴 cosh 𝛼𝑡 + 𝐵 sinh 𝛼𝑡) .

To express the constants in terms of 𝑥0 and 𝑣0,
use

𝑥(0) = 𝐴 = 𝑥0.
Differentiating,

̇𝑥 = 𝑒−𝜇𝑡 [−𝜇 (𝐴 cosh 𝛼𝑡 + 𝐵 sinh 𝛼𝑡) + 𝛼 (𝐴 sinh 𝛼𝑡 + 𝐵 cosh 𝛼𝑡)] .

At 𝑡 = 0,
𝑣0 = −𝜇𝐴 + 𝛼𝐵.

Thus
𝐵 = 𝑣0 + 𝜇𝑥0

𝛼 ,
and the initial-value form is

𝑥(𝑡) = 𝑒−𝜇𝑡 [𝑥0 cosh(𝛼𝑡) +
𝑣0 + 𝜇𝑥0

𝛼 sinh(𝛼𝑡)] , 𝛼 = √𝜇2 − 𝜔20 .

No sinusoidal factor occurs, so there is no sus-
tained oscillation. Depending on the initial con-
ditions, the oscillator can approach equilibrium
from one side or cross the equilibrium at most
once before approaching it asymptotically. At
sufficiently large 𝑡 , the more slowly decaying
mode dominates:

𝑥(𝑡) ∼ 𝐶1𝑒−(𝜇−𝛼)𝑡 .
In the strong-damping limit 𝜇 ≫ 𝜔0,

𝛼 = 𝜇
√
1 − 𝜔20

𝜇2 ≃ 𝜇 − 𝜔20
2𝜇 ,

so

𝜇 − 𝛼 ≃ 𝜔20
2𝜇 .

Consequently, the slow part of the displace-
ment behaves as

𝑥(𝑡) ∼ 𝐶1 exp (−
𝜔20
2𝜇 𝑡) ,

showing that very large damping can make the
final return to equilibrium slow.

(ii) For underdamped motion, 0 ≤ 𝜇 < 𝜔0.
Define the damped angular frequency

𝜔𝑑 = √𝜔20 − 𝜇2 > 0.
Then

√𝜇2 − 𝜔20 = 𝑖𝜔𝑑 ,
and the characteristic roots are the complex
conjugate pair

𝜆1,2 = −𝜇 ± 𝑖𝜔𝑑 .
The corresponding real general displacement is

𝑥(𝑡) = 𝑒−𝜇𝑡 (𝐶1 cos𝜔𝑑 𝑡 + 𝐶2 sin𝜔𝑑 𝑡) , 𝜔𝑑 = √𝜔20 − 𝜇2.

It may also be written as

𝑥(𝑡) = 𝐴0𝑒−𝜇𝑡 cos(𝜔𝑑 𝑡 − 𝜙) ,

where 𝐴0 and 𝜙 are determined by the initial
conditions.
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Using 𝑥(0) = 𝑥0 gives

𝐶1 = 𝑥0.
Differentiating,

̇𝑥 = 𝑒−𝜇𝑡 [−𝜇 (𝐶1 cos𝜔𝑑 𝑡 + 𝐶2 sin𝜔𝑑 𝑡) − 𝜔𝑑𝐶1 sin𝜔𝑑 𝑡 + 𝜔𝑑𝐶2 cos𝜔𝑑 𝑡] .

At 𝑡 = 0,
𝑣0 = −𝜇𝐶1 + 𝜔𝑑𝐶2,

and hence
𝐶2 =

𝑣0 + 𝜇𝑥0
𝜔𝑑

.

Therefore,

𝑥(𝑡) = 𝑒−𝜇𝑡 [𝑥0 cos(𝜔𝑑 𝑡) +
𝑣0 + 𝜇𝑥0

𝜔𝑑
sin(𝜔𝑑 𝑡)] .

The motion is oscillatory, but its amplitude is
bounded by an exponentially decreasing enve-
lope proportional to

𝑒−𝜇𝑡 .
The damped period is

𝑇𝑑 = 2𝜋
𝜔𝑑

= 2𝜋

√𝜔20 − 𝜇2
.

Since 𝜔𝑑 < 𝜔0, damping reduces the oscillation
frequency and increases the period:

𝑇𝑑 > 2𝜋
𝜔0

.

Successive extrema of the same sign, separated
by one damped period, have amplitudes in the
ratio |𝑥(𝑡 + 𝑇𝑑 )|

|𝑥(𝑡)| = 𝑒−𝜇𝑇𝑑 ,

so the logarithmic decrement is

ln
|𝑥(𝑡)|

|𝑥(𝑡 + 𝑇𝑑 )|
= 𝜇𝑇𝑑 = 2𝜋𝜇

𝜔𝑑
.

The undamped limit supplies an immediate
check. When 𝜇 → 0,

𝜔𝑑 → 𝜔0, 𝑒−𝜇𝑡 → 1,
and the displacement becomes

𝑥(𝑡) → 𝑥0 cos𝜔0𝑡 +
𝑣0
𝜔0

sin𝜔0𝑡 ,

which is the standard displacement of an un-
damped simple harmonic oscillator.

(iii) For critically damped motion, 𝜇 = 𝜔0.
The characteristic equation becomes

𝜆2 + 2𝜔0𝜆 + 𝜔20 = 0,
or

(𝜆 + 𝜔0)2 = 0.
Thus there is a repeated root

𝜆 = −𝜔0 = −𝜇.
For a repeated root of a second-order linear
differential equation, the two linearly indepen-
dent solutions are

𝑒−𝜇𝑡 and 𝑡𝑒−𝜇𝑡 .
Hence the general displacement is

𝑥(𝑡) = (𝐶1 + 𝐶2𝑡)𝑒−𝜇𝑡 , 𝜇 = 𝜔0.

Applying the initial conditions,

𝑥(0) = 𝐶1 = 𝑥0.
Differentiation gives

̇𝑥 = [𝐶2 − 𝜇(𝐶1 + 𝐶2𝑡)] 𝑒−𝜇𝑡 .
Therefore,

𝑣0 = ̇𝑥(0) = 𝐶2 − 𝜇𝐶1,
so

𝐶2 = 𝑣0 + 𝜇𝑥0.
The displacement is consequently

𝑥(𝑡) = [𝑥0 + (𝑣0 + 𝜇𝑥0)𝑡] 𝑒−𝜇𝑡 , 𝜇 = 𝜔0.
This motion is non-oscillatory. Critical damp-
ing marks the boundary between oscillatory
and non-oscillatory motion and gives the
fastest non-oscillatory return to equilibrium for
the usual release conditions.

The critically damped expression can also be
checked as the continuous limit of the under-
damped solution. With fixed 𝑥0 and 𝑣0,

𝑥(𝑡) = 𝑒−𝜇𝑡 [𝑥0 cos(𝜔𝑑 𝑡) + (𝑣0 + 𝜇𝑥0)
sin(𝜔𝑑 𝑡)

𝜔𝑑
] .

As 𝜇 → 𝜔−0 , one has 𝜔𝑑 → 0, and

lim𝜔𝑑→0 cos(𝜔𝑑 𝑡) = 1, lim𝜔𝑑→0
sin(𝜔𝑑 𝑡)

𝜔𝑑
= 𝑡.

Therefore,

𝑥(𝑡) → [𝑥0 + (𝑣0 + 𝜇𝑥0)𝑡] 𝑒−𝜇𝑡 ,
which is exactly the critically damped result.
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The characteristic time dependence in the three
regimes may be represented schematically as follows;
the curves correspond to representative initial condi-
tions and illustrate only the qualitative distinction be-
tween monotonic decay and decaying oscillation:

𝑡

𝑥
overdamped

𝑡

𝑥
underdamped

𝑡

𝑥

critical

A general physical check follows from themechanical
energy

𝐸 = 1
2𝑚 ̇𝑥 2 + 1

2𝑚𝜔
20𝑥2.

Its time derivative is

𝑑𝐸
𝑑𝑡 = 𝑚 ̇𝑥 ̈𝑥 + 𝑚𝜔20𝑥 ̇𝑥 = 𝑚 ̇𝑥 ( ̈𝑥 + 𝜔20𝑥) .

Using the equation of motion,

̈𝑥 + 𝜔20𝑥 = −2𝜇 ̇𝑥,
gives

𝑑𝐸
𝑑𝑡 = −2𝑚𝜇 ̇𝑥 2 ≤ 0 .

Thus the damping force continuously removes me-
chanical energy in all three regimes. For 𝜇 > 0, every
solution tends to

𝑥(𝑡) → 0, ̇𝑥(𝑡) → 0 as 𝑡 → ∞,
in agreement with the oscillator ultimately reaching
equilibrium.

All exponents are dimensionless because 𝜇𝑡 , 𝛼𝑡 , and
𝜔𝑑 𝑡 are dimensionless. In each initial-value formula,
the coefficients multiplying the trigonometric or hy-
perbolic functions have dimensions of displacement:

[ 𝑣0 + 𝜇𝑥0
𝛼 ] = [𝑣0 + 𝜇𝑥0

𝜔𝑑
] = 𝐿,

and
[(𝑣0 + 𝜇𝑥0)𝑡] = 𝐿.

The solutions are therefore dimensionally consistent.

CONCLUSION:

For the signed displacement 𝑥(𝑡), with [𝜇] = [𝜔0] =
s−1, the three damping regimes are:

𝜇 > 𝜔0 (overdamped):

𝑥(𝑡) = 𝐶1𝑒[−𝜇+√𝜇2−𝜔20 ]𝑡 + 𝐶2𝑒[−𝜇−√𝜇2−𝜔20 ]𝑡 ,
0 ≤ 𝜇 < 𝜔0 (underdamped):

𝑥(𝑡) = 𝑒−𝜇𝑡 [𝐶1 cos(√𝜔20 − 𝜇2 𝑡) + 𝐶2 sin(√𝜔20 − 𝜇2 𝑡)] ,

𝜇 = 𝜔0 (critically damped):

𝑥(𝑡) = (𝐶1 + 𝐶2𝑡)𝑒−𝜇𝑡 .

For specified initial displacement 𝑥0 in metres and ini-
tial velocity 𝑣0 in metres per second, these become

𝑥over(𝑡) = 𝑒−𝜇𝑡 [𝑥0 cosh(𝛼𝑡) +
𝑣0 + 𝜇𝑥0

𝛼 sinh(𝛼𝑡)] , 𝛼 = √𝜇2 − 𝜔20 ,

𝑥under(𝑡) = 𝑒−𝜇𝑡 [𝑥0 cos(𝜔𝑑 𝑡) +
𝑣0 + 𝜇𝑥0

𝜔𝑑
sin(𝜔𝑑 𝑡)] , 𝜔𝑑 = √𝜔20 − 𝜇2,

𝑥critical(𝑡) = [𝑥0 + (𝑣0 + 𝜇𝑥0)𝑡] 𝑒−𝜇𝑡 , 𝜇 = 𝜔0.

The underdamped oscillator crosses the equilibrium
repeatedly, alternately moving in the positive and
negative 𝑥-directions, while its amplitude decreases
as 𝑒−𝜇𝑡 . The overdamped and critically damped os-
cillators return without sustained oscillation; criti-
cal damping is the limiting case separating oscilla-
tory from non-oscillatory behavior and provides the
fastest non-oscillatory return under the usual release
conditions. In every case with 𝜇 > 0, the displace-
ment and velocity tend to zero and the oscillator ul-
timately comes to rest at its equilibrium position be-
cause 𝑑𝐸

𝑑𝑡 = −2𝑚𝜇 ̇𝑥 2 ≤ 0.

IFoS · 2024 · 8 MARKS

Q7. Calculate the group and phase veloci-
ties for the wave packet corresponding to a
relativistic particle.

INTRODUCTION:

The question requires the phase velocity of the indi-
vidual matter-wave components and the group veloc-
ity of the wave-packet envelope representing a free
relativistic particle.

Consider a one-dimensional, narrowly localized wave
packet constructed from positive-energy plane waves,

Ψ(𝑥, 𝑡) = ∫𝐴(𝑘) exp[𝑖{𝑘𝑥 − 𝜔(𝑘)𝑡}] 𝑑𝑘,

where 𝐴(𝑘) is sharply peaked about the central wave
number 𝑘0. We choose the +𝑥-axis as the propagation
direction; hence 𝑘0 > 0 and the particle momentum
is 𝑝 > 0. The corresponding results remain valid for
signed 𝑝 and 𝑘, with the signs specifying the direction
of propagation.

For each plane-wave component, the de Broglie and
Planck relations are

𝑝 = ℏ𝑘, 𝐸 = ℏ𝜔.
For a free particle of rest mass 𝑚, the relativistic
energy–momentum relation is

𝐸2 = 𝑝2𝑐2 + 𝑚2𝑐4,
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where the positive-energy branch 𝐸 > 0 is used. The
particle velocity in the chosen inertial frame is de-
noted by 𝑣 , with

𝑝 = 𝛾𝑚𝑣, 𝐸 = 𝛾𝑚𝑐2, 𝛾 = 1
√1 − 𝑣2/𝑐2

.

The phase velocity and group velocity are defined re-
spectively by

𝑣ph = 𝜔
𝑘 , 𝑣g = 𝑑𝜔

𝑑𝑘 |𝑘0
.

The identification of 𝑣g with the particle velocity as-
sumes a free particle, a sufficiently narrow distri-
bution in 𝑘, and a dispersion relation that varies
smoothly over the significant spectral width of the
packet.

SOLUTION:

Using 𝐸 = ℏ𝜔 and 𝑝 = ℏ𝑘, the relativistic dispersion
relation is

ℏ2𝜔2 = ℏ2𝑘2𝑐2 + 𝑚2𝑐4.
Thus, for positive frequency,

𝜔(𝑘) = √𝑘2𝑐2 + 𝑚2𝑐4
ℏ2 .

The phase velocity of a component withwave number
𝑘 ≠ 0 is

𝑣ph = 𝜔
𝑘 = 𝐸/ℏ

𝑝/ℏ = 𝐸
𝑝 .

From the relativistic expressions for energy and mo-
mentum,

𝐸
𝑝 = 𝛾𝑚𝑐2

𝛾𝑚𝑣 = 𝑐2
𝑣 .

Therefore,

𝑣ph = 𝐸
𝑝 = 𝑐2

𝑣 .

For a massive particle, 0 < |𝑣 | < 𝑐, so

|𝑣ph| = 𝑐2
|𝑣 | > 𝑐.

This superluminal phase velocity does not represent
the transport of a localized particle, energy, or infor-
mation; it describes themotion of surfaces of constant
phase of a monochromatic component.

To find the group velocity, consider two neighboring
components of the packet,

Ψ1 = cos(𝑘𝑥 − 𝜔𝑡)
Ψ2 = cos[(𝑘 + Δ𝑘)𝑥 − (𝜔 + Δ𝜔)𝑡] .

Their superposition contains a slowly varying enve-
lope whose constant-phase condition is

Δ𝑘 𝑥 − Δ𝜔 𝑡 = constant.

Differentiating this condition gives the envelope ve-
locity

𝑑𝑥
𝑑𝑡 = Δ𝜔

Δ𝑘 .
In the narrow-packet limit Δ𝑘 → 0,

𝑣g = 𝑑𝜔
𝑑𝑘 .

Since
𝐸 = ℏ𝜔, 𝑝 = ℏ𝑘,

the chain rule gives

𝑣g = 𝑑(𝐸/ℏ)
𝑑(𝑝/ℏ) = 𝑑𝐸

𝑑𝑝 .

Differentiating

𝐸 = √𝑝2𝑐2 + 𝑚2𝑐4

with respect to 𝑝, one obtains

𝑑𝐸
𝑑𝑝 = 1

2 (𝑝2𝑐2 + 𝑚2𝑐4)−1/2 (2𝑝𝑐2) = 𝑝𝑐2
𝐸 .

Hence

𝑣g = 𝑝𝑐2
𝐸 .

Using 𝑝 = 𝛾𝑚𝑣 and 𝐸 = 𝛾𝑚𝑐2,

𝑣g = (𝛾𝑚𝑣)𝑐2
𝛾𝑚𝑐2 = 𝑣.

Therefore,
𝑣g = 𝑣 ,

so thewave-packet envelope propagates with the clas-
sical relativistic velocity of the particle.

The two velocities obey

𝑣ph𝑣g = (𝐸𝑝 ) (
𝑝𝑐2
𝐸 ) = 𝑐2,

or
𝑣ph𝑣g = 𝑐2 .

Several checks establish the consistency of these re-
sults.

The dimensions are

[𝐸𝑝 ] =
kgm2 s−2

kgm s−1
= ms−1,

and

[𝑝𝑐
2

𝐸 ] = (kgm s−1)(m2 s−2)
kgm2 s−2

= ms−1,

so both expressions have the dimensions of velocity.
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In the non-relativistic limit 𝑝 ≪ 𝑚𝑐,

𝐸 = √𝑚2𝑐4 + 𝑝2𝑐2 ≃ 𝑚𝑐2 + 𝑝2
2𝑚 .

Consequently,

𝑣g = 𝑑𝐸
𝑑𝑝 ≃ 𝑝

𝑚 = 𝑣 ≪ 𝑐,

whereas, if the full relativistic frequency including the
rest-energy term is used,

𝑣ph = 𝐸
𝑝 ≃ 𝑚𝑐2

𝑝 + 𝑝
2𝑚 ≃ 𝑐2

𝑣 ≫ 𝑐.

Thus the envelope moves slowly with the particle,
while the carrier phase moves rapidly, as expected.

In the ultra-relativistic limit 𝑝 ≫ 𝑚𝑐,
𝐸 ≃ 𝑝𝑐,

and hence
𝑣g ≃ 𝑐, 𝑣ph ≃ 𝑐.

For an exactly massless particle, 𝐸 = |𝑝|𝑐, so both ve-
locities have magnitude 𝑐. For a massive particle at
𝑝 = 0, the group velocity is zero, while 𝑣ph = 𝜔/𝑘
is not defined at 𝑘 = 0, because there is no spatially
propagating carrier phase at that point.

For signed momentum, the positive-energy relation
gives

𝑣g = 𝑝𝑐2
𝐸 , 𝑣ph = 𝐸

𝑝 .

Both velocities therefore have the sign of 𝑝, so both re-
verse direction when the momentum reverses, while
their product remains 𝑐2.
CONCLUSION:

For a free relativistic particle with

𝐸 = √𝑝2𝑐2 + 𝑚2𝑐4, 𝑝 = ℏ𝑘, 𝐸 = ℏ𝜔,
the phase and group velocities are

𝑣ph = 𝜔
𝑘 = 𝐸

𝑝 = 𝑐2
𝑣 ,

and

𝑣g = 𝑑𝜔
𝑑𝑘 = 𝑑𝐸

𝑑𝑝 = 𝑝𝑐2
𝐸 = 𝑣 .

Both are measured in m s−1, and their signs give the
direction of propagation relative to the chosen +𝑥-
axis. They satisfy

𝑣ph𝑣g = 𝑐2 .

For a massive particle, |𝑣g| = |𝑣 | < 𝑐 while |𝑣ph| > 𝑐.
The superluminal phase velocity does not violate rel-
ativity because it does not transport the particle, en-
ergy, or information. Under the free-particle and
narrow-wave-packet assumptions, it is the group ve-
locity that gives the physical propagation velocity
of the relativistic particle. In the massless or ultra-
relativistic limit, both velocity magnitudes approach
𝑐.

CSE · 2023 · 10 MARKS

Q8. Using Huygens’ principle for a plane
wave travelling from rarer medium 1 to a
denser medium 2, show that sin 𝑖

sin 𝑟 = 𝑣1
𝑣2

= 𝜇2
𝜇1
,

where 𝑖 and 𝑟 are the angles of incidence and
refraction, respectively. 𝑣1, 𝜇1 and 𝑣2, 𝜇2 are
the velocities and refractive indices in media
1 and 2, respectively.

INTRODUCTION:

The required result is Snell’s law obtained from the
Huygens construction of the refracted wavefront. Ac-
cording to Huygens’ principle, every point of a wave-
front acts as a source of secondary wavelets, and the
forward envelope of these wavelets gives the subse-
quent wavefront.

Assume that both media are homogeneous, isotropic,
transparent, and stationary, and that their refractive
indices are positive. The plane interface is taken to be
𝑦 = 0, with medium 1 in 𝑦 > 0 and medium 2 in 𝑦 < 0.
The wave travels from medium 1 toward decreasing
𝑦 . The angles 𝑖 and 𝑟 are measured from the normal
to the interface. Since medium 2 is optically denser,

𝜇2 > 𝜇1, 𝑣2 < 𝑣1.
At the fixed frequency of the incident wave, the re-
fractive index and phase velocity are related by

𝜇𝑗 = 𝑐
𝑣𝑗
, 𝑗 = 1, 2,

where 𝑐 is the speed of light in vacuum.

Let 𝐴𝐵 be an incident plane wavefront. Point 𝐴
reaches the interface first. After a time interval
𝜏 , point 𝐵 reaches the interface at 𝐶 . During the
same time, the secondary wavelet emitted from 𝐴 in
medium 2 has radius 𝐴𝐷. The tangent 𝐶𝐷 drawn
from 𝐶 to this wavelet is the refracted wavefront.

SOLUTION:

The Huygens construction is represented schemati-
cally below.
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medium 1

medium 2
interface

𝐴

𝐵

𝐶

𝐷

𝐴𝐵 𝑣1𝜏

𝑣2𝜏 𝐶𝐷

𝑖
𝑟

The incident ray 𝐵𝐶 is normal to the incident wave-
front 𝐴𝐵, so

𝐴𝐵 ⟂ 𝐵𝐶.
The normal to the interface is perpendicular to 𝐴𝐶 .
Hence the angle between the incident ray 𝐵𝐶 and the
interface normal is equal to the angle between𝐴𝐵 and
𝐴𝐶 . Therefore,

∠𝐵𝐴𝐶 = 𝑖.

In the time interval 𝜏 , point 𝐵 of the incident wave-
front travels through medium 1 to 𝐶 . Thus,

𝐵𝐶 = 𝑣1𝜏 .
Since 𝐴𝐵 ⟂ 𝐵𝐶 , triangle 𝐴𝐵𝐶 is right-angled at 𝐵.
Therefore,

sin 𝑖 = sin∠𝐵𝐴𝐶 = 𝐵𝐶
𝐴𝐶 = 𝑣1𝜏

𝐴𝐶 .

Equivalently,
𝐴𝐶 = 𝑣1𝜏

sin 𝑖 . (1)

During precisely the same interval 𝜏 , the secondary
wavelet originating at 𝐴 travels through medium 2.
Its radius is consequently

𝐴𝐷 = 𝑣2𝜏 .
The line 𝐶𝐷 is tangent to this secondary wavelet at 𝐷.
A radius drawn to the point of tangency is perpendic-
ular to the tangent, so

𝐴𝐷 ⟂ 𝐶𝐷.
Thus triangle 𝐴𝐶𝐷 is right-angled at 𝐷.

The refracted rays are normal to the refracted wave-
front 𝐶𝐷. Since the interface normal is perpendicular
to 𝐴𝐶 , the angle between the refracted ray and the in-
terface normal equals the angle between the refracted
wavefront 𝐶𝐷 and the interface 𝐴𝐶 . Hence,

∠𝐴𝐶𝐷 = 𝑟.

It follows from right triangle 𝐴𝐶𝐷 that

sin 𝑟 = sin∠𝐴𝐶𝐷 = 𝐴𝐷
𝐴𝐶 = 𝑣2𝜏

𝐴𝐶 .

Equivalently,
𝐴𝐶 = 𝑣2𝜏

sin 𝑟 . (2)

Equating the two expressions for the common dis-
tance 𝐴𝐶 from Eqs. (1) and (2),

𝑣1𝜏
sin 𝑖 =

𝑣2𝜏
sin 𝑟 .

Since 𝜏 ≠ 0,
𝑣1 sin 𝑟 = 𝑣2 sin 𝑖,

and hence
sin 𝑖
sin 𝑟 = 𝑣1

𝑣2
. (3)

Using
𝑣1 = 𝑐

𝜇1
, 𝑣2 = 𝑐

𝜇2
,

the velocity ratio becomes

𝑣1
𝑣2

= 𝑐/𝜇1
𝑐/𝜇2

= 𝜇2
𝜇1

.

Substitution in Eq. (3) gives

sin 𝑖
sin 𝑟 = 𝑣1

𝑣2
= 𝜇2

𝜇1
.

All three ratios are dimensionless: sin 𝑖 and sin 𝑟 are
dimensionless, 𝑣1/𝑣2 is a ratio of velocities, and 𝜇2/𝜇1
is a ratio of refractive indices.

As a consistency check, if the two media become op-
tically identical, then

𝜇2 = 𝜇1 ⟹ 𝑣2 = 𝑣1 ⟹ sin 𝑟 = sin 𝑖.
For 0 ≤ 𝑖, 𝑟 < 𝜋/2, this gives 𝑟 = 𝑖, so there is no
bending, as expected. At normal incidence, the limit-
ing form gives 𝑖 = 𝑟 = 0, and the ray continues along
the normal.

For the stated passage from a rarer to a denser
medium,

𝜇2 > 𝜇1 ⟹ 𝜇2
𝜇1

> 1.
Therefore,

sin 𝑖
sin 𝑟 > 1 ⟹ sin 𝑟 < sin 𝑖.

Since the relevant angles are acute,

𝑟 < 𝑖.
Thus the refracted ray bends toward the normal on
entering the denser medium.

CONCLUSION:
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Huygens’ construction gives, for the same propaga-
tion time 𝜏 ,

𝐵𝐶 = 𝑣1𝜏 , 𝐴𝐷 = 𝑣2𝜏 ,
and the two right triangles sharing the distance 𝐴𝐶
give

sin 𝑖 = 𝑣1𝜏
𝐴𝐶 , sin 𝑟 = 𝑣2𝜏

𝐴𝐶 .
Consequently,

sin 𝑖
sin 𝑟 = 𝑣1

𝑣2
= 𝜇2

𝜇1
.

This result is valid for homogeneous, isotropic media
with positive refractive indices and with 𝑣𝑗 = 𝑐/𝜇𝑗 at
the common wave frequency. Because medium 2 is
denser, 𝑣2 < 𝑣1 and 𝜇2 > 𝜇1, so 𝑟 < 𝑖: the transmitted
ray bends toward the normal.

CSE · 2023 · 20 MARKS

Q9. Write equation for damped harmonic
oscillations and obtain expression for loga-
rithmic decrement. In a damped harmonic
motion, the first amplitude is 10 cm, which
reduces to 2 cm after 50 oscillations, each of
period 4 seconds. Determine the logarithmic
decrement. Also, calculate the number of os-
cillations in which the amplitude decreases
to 25%.

INTRODUCTION:

The problem requires the equation of a freely damped
harmonic oscillator, the derivation of its logarithmic
decrement, and the use of the observed decay of am-
plitude to determine both the decrement and the num-
ber of oscillations required for a specified reduction.

Let 𝑥(𝑡) be the displacement, measured from the equi-
librium position along the positive 𝑥-axis. For viscous
damping, the restoring force and damping force are
taken as

𝐹r = −𝑘𝑥, 𝐹d = −𝑐 ̇𝑥,
where 𝑚 is the mass, 𝑘 is the force constant, and 𝑐 is
the viscous damping coefficient. The damping force
is opposite to the instantaneous velocity. No external
periodic force is present.

The motion is assumed to be underdamped,

𝑐2 < 4𝑚𝑘,
so that the body continues to oscillate while its ampli-
tude decreases exponentially. Define

𝜔0 = √
𝑘
𝑚 , 𝛾 = 𝑐

2𝑚 , 𝜔d = √𝜔20 − 𝛾 2,

where 𝜔0 is the undamped natural angular fre-
quency, 𝛾 is the amplitude-decay constant, and 𝜔d is
the damped angular frequency. The corresponding
damped period is

𝑇d = 2𝜋
𝜔d

.

The logarithmic decrement 𝛿 is defined as the natural
logarithm of the ratio of two successive amplitudes
measured on the same side of the equilibrium posi-
tion.

SOLUTION:

1. From Newton’s second law,

𝑚 ̈𝑥 = 𝐹r + 𝐹d = −𝑘𝑥 − 𝑐 ̇𝑥.
Hence the differential equation for free damped
harmonic oscillations is

𝑚 ̈𝑥 + 𝑐 ̇𝑥 + 𝑘𝑥 = 0 .
On division by 𝑚,

̈𝑥 + 2𝛾 ̇𝑥 + 𝜔20𝑥 = 0.

To solve it, take a trial solution

𝑥 = 𝑒𝑠𝑡 .
Substitution gives the auxiliary equation

𝑠2 + 2𝛾𝑠 + 𝜔20 = 0,
whose roots are

𝑠 = −𝛾 ± √𝛾 2 − 𝜔20 .
For underdamped motion, 𝛾 < 𝜔0, so that

𝑠 = −𝛾 ± 𝑖√𝜔20 − 𝛾 2 = −𝛾 ± 𝑖𝜔d.
Therefore,

𝑥(𝑡) = 𝑒−𝛾 𝑡 (𝐶1 cos𝜔d𝑡 + 𝐶2 sin𝜔d𝑡) .
Equivalently,

𝑥(𝑡) = 𝐴0𝑒−𝛾 𝑡 cos (𝜔d𝑡 + 𝜙) ,

where 𝐴0 and 𝜙 are fixed by the initial condi-
tions. Thus the slowly varying amplitude, or
envelope, is

𝐴(𝑡) = 𝐴0𝑒−𝛾 𝑡 .

Consider amplitudes 𝐴𝑟 and 𝐴𝑟+1 of two suc-
cessive maxima on the same side of equilibrium.
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These maxima are separated by one damped pe-
riod 𝑇d. If the first maximum occurs at time 𝑡 ,
then

𝐴𝑟 = 𝐴0𝑒−𝛾 𝑡 ,
and

𝐴𝑟+1 = 𝐴0𝑒−𝛾(𝑡+𝑇d).
Their ratio is therefore

𝐴𝑟
𝐴𝑟+1

= 𝐴0𝑒−𝛾 𝑡
𝐴0𝑒−𝛾(𝑡+𝑇d)

= 𝑒𝛾𝑇d .

By definition, the logarithmic decrement is

𝛿 = ln ( 𝐴𝑟
𝐴𝑟+1

) .

Consequently,

𝛿 = 𝛾𝑇d .

Using 𝛾 = 𝑐/(2𝑚) and 𝑇d = 2𝜋/𝜔d,

𝛿 = 𝑐𝑇d
2𝑚 = 2𝜋𝛾

𝜔d
= 𝜋𝑐

𝑚√𝜔20 − 𝑐2/(4𝑚2)
.

More generally, if the amplitudes 𝐴𝑟 and 𝐴𝑟+𝑛
are separated by 𝑛 complete oscillations, then

𝐴𝑟+𝑛 = 𝐴𝑟 𝑒−𝛾𝑛𝑇d = 𝐴𝑟 𝑒−𝑛𝛿 .
Thus 𝐴𝑟

𝐴𝑟+𝑛
= 𝑒𝑛𝛿 ,

and hence

𝛿 = 1
𝑛 ln ( 𝐴𝑟

𝐴𝑟+𝑛
) .

The logarithmic decrement is dimensionless,
since it is the logarithm of a ratio of two am-
plitudes. This is also consistent with

[𝛾𝑇d] = s−1s = 1.

2. In the given motion,

𝐴1 = 10 cm, 𝐴51 = 2 cm, 𝑛 = 50.
The two amplitudes are separated by 50 com-
plete oscillations. Therefore,

𝛿 = 1
50 ln (10 cm

2 cm
) .

The units cancel within the logarithm:

𝛿 = 1
50 ln 5.

Using
ln 5 = 1.6094379,

one obtains

𝛿 = 1.6094379
50 = 0.0321888.

Hence,
𝛿 ≃ 3.22 × 10−2

per oscillation.

Since the period is

𝑇d = 4 s,
the decay constant may also be checked from

𝛾 = 𝛿
𝑇d

= 0.0321888
4 s

= 8.0472 × 10−3 s−1.

Thus the amplitude as a function of time is pro-
portional to

𝐴(𝑡) = 𝐴0𝑒−(8.05×10−3 s−1)𝑡 .

As a numerical consistency check, the elapsed
time in 50 oscillations is

𝑡 = 50(4 s) = 200 s.
Therefore,

𝐴(200 s)
𝐴0

= 𝑒−𝛾 𝑡 = 𝑒−(8.0472×10−3 s−1)(200 s) = 𝑒−1.60944 = 0.200.

Hence

𝐴(200 s) = (10 cm)(0.200) = 2.00 cm,
which reproduces the stated amplitude and ver-
ifies the calculation.

3. Let𝑁 be the number of oscillations required for
the amplitude to become 25% of its initial value.
Then

𝐴𝑁 = 0.25𝐴0.
Using

𝐴𝑁 = 𝐴0𝑒−𝑁𝛿 ,
gives

0.25𝐴0 = 𝐴0𝑒−𝑁𝛿 .
After cancelling 𝐴0,

0.25 = 𝑒−𝑁𝛿 .
Taking natural logarithms,

ln(0.25) = −𝑁𝛿.
Since

− ln(0.25) = ln 4,
the required number is

𝑁 = ln 4
𝛿 .
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Substituting 𝛿 = ln 5/50,

𝑁 = ln 4
ln 5/50 = 50 ln 4

ln 5 .

Numerically,

𝑁 = 50(1.3862944)
1.6094379 = 43.06.

Thus, if a fractional number of periods is per-
mitted,

𝑁 ≃ 43.1 oscillations .

The corresponding time is

𝑡 = 𝑁𝑇d = (43.06)(4 s) = 172.2 s.

If the answer is required in complete oscilla-
tions, the amplitude after 43 oscillations is

𝐴43
𝐴0

= 𝑒−43𝛿 = 𝑒−43(0.0321888) ≃ 0.2506,

which is still slightly greater than 25%. After 44
oscillations,

𝐴44
𝐴0

= 𝑒−44𝛿 = 𝑒−44(0.0321888) ≃ 0.2427,

which is below 25%. Hence the amplitude first
becomes no more than 25% after

44 complete oscillations .

As a limiting check, when 𝑐 → 0, one has 𝛾 → 0,
so

𝛿 = 𝛾𝑇d → 0
and 𝐴(𝑡) → 𝐴0. Thus the amplitude becomes
constant in the absence of damping, as required
by conservation of mechanical energy.

CONCLUSION:

For a freely oscillating mass subject to a linear viscous
damping force opposite to its velocity,

𝑚 ̈𝑥 + 𝑐 ̇𝑥 + 𝑘𝑥 = 0 .

In the underdamped regime 𝑐2 < 4𝑚𝑘, its displace-
ment and amplitude are

𝑥(𝑡) = 𝐴0𝑒−𝑐𝑡/(2𝑚) cos (𝜔d𝑡 + 𝜙)

𝐴(𝑡) = 𝐴0𝑒−𝑐𝑡/(2𝑚)

where

𝜔d = √
𝑘
𝑚 − 𝑐2

4𝑚2 .

The logarithmic decrement is the dimensionless quan-
tity

𝛿 = ln ( 𝐴𝑟
𝐴𝑟+1

) = 𝑐𝑇d
2𝑚 = 2𝜋𝛾

𝜔d
,

or, for amplitudes separated by 𝑛 oscillations,

𝛿 = 1
𝑛 ln ( 𝐴𝑟

𝐴𝑟+𝑛
) .

For the stated motion,

𝛿 = ln 5
50 ≃ 0.0322 per oscillation ,

with the equivalent decay constant

𝛾 ≃ 8.05 × 10−3 s−1 .
The amplitude falls to exactly 25% of its initial value
after

𝑁 ≃ 43.1 oscillations

or approximately

𝑡 ≃ 172 s .
When only complete oscillations are counted, it first
becomes no more than 25% after

44 complete oscillations .
The decreasing positive envelope represents dissipa-
tion of mechanical energy by a damping force di-
rected opposite to the velocity; the result is valid for
linear viscous damping and underdamped free mo-
tion.

IFoS · 2023 · 10 MARKS

Q10. Find an expression for the average en-
ergy of a forced oscillator in the steady-state
motion.

INTRODUCTION:

Consider a one-dimensional damped harmonic oscil-
lator of mass𝑚, natural angular frequency 𝜔0, and lin-
ear damping constant 𝑏, driven by a sinusoidal force

𝐹(𝑡) = 𝐹0 cos𝜔𝑡.
Its equation of motion is

𝑚 ̈𝑥 + 𝑏 ̇𝑥 + 𝑚𝜔20𝑥 = 𝐹0 cos𝜔𝑡.
It is convenient to define

2𝛽 = 𝑏
𝑚 ,
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so that
̈𝑥 + 2𝛽 ̇𝑥 + 𝜔20𝑥 = 𝐹0

𝑚 cos𝜔𝑡.
Here 𝜔 is the driving angular frequency and 𝛽 is the
damping rate. The displacement 𝑥 is measured from
the equilibrium position, with positive 𝑥 chosen along
the positive direction of the applied force.

After the transient motion has decayed, the oscillator
executes steady-state motion at the driving frequency.
The required average energy is the time average, over
one driving period 𝑇 = 2𝜋/𝜔, of the instantaneous
mechanical energy

𝐸(𝑡) = 1
2𝑚 ̇𝑥 2 + 1

2𝑚𝜔
20𝑥2.

Because damping continually dissipates energy, 𝐸(𝑡)
is not constant; the applied force supplies, on aver-
age, exactly the energy dissipated during steady-state
motion.

SOLUTION:

The steady-state displacement may be written as

𝑥(𝑡) = 𝐴 cos(𝜔𝑡 − 𝛿),
where 𝐴 is the displacement amplitude and 𝛿 is the
phase lag relative to the applied force. Differentiat-
ing,

̇𝑥(𝑡) = −𝐴𝜔 sin(𝜔𝑡 − 𝛿)
̈𝑥(𝑡) = −𝐴𝜔2 cos(𝜔𝑡 − 𝛿).

To obtain 𝐴, it is useful to represent the steady-state
motion by

𝑥(𝑡) = 𝑎 cos𝜔𝑡 + 𝑐 sin𝜔𝑡.
Then

̇𝑥 = −𝑎𝜔 sin𝜔𝑡 + 𝑐𝜔 cos𝜔𝑡,
and

̈𝑥 = −𝑎𝜔2 cos𝜔𝑡 − 𝑐𝜔2 sin𝜔𝑡.
Substitution into the equation of motion gives

[(𝜔20 − 𝜔2)𝑎 + 2𝛽𝜔𝑐] cos𝜔𝑡 + [(𝜔20 − 𝜔2)𝑐 − 2𝛽𝜔𝑎] sin𝜔𝑡 = 𝐹0
𝑚 cos𝜔𝑡.

Equating the coefficients of cos𝜔𝑡 and sin𝜔𝑡 ,

(𝜔20 − 𝜔2)𝑎 + 2𝛽𝜔𝑐 = 𝐹0
𝑚 ,

(𝜔20 − 𝜔2)𝑐 − 2𝛽𝜔𝑎 = 0.
Squaring and adding the corresponding amplitude re-
lations yields

[(𝜔20 − 𝜔2)2 + 4𝛽2𝜔2] (𝑎2 + 𝑐2) = (𝐹0𝑚 )
2
.

Since 𝐴2 = 𝑎2 + 𝑐2,

𝐴 = 𝐹0/𝑚

√(𝜔20 − 𝜔2)2 + 4𝛽2𝜔2
.

Equivalently, in terms of 𝑏 = 2𝑚𝛽 ,

𝐴 = 𝐹0
√𝑚2(𝜔20 − 𝜔2)2 + 𝑏2𝜔2

.

The phase lag is determined by

tan 𝛿 = 2𝛽𝜔
𝜔20 − 𝜔2 ,

with the quadrant selected so that 0 ≤ 𝛿 ≤ 𝜋 for posi-
tive damping.

The instantaneous kinetic energy is

𝐾(𝑡) = 1
2𝑚 ̇𝑥 2 = 1

2𝑚𝐴
2𝜔2 sin2(𝜔𝑡 − 𝛿),

while the instantaneous elastic potential energy is

𝑈 (𝑡) = 1
2𝑚𝜔

20𝑥2 = 1
2𝑚𝜔

20𝐴2 cos2(𝜔𝑡 − 𝛿).

The average of a quantity 𝑄(𝑡) over one driving period
is

⟨𝑄⟩ = 1
𝑇 ∫

𝑡0+𝑇

𝑡0
𝑄(𝑡) 𝑑𝑡.

Since

⟨sin2(𝜔𝑡 − 𝛿)⟩ = ⟨cos2(𝜔𝑡 − 𝛿)⟩ = 1
2 ,

the average kinetic and potential energies are

⟨𝐾⟩ = 1
4𝑚𝐴

2𝜔2,

and
⟨𝑈 ⟩ = 1

4𝑚𝐴
2𝜔20 .

Therefore, the average total mechanical energy is

⟨𝐸⟩ = ⟨𝐾⟩ + ⟨𝑈 ⟩ = 1
4𝑚𝐴

2(𝜔2 + 𝜔20).

Substituting the steady-state amplitude,

⟨𝐸⟩ = 𝐹 20
4𝑚

𝜔2 + 𝜔20
(𝜔20 − 𝜔2)2 + 4𝛽2𝜔2 .

In terms of the damping constant 𝑏, the same result is

⟨𝐸⟩ = 𝐹 20𝑚(𝜔2 + 𝜔20)
4 [𝑚2(𝜔20 − 𝜔2)2 + 𝑏2𝜔2] .

The result passes the dimensional check. Since

[𝐴] = m, [𝑚(𝜔2 + 𝜔20)𝐴2] = kg s−2m2 = J,
the expression has the dimensions of energy.
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Several physical limits provide useful checks. In the
quasistatic limit 𝜔 → 0,

𝐴 ⟶ 𝐹0
𝑚𝜔20

, ⟨𝐾⟩ ⟶ 0,

and hence

⟨𝐸⟩ ⟶ 𝐹 20
4𝑚𝜔20

.

This is the time-averaged elastic energy associated
with the slowly varying displacement

𝑥(𝑡) ≃ 𝐹0
𝑚𝜔20

cos𝜔𝑡.

At 𝜔 = 𝜔0,
𝐴 = 𝐹0

2𝑚𝛽𝜔0
= 𝐹0

𝑏𝜔0
,

and the mean kinetic and potential energies become
equal:

⟨𝐾⟩ = ⟨𝑈 ⟩.
Consequently,

⟨𝐸⟩𝜔=𝜔0 =
𝐹 20

8𝑚𝛽2 = 𝑚𝐹 20
2𝑏2 .

This finite resonant value requires nonzero damping.
In the idealized limit 𝛽 → 0 at 𝜔 = 𝜔0, the assumed
bounded steady-state motion ceases to exist, and the
above steady-state energy diverges, consistently indi-
cating resonant growth.

As a steady-state energy-balance check, the average
rate of dissipation is

⟨𝑃diss⟩ = 𝑏 ⟨ ̇𝑥 2⟩ = 1
2𝑏𝐴

2𝜔2.

The average power delivered by the force is

⟨𝑃in⟩ = ⟨𝐹(𝑡) ̇𝑥(𝑡)⟩ = 1
2𝐹0𝐴𝜔 sin 𝛿.

Using
𝐹0 sin 𝛿 = 𝑏𝐴𝜔,

one obtains
⟨𝑃in⟩ = ⟨𝑃diss⟩ ,

as required for a periodic steady state.

CONCLUSION:

For a linearly damped oscillator driven by 𝐹0 cos𝜔𝑡 ,
the steady-state displacement is

𝑥(𝑡) = 𝐴 cos(𝜔𝑡 − 𝛿),
where

𝐴 = 𝐹0/𝑚

√(𝜔20 − 𝜔2)2 + 4𝛽2𝜔2

tan 𝛿 = 2𝛽𝜔
𝜔20 − 𝜔2

2𝛽 = 𝑏
𝑚 .

Its average kinetic energy, potential energy, and total
mechanical energy are, respectively,

⟨𝐾⟩ = 1
4𝑚𝐴

2𝜔2 , ⟨𝑈 ⟩ = 1
4𝑚𝐴

2𝜔20 ,

and

⟨𝐸⟩ = 1
4𝑚𝐴

2(𝜔2 + 𝜔20) =
𝐹 20
4𝑚

𝜔2 + 𝜔20
(𝜔20 − 𝜔2)2 + 4𝛽2𝜔2 .

The energy is measured in joules and is nonnegative.
The result applies after all transient motion has de-
cayed, for sinusoidal forcing and linear viscous damp-
ing. At 𝜔 = 𝜔0, the mean kinetic and potential en-
ergies are equal, while nonzero damping keeps the
steady-state energy finite. The oscillator does not
conserve mechanical energy instantaneously; instead,
in steady state, the average power supplied by the
driving force equals the average power dissipated by
damping.
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Question Index
No. Question Marks Year Exam Page
1 Calculate the effective resistance of the following combination of resistances as

shown in the figure and determine the voltage drop across each resistance when
a potential difference of 120 volts is applied between points 𝐴 and 𝐵 :

A

3Ω

6Ω

18Ω

5Ω

8Ω
B

10 2026 CSE 3

2 A charge of −3 ⋅ 30 𝜇C is fixed at a point. From a horizontal distance of 0 ⋅ 0455 m,
a charged particle of mass 7 ⋅ 35 × 10−3 kg and charge −7 ⋅ 45 𝜇C is fired with an
initial velocity 62 ⋅ 5 m/s directly towards the fixed charge. How far does this
charge travel before its speed becomes zero?

10 2026 CSE 4

3 Discuss the origin of hysteresis in ferromagnetic materials on the basis of
domain theory. Explain how domain wall motion and pinning lead to energy loss
during cyclic magnetization.

20 2026 CSE 5

4 A wire of length 2 m is perpendicular to the 𝑋–𝑌 plane. It is moved with velocity
𝑉 = 2 ̂𝑖 + 3 ̂𝑗 + 𝑘̂ m/s through a region of uniform magnetic induction
𝐵 = ̂𝑖 + 2 ̂𝑗 Wb/m2. Compute the potential difference induced between the ends of
the wire.

15 2026 CSE 6

5 A very long solenoid of radius 𝑎, with 𝑛 turns per unit length, carries a current 𝐼𝑠 .
Coaxial with the solenoid, at radius 𝑏 ≫ 𝑎, is a circular ring of wire with
resistance 𝑅. When the current in the solenoid is gradually reduced, a current 𝐼𝑟
is induced in the ring. Calculate 𝐼𝑟 in terms of 𝑑𝐼𝑠

𝑑𝑡 . Also, calculate the power

dissipated through Joule effect and the electric field 𝐸 near the solenoid.

15 2026 CSE 7

6 The space between the plates of a parallel-plate capacitor is filled with a
dielectric material whose susceptibility varies linearly from 0 at the bottom plate
(𝑥 = 0) to 1 at the top plate (𝑥 = 𝑑). The capacitor is connected to a battery of
voltage 𝑉 . Calculate all the bound charges and check that the total charge is zero.
Assume that the battery is connected in such a way that the electric field points
along the 𝑥-direction while the free charge density, 𝜎𝑓 , is positive at the bottom
plate and negative at the top plate.

20 2026 CSE 8

7 Consider a point charge of 5 nC placed at a distance of 1 m from a perfect
conducting plane (𝑧 = 0) of infinite extent. Find the electric field at a point
(2, 2, 0) m and show that it is normal to the plane.

10 2025 CSE 10

8 A rectangular coil consists of 50 closely wrapped turns and has dimensions of
0 ⋅ 5 m × 0 ⋅ 4 m. It carries a current of 1 ⋅ 5 A. If a uniform magnetic field
𝐵 = 0 ⋅ 1 T is applied such that the direction of the magnetic field makes an angle
of 60∘ with respect to the plane of the coil, what is the torque exerted on the coil
by the magnetic field?

10 2025 CSE 11

9 State and explain Kirchhoff’s current law and Kirchhoff’s voltage law. Derive
these laws from the principles of charge conservation and energy conservation.

10 2025 CSE 12

10 A parallel plate capacitor having circular plates of radius 10 cm is being charged.
If the electric field at any instant within the capacitor changes at the rate
5 ⋅ 0 V m−1 s−1, calculate the magnetic intensity |𝐻⃗ | inside the capacitor.

10 2025 CSE 15
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Q1. Calculate the effective resistance of
the following combination of resistances as
shown in the figure and determine the volt-
age drop across each resistance when a po-
tential difference of 120 volts is applied be-
tween points 𝐴 and 𝐵 :

A

3Ω

6Ω

18Ω

5Ω

8Ω
B

INTRODUCTION:

The circuit is to be reduced by identifying resistors
connected between the same pair of nodes and then
applying the series and parallel combination rules.
All resistances are assumed ideal, and the connecting
wires have negligible resistance. Let

𝑉𝐴 − 𝑉𝐵 = 120V,
so conventional current is taken from𝐴 toward 𝐵. De-
note by 𝐶 the node immediately after𝐴, by𝐷 the junc-
tion before the 8Ω resistor, and by 𝐸 the junction be-
tween the 3Ω-6Ω parallel pair and the 18Ω resistor.
Ohm’s law and Kirchhoff’s current and voltage laws
will be used.

SOLUTION:

The circuit topology is

𝐴 𝐶
3Ω

6Ω

𝐸 18Ω

5Ω

𝐷 8Ω
𝐵

The 3Ω and 6Ω resistors are connected between the
same nodes 𝐶 and 𝐸, and hence are in parallel:

𝑅𝐶𝐸 = (3Ω)(6Ω)
3Ω + 6Ω = 18

9 Ω = 2Ω.

This 2Ω equivalent is in series with the 18Ω resistor
along the upper path from 𝐶 to 𝐷. Therefore,

𝑅upper = 2Ω + 18Ω = 20Ω.

The upper 20Ω path and the lower 5Ω path have the
same end nodes 𝐶 and 𝐷, so they are in parallel:

𝑅𝐶𝐷 = (20Ω)(5Ω)
20Ω + 5Ω = 100

25 Ω = 4Ω.

Finally, 𝑅𝐶𝐷 is in series with the 8Ω resistor:

𝑅𝐴𝐵 = 𝑅𝐶𝐷 + 8Ω = 4Ω + 8Ω = 12Ω.

The total current supplied between 𝐴 and 𝐵 is conse-
quently

𝐼 = 𝑉𝐴 − 𝑉𝐵
𝑅𝐴𝐵

= 120V
12Ω = 10A.

Since the 8Ω resistor is in series with the entire 𝐶-𝐷
network, it carries 10A. Its voltage drop from 𝐷 to-
ward 𝐵 is

𝑉8 = 𝐼 (8Ω) = (10A)(8Ω) = 80V.

Kirchhoff’s voltage law then gives the voltage across
the parallel network between 𝐶 and 𝐷:

𝑉𝐶𝐷 = 120V − 80V = 40V.

The 5Ω resistor is directly connected between 𝐶 and
𝐷, so

𝑉5 = 𝑉𝐶𝐷 = 40V, 𝐼5 = 40V
5Ω = 8A.

The complete upper path also has a 40V drop. Its cur-
rent is

𝐼upper = 40V
20Ω = 2A.

Thus, the drop across the 18Ω resistor is

𝑉18 = 𝐼upper(18Ω) = (2A)(18Ω) = 36V.

The remaining voltage across the 3Ω-6Ω parallel pair
is

𝑉𝐶𝐸 = 𝑉𝐶𝐷 − 𝑉18 = 40V − 36V = 4V.
Since both resistors are connected between 𝐶 and 𝐸,

𝑉3 = 𝑉6 = 4V.

Their respective currents are

𝐼3 = 4V
3Ω = 4

3 A, 𝐼6 = 4V
6Ω = 2

3 A.

These add to

𝐼3 + 𝐼6 = 4
3 A + 2

3 A = 2A,

which is the current entering the pair. At node 𝐶 ,
𝐼5 + 𝐼upper = 8A + 2A = 10A,

in agreement with the total circuit current. The volt-
age drops along the upper path also satisfy

𝑉3∥6 + 𝑉18 = 4V + 36V = 40V,
and the complete 𝐴-to-𝐵 drop is

40V + 80V = 120V.

CONCLUSION:
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The effective resistance between 𝐴 and 𝐵 is

𝑅𝐴𝐵 = 12Ω ,

and the total conventional current is

𝐼 = 10A
from 𝐴 toward 𝐵. The voltage decreases in the direc-
tion of this current, with the individual drops

𝑉3Ω = 4V, 𝑉6Ω = 4V, 𝑉18Ω = 36V, 𝑉5Ω = 40V, 𝑉8Ω = 80V .

These results apply for ideal ohmic resistors and negli-
gible connecting-wire resistance. The equal 4V drops
across the 3Ω and 6Ω resistors follow from their par-
allel connection, while the 5Ω resistor has the same
40V drop as the entire alternative upper branch.

CSE · 2026 · 10 MARKS

Q2. A charge of−3⋅30 𝜇C is fixed at a point.
From a horizontal distance of 0 ⋅ 0455 m, a
charged particle of mass 7 ⋅ 35 × 10−3 kg and
charge −7 ⋅ 45 𝜇C is fired with an initial ve-
locity 62 ⋅ 5 m/s directly towards the fixed
charge. How far does this charge travel be-
fore its speed becomes zero?

INTRODUCTION:

The required quantity is the distance travelled by the
moving charge before it reaches its point of closest
approach and momentarily comes to rest. Since both
charges are negative, their electrostatic interaction is
repulsive. The particle is therefore decelerated as it
moves towards the fixed charge.

Let the fixed charge be at 𝑥 = 0, and let the moving
particle initially be at 𝑥 = 𝑟𝑖 > 0. The positive 𝑥-
direction is taken from the fixed charge towards the
particle. Thus the initial velocity is directed along −𝑥 ,
whereas the electrostatic force is along +𝑥 .
Write

𝑄 = −3.30 × 10−6 C, 𝑞 = −7.45 × 10−6 C,
𝑚 = 7.35 × 10−3 kg

𝑟𝑖 = 0.0455 m

𝑣𝑖 = 62.5 ms−1.
The fixed charge is assumed to remain stationary,
both charges are treated as point charges, and forces
other than the electrostatic force are neglected. Since
the electrostatic force is conservative, mechanical en-
ergy is conserved.

SOLUTION:

For two point charges separated by a distance 𝑟 , the
electrostatic potential energy is

𝑈 (𝑟) = 𝑘𝑄𝑞
𝑟 , 𝑘 = 8.99 × 109 Nm2 C−2.

Here

𝑄𝑞 = (−3.30 × 10−6)(−7.45 × 10−6) = 2.4585 × 10−11 C2 > 0,

so 𝑈 (𝑟) increases as the separation decreases. The par-
ticle’s initial kinetic energy is converted into electro-
static potential energy.

Let 𝑟𝑡 denote the separation at the turning point,
where the speed becomes zero. Conservation of me-
chanical energy gives

1
2𝑚𝑣

2𝑖 + 𝑘𝑄𝑞
𝑟𝑖

= 0 + 𝑘𝑄𝑞
𝑟𝑡

.

Hence
1
𝑟𝑡
= 1

𝑟𝑖
+ 𝑚𝑣2𝑖
2𝑘𝑄𝑞 .

The initial kinetic energy is

𝐾𝑖 = 1
2(7.35 × 10

−3)(62.5)2

= 1
2(7.35 × 10

−3)(3906.25)
= 14.36 J.

Also,

𝑘𝑄𝑞 = (8.99 × 109)(2.4585 × 10−11)
= 2.21 × 10−1 Jm.

Therefore,

1
𝑟𝑡
= 1

0.0455 + 14.36
2.21 × 10−1

= 21.98 m−1 + 64.98 m−1

= 86.96 m−1,
and hence

𝑟𝑡 = 1
86.96 = 1.15 × 10−2 m.

The distance travelled towards the fixed charge is the
decrease in separation:

𝑠 = 𝑟𝑖 − 𝑟𝑡
= 0.0455 − 0.0115
= 0.0340 m.

Since 𝑟𝑡 < 𝑟𝑖, the result correctly describes motion to-
wards the fixed charge. At 𝑟𝑡 , the positive electrostatic
potential energy has increased by exactly the initial
kinetic energy, so the particle momentarily stops and
then reverses direction under the repulsive force.
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CONCLUSION:

The moving charge travels

𝑠 = 3.40 × 10−2 m

or
𝑠 = 3.40 cm

towards the fixed negative charge before its speed be-
comes zero. Its minimum separation from the fixed
charge is

𝑟𝑡 = 1.15 × 10−2 m = 1.15 cm .

This result applies under the point-charge approxi-
mation with the fixed charge stationary and all non-
electrostatic forces neglected.

CSE · 2026 · 20 MARKS

Q3. Discuss the origin of hysteresis in fer-
romagnetic materials on the basis of domain
theory. Explain how domain wall motion
and pinning lead to energy loss during cyclic
magnetization.

INTRODUCTION:

A ferromagnetic specimen below its Curie tempera-
ture is divided into magnetic domains. Within each
domain, the atomic magnetic moments are aligned ap-
proximately parallel by the exchange interaction, so
that the domain possesses a spontaneous magnetiza-
tion𝑀𝑠 . Adjacent domains are separated by transition
regions called domain walls, within which the mag-
netization rotates continuously from the direction in
one domain to that in the next.

The domain structure minimizes the total free en-
ergy, which contains exchange, magnetocrystalline-
anisotropy, magnetostatic, magnetoelastic, and
domain-wall contributions. In zero applied field,
differently oriented domains generally arrange
themselves so that the net macroscopic magnetiza-
tion is small, even though each domain is strongly
magnetized.

Let the applied magnetic field 𝐻 and the measured
magnetization 𝑀 be positive along a fixed axis. In SI
units,

𝐵 = 𝜇0(𝐻 + 𝑀).
The hysteresis loop arises because the domain config-
uration at a given 𝐻 depends on the previous mag-
netic history. The principal microscopic cause of this
history dependence is the irreversible displacement

of domain walls through an inhomogeneous mate-
rial containing defects, internal stresses, grain bound-
aries, inclusions, dislocations, and spatial variations
of magnetic anisotropy.

SOLUTION:

When a field 𝐻 is applied, the magnetic contribution
to the free-energy density of a domain whose magne-
tization makes an angle 𝜃 with the field is

𝑢𝐻 = −𝜇0M ⋅H = −𝜇0𝑀𝑠𝐻 cos 𝜃.
Thus, domains whose magnetization lies more nearly
parallel to the field have lower energy. Magnetization
can then increase by two principal processes:

1. Domain walls move so that domains favourably
oriented with respect to the field grow at the ex-
pense of unfavourably oriented domains.

2. At larger fields, the magnetization within the
remaining domains rotates towards the field di-
rection. Eventually the specimen approaches
magnetic saturation.

Consider a wall separating two domains whose mag-
netization components along the applied field are 𝑀1
and𝑀2. If the wall moves through a distance 𝑑𝑥 , con-
verting an elemental volume 𝐴𝑑𝑥 from domain 1 to
domain 2, the change in magnetic energy is

𝑑𝑈𝐻 = −𝜇0𝐻(𝑀2 − 𝑀1)𝐴 𝑑𝑥.
Hence the field exerts an effective pressure on the
wall,

𝑝𝐻 = 𝜇0𝐻(𝑀2 − 𝑀1).
For a 180∘ wall separating domains with components
−𝑀𝑠 and +𝑀𝑠 ,

𝑝𝐻 = 2𝜇0𝑀𝑠𝐻.
The wall therefore tends to move in the direction that
enlarges the domain magnetized parallel to the field.

In an ideal, perfectly homogeneous crystal, a wall
could move comparatively freely and much of the re-
sponse would be reversible. A real ferromagnet, how-
ever, has a non-uniform internal energy landscape. A
defect can lower the wall energy when the wall inter-
sects it, or an internal stress can locally alter the mag-
netoelastic and anisotropy energies. Such regions act
as pinning centres.

Let 𝑈𝑝(𝑥) denote the position-dependent pinning en-
ergy of a wall. The effective wall energy may be rep-
resented schematically by

𝑈eff(𝑥; 𝐻) = 𝑈𝑝(𝑥) − 𝜇0𝐻(𝑀2 − 𝑀1)𝐴𝑥.
The applied field tilts this energy landscape. For a
small field, a pinnedwall may deform ormove slightly
within a local energy minimum. Such motion is ap-
proximately reversible: when the field is removed, the
wall returns nearly to its original position.
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As 𝐻 increases, the field pressure increases. At a crit-
ical depinning field 𝐻𝑝 , the local minimum ceases to
hold the wall. In force form, the depinning condition
is approximately

𝜇0𝐻𝑝(𝑀2 − 𝑀1)𝐴 ≃ max |
𝑑𝑈𝑝
𝑑𝑥 | .

The wall then jumps abruptly to another stable po-
sition. This is an irreversible change because, after
the jump, merely restoring the field to its previous
value does not restore the former domain configura-
tion. The wall can return only when the field is re-
versed sufficiently to overcome a generally different
pinning barrier. A succession of such discontinuous
jumps produces Barkhausen noise.

Starting from an initially demagnetized state, increas-
ing 𝐻 causes favourable domains to grow by wall mo-
tion. At higher fields, domain rotation becomes im-
portant, and sufficiently large 𝐻 produces approxi-
mate saturation. When the field is subsequently re-
duced to zero, many walls do not retrace their earlier
paths because they become trapped at pinning cen-
tres. Consequently, a finite magnetization remains:

𝑀(𝐻 = 0) = 𝑀𝑟 ,
where 𝑀𝑟 is the remanent magnetization.

A reverse field is required to move the pinned walls
and reverse enough domains to make the net magne-
tization vanish. The magnitude of the reverse field
for which 𝑀 = 0 is the coercive field 𝐻𝑐 . Further
increase of the reverse field produces negative satu-
ration. Repeating the process completes a closed hys-
teresis loop.

The work supplied by the external source per unit vol-
ume in a quasistatic magnetic cycle is

𝑊cycle = ∮𝐻 𝑑𝐵.

Using 𝐵 = 𝜇0(𝐻 + 𝑀),

𝑊cycle = 𝜇0∮𝐻 𝑑𝐻 + 𝜇0∮𝐻 𝑑𝑀.

Since 𝐻 returns to its initial value,

∮𝐻 𝑑𝐻 = ∮𝑑 (𝐻
2
2 ) = 0,

and therefore

𝑊loss = 𝜇0∮𝐻 𝑑𝑀.

Thus the energy dissipated per unit volume in one
complete cycle equals the area enclosed by the 𝐵-𝐻
loop,

𝑊loss = ∮𝐻 𝑑𝐵,

or equivalently 𝜇0 times the area enclosed by the𝑀-𝐻
loop. Its unit is

[𝐻 𝑑𝐵] = A
m

T = J
m3 ,

as required for an energy density.

Microscopically, the applied field stores energy while
a domain wall is held against a pinning barrier. Upon
depinning, the wall accelerates and jumps to another
metastable position. The released energy is trans-
ferred to lattice vibrations, electronic excitations, mi-
croscopic eddy currents in conducting specimens, and
ultimately heat. Since the reverse path encounters
barriers in a different sequence and direction, the en-
ergy released during forward motion is not fully re-
covered. The magnetization consequently lags be-
hind the applied field, producing hysteresis and a pos-
itive energy loss per cycle.

The character of the hysteresis loop is therefore
closely related to the strength of pinning. Soft fer-
romagnetic materials contain relatively mobile do-
main walls and have small 𝐻𝑐 , narrow loops, and low
hysteresis loss. Hard ferromagnetic materials pos-
sess strong pinning and large anisotropy; they conse-
quently have large coercivity, broad loops, and large
remanence, making them suitable for permanentmag-
nets.

CONCLUSION:

Ferromagnetic hysteresis originates from the exis-
tence of multiple metastable domain configurations
separated by energy barriers. An applied field low-
ers the energy of domains aligned with it, causing
domain-wall motion and, at larger fields, domain ro-
tation. Structural defects, internal stresses, grain
boundaries, inclusions, and anisotropy variations pin
the walls. Walls depin only after a finite threshold
field is reached and then move irreversibly to new po-
sitions, so the domain pattern on decreasing or revers-
ing the field differs from that formed while increasing
it.

This irreversible wall motion accounts for remanent
magnetization 𝑀𝑟 , coercive field 𝐻𝑐 , and the lag of 𝑀
behind 𝐻 . The magnetic energy dissipated per unit
volume per cycle is

𝑊loss = ∮𝐻 𝑑𝐵 = 𝜇0∮𝐻 𝑑𝑀 ,

equal to the enclosed 𝐵-𝐻 loop area, or to 𝜇0 times
the enclosed 𝑀-𝐻 loop area. The lost magnetic work
ultimately appears mainly as heat; stronger wall pin-
ning generally produces a wider hysteresis loop and
a larger cyclic energy loss.
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Q4. A wire of length 2 m is perpendicular
to the 𝑋–𝑌 plane. It is moved with velocity
𝑉 = 2 ̂𝑖 + 3 ̂𝑗 + 𝑘̂ m/s through a region of uni-
form magnetic induction 𝐵 = ̂𝑖 + 2 ̂𝑗 Wb/m2.
Compute the potential difference induced be-
tween the ends of the wire.

INTRODUCTION:

The wire is perpendicular to the 𝑋–𝑌 plane and is
therefore parallel to the 𝑧-axis. Let its lower end be
𝐴, its upper end in the +𝑘̂ direction be 𝐶 , and

𝐿𝐴𝐶 = 2𝑘̂ m.
The calculation is made in the laboratory frame, in
which the magnetic field is uniform and the wire
translates rigidly with velocity 𝑉 . The wire is as-
sumed to be open-circuited. The magnetic Lorentz
force 𝑞(𝑉 × 𝐵) separates charges until an electrostatic
potential difference is established between its ends.

With the stated orientation, the required terminal po-
tential difference is

𝑉𝐶 − 𝑉𝐴 = ∫
𝐶

𝐴
(𝑉 × 𝐵) ⋅ 𝑑 𝑙⃗.

SOLUTION:

The motional-force vector per unit charge is

𝑉 × 𝐵 = |
̂𝑖 ̂𝑗 𝑘̂
2 3 1
1 2 0

|

= (3 ⋅ 0 − 1 ⋅ 2) ̂𝑖 − (2 ⋅ 0 − 1 ⋅ 1) ̂𝑗 + (2 ⋅ 2 − 3 ⋅ 1)𝑘̂
= −2 ̂𝑖 + ̂𝑗 + 𝑘̂ Vm−1.

Only the component of 𝑉 × 𝐵 parallel to the wire con-
tributes to the terminal potential difference. Since
𝑑𝑙⃗ = 𝑘̂ 𝑑𝑧,

𝑉𝐶 − 𝑉𝐴 = ∫
2

0
(−2 ̂𝑖 + ̂𝑗 + 𝑘̂) ⋅ 𝑘̂ 𝑑𝑧

= ∫
2

0
1 𝑑𝑧

= 2 V.

The +𝑘̂ component of 𝑉 × 𝐵 drives positive charges
toward 𝐶 . Thus the end in the +𝑘̂ direction is at the
higher potential.

The result also follows from the scalar triple product

𝑉𝐶 − 𝑉𝐴 = (𝑉 × 𝐵) ⋅ 𝐿𝐴𝐶 = 2 V.

This shows that the velocity component parallel to the
wire does not contribute directly; the nonzero voltage
arises from the transverse velocity and magnetic-field
components whose cross product has a component
along the wire.

CONCLUSION:

The magnitude of the induced potential difference be-
tween the ends of the wire is

Δ𝑉 = 2 V .
For the convention 𝐿𝐴𝐶 = 2𝑘̂ m,

𝑉𝐶 − 𝑉𝐴 = +2 V ,

so the end lying in the +𝑘̂ direction is 2 V above the
end lying in the −𝑘̂ direction.

CSE · 2026 · 15 MARKS

Q5. A very long solenoid of radius 𝑎, with
𝑛 turns per unit length, carries a current 𝐼𝑠 .
Coaxial with the solenoid, at radius 𝑏 ≫ 𝑎,
is a circular ring of wire with resistance 𝑅.
When the current in the solenoid is gradu-
ally reduced, a current 𝐼𝑟 is induced in the
ring. Calculate 𝐼𝑟 in terms of 𝑑𝐼𝑠

𝑑𝑡 . Also, cal-
culate the power dissipated through Joule ef-
fect and the electric field 𝐸 near the solenoid.

INTRODUCTION:

For an ideal, very long solenoid, the magnetic field is
uniform inside and negligible outside:

𝐵 = {𝜇0𝑛𝐼𝑠 ẑ, 𝑟 < 𝑎,
0, 𝑟 > 𝑎.

Although the ring has radius 𝑏 ≫ 𝑎, the magnetic
flux linkedwith it comes only from the cross-sectional
area 𝜋𝑎2 of the solenoid.

Choose +ẑ along the magnetic field produced by pos-
itive 𝐼𝑠 , and choose +𝜙̂ counterclockwise as viewed
from +ẑ. Faraday’s law,

∮𝐶 𝐸 ⋅ 𝑑 𝑙⃗ = −𝑑Φ𝐵
𝑑𝑡 ,

determines both the induced emf and the circulat-
ing electric field. The current is assumed to vary
quasistatically, displacement-current and radiation ef-
fects are neglected, and the ring’s self-inductance is
neglected compared with its resistance; equivalently,
the variation time scale is much longer than its 𝐿/𝑅
time.

SOLUTION:
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The magnetic flux through the ring is

Φ𝐵 = ∫𝐵 ⋅ 𝑑𝐴⃗ = (𝜇0𝑛𝐼𝑠)(𝜋𝑎2).

Therefore, the induced emf around the ring is

ℰ𝑟 = −𝑑Φ𝐵
𝑑𝑡 = −𝜇0𝑛𝜋𝑎2

𝑑𝐼𝑠
𝑑𝑡 .

Using Ohm’s law for the ring,

𝐼𝑟 =
ℰ𝑟
𝑅 ,

gives

𝐼𝑟 = −𝜇0𝑛𝜋𝑎2
𝑅

𝑑𝐼𝑠
𝑑𝑡 .

Here 𝐼𝑟 > 0 denotes current in the +𝜙̂ direction. Since
the solenoid current is being reduced,

𝑑𝐼𝑠
𝑑𝑡 < 0,

and hence 𝐼𝑟 > 0: the induced current is counterclock-
wise when viewed from +ẑ. Its magnetic field points
along +ẑ, opposing the decrease of the solenoid’s flux,
as required by Lenz’s law.

The Joule power dissipated in the ring is

𝑃𝐽 = 𝐼 2𝑟 𝑅.
Substitution yields

𝑃𝐽 = 𝜇20𝑛2𝜋2𝑎4
𝑅 (𝑑𝐼𝑠𝑑𝑡 )

2
.

The square makes the dissipated power positive irre-
spective of whether 𝐼𝑠 is increasing or decreasing.

To determine the electric field, symmetry requires it
to be azimuthal:

𝐸(𝑟) = 𝐸𝜙(𝑟) 𝜙̂.
For a coaxial circular path of radius 𝑟 ,

∮𝐶 𝐸 ⋅ 𝑑 𝑙⃗ = 2𝜋𝑟𝐸𝜙(𝑟).

For 𝑟 < 𝑎, the enclosed magnetic flux is

Φ𝐵(𝑟) = 𝜇0𝑛𝐼𝑠 𝜋𝑟2.
Thus,

2𝜋𝑟𝐸𝜙(𝑟) = −𝜇0𝑛𝜋𝑟2
𝑑𝐼𝑠
𝑑𝑡 ,

so that

𝐸(𝑟) = −𝜇0𝑛𝑟
2

𝑑𝐼𝑠
𝑑𝑡 𝜙̂, 𝑟 < 𝑎.

For 𝑟 ≥ 𝑎, only the solenoid cross-section contributes
to the flux:

Φ𝐵(𝑟) = 𝜇0𝑛𝐼𝑠 𝜋𝑎2.
Consequently,

2𝜋𝑟𝐸𝜙(𝑟) = −𝜇0𝑛𝜋𝑎2
𝑑𝐼𝑠
𝑑𝑡 ,

and hence

𝐸(𝑟) = −𝜇0𝑛𝑎2
2𝑟

𝑑𝐼𝑠
𝑑𝑡 𝜙̂, 𝑟 ≥ 𝑎.

The two expressions agree at 𝑟 = 𝑎, where

𝐸(𝑎) = −𝜇0𝑛𝑎
2

𝑑𝐼𝑠
𝑑𝑡 𝜙̂.

At the ring, 𝑟 = 𝑏,

𝐸(𝑏) = −𝜇0𝑛𝑎2
2𝑏

𝑑𝐼𝑠
𝑑𝑡 𝜙̂,

and its circulation is

2𝜋𝑏𝐸𝜙(𝑏) = −𝜇0𝑛𝜋𝑎2
𝑑𝐼𝑠
𝑑𝑡 = ℰ𝑟 ,

which consistently reproduces the induced emf.

CONCLUSION:

With positive azimuthal direction chosen counter-
clockwise as viewed from the +ẑ end of the solenoid,

𝐼𝑟 = −𝜇0𝑛𝜋𝑎2
𝑅

𝑑𝐼𝑠
𝑑𝑡 (A)

and

𝑃𝐽 = 𝜇20𝑛2𝜋2𝑎4
𝑅 (𝑑𝐼𝑠𝑑𝑡 )

2
(W).

The induced electric field is

𝐸(𝑟) =
⎧⎪
⎨⎪⎩

−𝜇0𝑛𝑟
2

𝑑𝐼𝑠
𝑑𝑡 𝜙̂, 𝑟 < 𝑎,

−𝜇0𝑛𝑎2
2𝑟

𝑑𝐼𝑠
𝑑𝑡 𝜙̂, 𝑟 ≥ 𝑎,

(Vm−1).

In particular,

𝐸(𝑏) = −𝜇0𝑛𝑎2
2𝑏

𝑑𝐼𝑠
𝑑𝑡 𝜙̂.

For 𝑑𝐼𝑠
𝑑𝑡 < 0, both 𝐸 and 𝐼𝑟 point in +𝜙̂, and the induced

magnetic field opposes the reduction of the original
flux. These results apply to an ideal long solenoid and
to sufficiently slow current variation that the ring’s
self-inductance may be neglected.
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Q6. The space between the plates of a
parallel-plate capacitor is filled with a dielec-
tric material whose susceptibility varies lin-
early from 0 at the bottom plate (𝑥 = 0) to
1 at the top plate (𝑥 = 𝑑). The capacitor is
connected to a battery of voltage 𝑉 . Calcu-
late all the bound charges and check that the
total charge is zero. Assume that the battery
is connected in such a way that the electric
field points along the 𝑥-direction while the
free charge density, 𝜎𝑓 , is positive at the bot-
tom plate and negative at the top plate.

INTRODUCTION:

The dielectric susceptibility is

𝜒𝑒(𝑥) = 𝑥
𝑑 , 0 ≤ 𝑥 ≤ 𝑑,

so that the position-dependent permittivity is

𝜖(𝑥) = 𝜖0[1 + 𝜒𝑒(𝑥)] = 𝜖0 (1 + 𝑥
𝑑 ) .

The dielectric is assumed to be linear, isotropic and
locally responding, and fringing fields are neglected.
There is no free volume charge within the dielectric.
We choose +x̂ from the bottom plate to the top plate.
Consistent with the stated orientation,

E = 𝐸(𝑥)x̂, 𝑉 ≡ 𝜙(0) − 𝜙(𝑑) = ∫
𝑑

0
𝐸(𝑥) 𝑑𝑥 > 0.

The free surface charges on the conducting plates are
+𝜎𝑓 at 𝑥 = 0 and −𝜎𝑓 at 𝑥 = 𝑑 .
The governing relations are

∇ ⋅ D = 𝜌𝑓 , D = 𝜖0E + P = 𝜖(𝑥)E,
together with

𝜌𝑏 = −∇ ⋅ P, 𝜎𝑏 = P ⋅ n̂,
where n̂ is the outward unit normal from the dielec-
tric.

SOLUTION:

Since 𝜌𝑓 = 0 throughout 0 < 𝑥 < 𝑑 ,
𝑑𝐷𝑥
𝑑𝑥 = 0.

Thus𝐷𝑥 is constant. At the positively charged bottom
conductor, the normal component of D entering the
dielectric equals 𝜎𝑓 , and hence

D = 𝜎𝑓 x̂.

It follows that the electric field is nonuniform:

E(𝑥) = D
𝜖(𝑥) = 𝜎𝑓

𝜖0 (1 + 𝑥/𝑑) x̂ = 𝜎𝑓 𝑑
𝜖0(𝑑 + 𝑥) x̂.

The applied voltage determines 𝜎𝑓 :

𝑉 = ∫
𝑑

0
𝐸(𝑥) 𝑑𝑥 = 𝜎𝑓 𝑑

𝜖0 ∫
𝑑

0
𝑑𝑥

𝑑 + 𝑥 .

Therefore,

𝑉 = 𝜎𝑓 𝑑
𝜖0

[ln(𝑑 + 𝑥)]𝑑0 = 𝜎𝑓 𝑑
𝜖0

ln 2,

and

𝜎𝑓 = 𝜖0𝑉
𝑑 ln 2 .

The polarization is

P(𝑥) = 𝜖0𝜒𝑒(𝑥)E(𝑥).
Substitution gives

P(𝑥) = 𝜖0 𝑥𝑑
𝜎𝑓 𝑑

𝜖0(𝑑 + 𝑥) x̂ = 𝜎𝑓 𝑥
𝑑 + 𝑥 x̂.

The bound volume-charge density is consequently

𝜌𝑏(𝑥) = −∇ ⋅ P = −𝑑𝑃𝑥
𝑑𝑥 .

Since 𝑑
𝑑𝑥 ( 𝑥

𝑑 + 𝑥 ) = 𝑑
(𝑑 + 𝑥)2 ,

one obtains

𝜌𝑏(𝑥) = − 𝜎𝑓 𝑑
(𝑑 + 𝑥)2 = −𝜖0𝑉

ln 2
1

(𝑑 + 𝑥)2
0 < 𝑥 < 𝑑.

Thus the continuously distributed bound charge is
negative everywhere in the dielectric. This is consis-
tent with 𝑃𝑥 increasing toward the top plate: a pos-
itive polarization gradient produces negative bound
volume charge.

At the bottom surface 𝑥 = 0, the outward normal from
the dielectric is

n̂0 = −x̂.
Because 𝜒𝑒(0) = 0, the polarization there vanishes:

P(0) = 0.
Hence

𝜎𝑏(0) = P(0) ⋅ (−x̂) = 0 .

At the top surface 𝑥 = 𝑑 , the outward normal is

n̂𝑑 = +x̂,
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and

P(𝑑) = 𝜎𝑓 𝑑
𝑑 + 𝑑 x̂ = 𝜎𝑓

2 x̂.
Therefore,

𝜎𝑏(𝑑) = P(𝑑) ⋅ x̂ = 𝜎𝑓
2 = 𝜖0𝑉

2𝑑 ln 2 .

Any lateral surface has its normal perpendicular to P,
so its bound surface-charge density is zero within the
parallel-plate approximation.

To check the total bound charge, let the plate area be
𝐴. The bound volume charge is

𝑄(vol)
𝑏 = 𝐴∫

𝑑

0
𝜌𝑏(𝑥) 𝑑𝑥 = −𝐴𝜎𝑓 𝑑 ∫

𝑑

0
𝑑𝑥

(𝑑 + 𝑥)2 .

Using

∫
𝑑

0
𝑑𝑥

(𝑑 + 𝑥)2 = [− 1
𝑑 + 𝑥 ]

𝑑
0
= 1

2𝑑 ,

we find

𝑄(vol)
𝑏 = −𝐴𝜎𝑓

2 .
The total bound surface charge is

𝑄(surf)
𝑏 = 𝐴[𝜎𝑏(0) + 𝜎𝑏(𝑑)] =

𝐴𝜎𝑓
2 .

Consequently,

𝑄(total)
𝑏 = 𝑄(vol)

𝑏 + 𝑄(surf)
𝑏 = −𝐴𝜎𝑓

2 + 𝐴𝜎𝑓
2 = 0 .

The cancellation is required because polarization
merely redistributes the initially neutral dielectric’s
positive and negative charges.

CONCLUSION:

For the field directed from the positively charged bot-
tom plate toward the negatively charged top plate,

E(𝑥) = 𝑉
ln 2

1
𝑑 + 𝑥 x̂, P(𝑥) = 𝜖0𝑉

𝑑 ln 2
𝑥

𝑑 + 𝑥 x̂,

and the free surface-charge magnitude is

𝜎𝑓 = 𝜖0𝑉
𝑑 ln 2 in Cm−2.

All bound charges in the one-dimensional parallel-
plate approximation are

𝜌𝑏(𝑥) = −𝜖0𝑉
ln 2

1
(𝑑 + 𝑥)2 in Cm−3, 0 < 𝑥 < 𝑑,

𝜎𝑏(0) = 0 , 𝜎𝑏(𝑑) =
𝜖0𝑉

2𝑑 ln 2 in Cm−2,

with zero bound charge on the lateral surfaces. The
negative volume charge,

𝑄(vol)
𝑏 = − 𝐴𝜖0𝑉

2𝑑 ln 2 ,

is exactly balanced by the positive bound charge on
the top dielectric surface,

𝑄(surf)
𝑏 = + 𝐴𝜖0𝑉

2𝑑 ln 2 .

Hence the net bound charge is

𝑄(total)
𝑏 = 0 ,

as required for an initially neutral dielectric under the
stated linear-dielectric and negligible-fringing-field
assumptions.

CSE · 2025 · 10 MARKS

Q7. Consider a point charge of 5 nC placed
at a distance of 1 m from a perfect conduct-
ing plane (𝑧 = 0) of infinite extent. Find the
electric field at a point (2, 2, 0) m and show
that it is normal to the plane.

INTRODUCTION:

Take the conducting region to be 𝑧 ≤ 0 and the phys-
ical space containing the charge to be 𝑧 > 0. Since
only the perpendicular distance of the charge from
the plane is specified, choose the origin at its perpen-
dicular projection on the plane. Thus,

𝑞 = 5 × 10−9 C, r𝑞 = (0, 0, 𝑎), 𝑎 = 1 m.
The observation point is

𝑃 ∶ r𝑃 = (2, 2, 0) m.

The electric field requested at the conductor surface
means the limiting field immediately outside it, 𝑧 =
0+; the field inside a perfect conductor is zero. The
+ẑ direction is taken from the conductor into the ex-
terior region.

The governing principle is the method of images. The
grounded perfect conducting plane is replaced, for
𝑧 > 0, by an image charge

𝑞′ = −𝑞
at the mirror position

r𝑞′ = (0, 0, −𝑎).
This construction makes the plane 𝑧 = 0 an equipo-
tential of zero potential. By the uniqueness theorem,
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the resulting field in 𝑧 > 0 is the physical electrostatic
field.

SOLUTION:

For a source charge 𝑄 at r0, Coulomb’s law gives

E(r) = 1
4𝜋𝜀0

𝑄(r − r0)
|r − r0|3

.

Let
𝑘 = 1

4𝜋𝜀0
= 8.98755 × 109 Nm2 C−2.

The displacement from the real charge to 𝑃 is

R𝑞 = r𝑃 − r𝑞 = (2, 2, −1) m,
whereas that from the image charge to 𝑃 is

R𝑞′ = r𝑃 − r𝑞′ = (2, 2, 1) m.
Their magnitudes are equal:

𝑅𝑞 = 𝑅𝑞′ = √22 + 22 + 12 = 3 m.

Therefore, the field at 𝑃 , approached from 𝑧 > 0, is

E(𝑃) = 𝑘 [
𝑞R𝑞
𝑅3𝑞

+ 𝑞′R𝑞′
𝑅3𝑞′

]

= 𝑘𝑞
(3 m)3 [(2, 2, −1) − (2, 2, 1)]m

= 𝑘𝑞
27 m3 (0, 0, −2) m

= − 2𝑘𝑞
27 m2 ẑ.

Substituting the numerical values,

E(𝑃) = −2(8.98755 × 109 Nm2 C−2)(5 × 10−9 C)
27 m2 ẑ

= −3.33 ẑ NC−1.

The cancellation of tangential components is explicit:

𝐸𝑥 = 𝑘𝑞
27 (2 − 2) = 0, 𝐸𝑦 = 𝑘𝑞

27 (2 − 2) = 0,

while

𝐸𝑧 =
𝑘𝑞
27 (−1 − 1) = −2𝑘𝑞

27 ≠ 0.
Since the plane 𝑧 = 0 has normal vector ẑ, the field

E(𝑃) = 𝐸𝑧 ẑ
has no component parallel to the plane and is there-
fore strictly normal to it.

More generally, at any surface point (𝑥, 𝑦 , 0),

E(𝑥, 𝑦 , 0+) = − 2𝑘𝑞𝑎
(𝑥2 + 𝑦2 + 𝑎2)3/2 ẑ,

which confirms that the tangential cancellation is a
consequence of the mirror symmetry and is not pecu-
liar to 𝑃 .
The dimensions are consistent:

𝑘𝑞
𝑅2 = (Nm2 C−2)(C)

m2 = NC−1.

As a physical check, for 𝑥2+𝑦2 ≫ 𝑎2, the surface field
decreases as

|E| ∼ 2𝑘𝑞𝑎
(𝑥2 + 𝑦2)3/2 ,

rather than as the field of an isolated charge; this is
consistent with the real charge and its opposite image
forming a dipole-like configuration at large distance.
The negative sign also has the expected meaning: for
𝑞 > 0, negative charge is induced on the conductor, so
the exterior field points toward the conducting plane.

CONCLUSION:

Immediately outside the conducting plane at
(2, 2, 0) m,

E(2, 2, 0+) = −3.33 ẑ NC−1.
Thus,

𝐸𝑥 = 𝐸𝑦 = 0, 𝐸𝑧 = −3.33 NC−1,
so the electric field is normal to the plane and directed
into the conductor, along−ẑ. This result assumes that
the charge is at (0, 0, 1) m, with the origin chosen at
its perpendicular projection on the infinite conduct-
ing plane.

CSE · 2025 · 10 MARKS

Q8. A rectangular coil consists of 50 closely
wrapped turns and has dimensions of 0⋅5 m×
0 ⋅ 4 m. It carries a current of 1 ⋅ 5 A. If a uni-
formmagnetic field 𝐵 = 0⋅1 T is applied such
that the direction of themagnetic fieldmakes
an angle of 60∘ with respect to the plane of
the coil, what is the torque exerted on the
coil by the magnetic field?

INTRODUCTION:

The demand is to determine both the magnitude and
orientation of the magnetic torque on the current-
carrying coil. A planar coil of 𝑁 turns, area 𝐴, and
current 𝐼 has magnetic dipole moment

𝜇 = 𝑁 𝐼𝐴 n̂,
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where n̂ is the unit normal to the plane of the coil,
with its sense fixed by the right-hand rule relative to
the current. In a uniform magnetic field B, the torque
is

𝜏 = 𝜇 × B, 𝜏 = 𝜇𝐵 sin 𝜃,
where 𝜃 is the angle between the coil normal and B.

The field is stated to make an angle 𝛼 = 60∘ with the
plane of the coil. Therefore, its angle with the normal
is

𝜃 = 90∘ − 𝛼 = 30∘.
The coil is assumed rigid, planar, and sufficiently
small that the applied field is uniform over all its
turns.

SOLUTION:

The area enclosed by each turn is

𝐴 = (0 ⋅ 5 m)(0 ⋅ 4 m) = 0 ⋅ 20 m2.

Hence, the magnitude of the magnetic dipole moment
of the 50-turn coil is

𝜇 = 𝑁 𝐼𝐴
= (50)(1 ⋅ 5 A)(0 ⋅ 20 m2)
= 15 Am2.

Using 𝜃 = 30∘, the torque magnitude is

𝜏 = 𝜇𝐵 sin 𝜃
= (15 Am2)(0 ⋅ 1 T) sin 30∘

= (15)(0 ⋅ 1) (12) Am2 T

= 0 ⋅ 75 Nm.

Equivalently, since the given angle 𝛼 is measured
from the plane,

𝜏 = 𝑁 𝐼𝐴𝐵 cos 𝛼 = (50)(1 ⋅ 5)(0 ⋅ 20)(0 ⋅ 1) cos 60∘ = 0 ⋅ 75 Nm.

The dimensional check is

[𝜏 ] = [𝜇𝐵] = (Am2)(T) = Nm,
which is the correct dimension of torque.

The torque vector is

𝜏 = 𝜇 × B.
It is perpendicular to the plane containing 𝜇 and B,
with its sense given by the right-hand rule. Since the
direction of current around the coil is not specified,
the absolute clockwise or anticlockwise sense cannot
be assigned. Physically, the torque rotates the coil so
as to align 𝜇 with B, thereby making the plane of the
coil perpendicular to the magnetic field.

As a limiting check, if the magnetic field were normal
to the coil, then 𝜃 = 0 and 𝜏 = 0, as expected for an al-
ready aligned magnetic moment. If the field were par-
allel to the plane, then 𝜃 = 90∘ and the torque would
attain its maximumvalue𝑁𝐼𝐴𝐵. The calculated value
is one-half of this maximum because sin 30∘ = 1/2.
CONCLUSION:

The torque exerted on the coil is

𝜏 = 0 ⋅ 75 Nm .
Its direction is along 𝜇 ×B, perpendicular to the plane
containing the coil normal and the magnetic field. It
tends to rotate the coil until its magnetic moment is
parallel toB, or equivalently until the plane of the coil
is perpendicular to the field. The precise clockwise or
anticlockwise sense depends on the unspecified direc-
tion of current. This result applies for a rigid planar
coil placed in a uniform magnetic field.

CSE · 2025 · 10 MARKS

Q9. State and explain Kirchhoff’s current
law and Kirchhoff’s voltage law. Derive
these laws from the principles of charge con-
servation and energy conservation.

INTRODUCTION:

Kirchhoff’s laws relate currents and voltages in
lumped electrical networks. Kirchhoff’s current law
follows from conservation of electric charge, while
Kirchhoff’s voltage law follows from conservation of
energy.

We make the lumped-circuit and quasi-static assump-
tions: circuit elements and junctions have negligible
spatial extent compared with the relevant electromag-
netic wavelength, connecting wires are ideal unless
their resistance is represented explicitly, and no un-
represented time-varyingmagnetic flux links a circuit
loop.

For the current law, consider a small fixed control vol-
ume enclosing a junction. A branch current is taken
as positive when directed out of this volume. For the
voltage law, choose an arbitrary direction of traversal
around a closed loop and define

Δ𝑉𝑘 = 𝑉out,𝑘 − 𝑉in,𝑘
as the potential change across the 𝑘-th element in
that direction. Thus, traversal from the negative to
the positive terminal of a source gives +ℰ , whereas
traversal through a resistor in the direction of current
gives −𝐼𝑅.
SOLUTION:
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1. Kirchhoff’s current law

The law states that the algebraic sum of all cur-
rents meeting at a junction is zero:

∑
𝑘
𝐼𝑘 = 0 .

With all currents entering the junction taken as
positive, the equivalent form is

∑𝐼in = ∑𝐼out .

The local statement of charge conservation is
the continuity equation

𝜕𝜌
𝜕𝑡 + ∇ ⋅ J = 0,

where 𝜌 is the volume charge density and J is
the current density.

Integrating over a control volume 𝒱 enclosing
the junction gives

∫𝒱
𝜕𝜌
𝜕𝑡 𝑑𝜏 + ∫𝒱 ∇ ⋅ J 𝑑𝜏 = 0.

Using the divergence theorem,

𝑑
𝑑𝑡 ∫𝒱 𝜌 𝑑𝜏 + ∮𝜕𝒱 J ⋅ 𝑑a = 0.

If
𝑄j = ∫𝒱 𝜌 𝑑𝜏

is the charge stored at the junction, and out-
ward current is positive, then

∮𝜕𝒱 J ⋅ 𝑑a = ∑
𝑘
𝐼𝑘 .

Consequently,

𝑑𝑄j

𝑑𝑡 +∑
𝑘
𝐼𝑘 = 0 .

In an ordinary lumped circuit, a junction does
not continuously accumulate charge. There-
fore,

𝑑𝑄j

𝑑𝑡 = 0,
and hence

∑
𝑘
𝐼𝑘 = 0 .

If currents entering the junction are assigned
positive signs and currents leaving it negative
signs, this becomes

𝐼1 + 𝐼2 + ⋯ − 𝐼3 − 𝐼4 − ⋯ = 0,

or
∑𝐼in = ∑𝐼out .

The result has a direct physical meaning. If the
total incoming current exceeded the outgoing
current, positive charge would accumulate at
the junction; if the outgoing current exceeded
the incoming current, the junction would lose
charge. In steady operation neither accumu-
lation can continue, so the two totals must be
equal.

The dimensions are consistent:

[𝑑𝑄𝑑𝑡 ] = C s−1 = A = [𝐼 ].

For a node capable of storing charge, such as a
capacitive node, the more general equation

∑
𝑘
𝐼𝑘 = −𝑑𝑄j

𝑑𝑡

must be retained.

2. Kirchhoff’s voltage law

The law states that the algebraic sum of all po-
tential changes around any closed circuit loop
is zero:

∑
𝑘
Δ𝑉𝑘 = 0 .

Equivalently, the sum of voltage rises equals the
sum of voltage drops:

∑ℰ = ∑𝑉drop .

To derive the law, let a small positive test charge
𝑞 make one complete traversal of a closed loop.
Because it returns to its initial point, its ini-
tial and final electrical states are the same.
In steady circuit operation it also has no net
change in kinetic energy after a complete cir-
cuit. Conservation of energy therefore requires
the algebraic sum of the energy changes sup-
plied to and removed from the charge to vanish:

∑
𝑘
Δ𝑈𝑘 = 0.

Since voltage is energy transferred per unit
charge,

Δ𝑉𝑘 =
Δ𝑈𝑘
𝑞 ,

we obtain
𝑞∑

𝑘
Δ𝑉𝑘 = 0.
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For 𝑞 ≠ 0,
∑
𝑘
Δ𝑉𝑘 = 0 .

The same result may be written explicitly using
node potentials. Suppose a loop passes succes-
sively through nodes with potentials

𝑉1, 𝑉2, … , 𝑉𝑛 , 𝑉1.
The total potential change is

(𝑉2 − 𝑉1) + (𝑉3 − 𝑉2) + ⋯ + (𝑉1 − 𝑉𝑛).
Every intermediate potential occurs once with
a positive sign and once with a negative sign,
so the expression telescopes:

(𝑉2 − 𝑉1) + (𝑉3 − 𝑉2) + ⋯ + (𝑉1 − 𝑉𝑛) = 0.
Thus,

∮𝑑𝑉 = 0 .

For example, consider a loop containing a
source of emfℰ and resistors𝑅1, … , 𝑅𝑛 carrying
the same current 𝐼 . Traverse the source from
its negative to its positive terminal and each re-
sistor in the direction of current. The source
produces the voltage rise

+ℰ,
while Ohm’s law gives the voltage change
across each resistor as

−𝐼𝑅𝑘 .
Kirchhoff’s voltage law then gives

ℰ − 𝐼𝑅1 − 𝐼𝑅2 − ⋯ − 𝐼𝑅𝑛 = 0,
so that

ℰ = 𝐼
𝑛
∑
𝑘=1

𝑅𝑘 .

Multiplying by the charge 𝑞 shows the energy
balance directly:

𝑞ℰ =
𝑛
∑
𝑘=1

𝑞𝐼𝑅𝑘 .

Multiplying instead by 𝐼 gives the correspond-
ing power balance:

𝐼ℰ =
𝑛
∑
𝑘=1

𝐼 2𝑅𝑘 .

Thus the power supplied by the source equals
the power dissipated in the resistors, as re-
quired by conservation of energy.

The dimensional check is

[ℰ] = [𝐼𝑅] = AΩ = V = J C−1.
The sign convention also gives the correct lim-
iting case: if all resistances tend to zero while
a finite ideal emf remains, the equation would
require an unbounded current. This signals
that a real loop must contain resistance, inter-
nal source resistance, inductance, or another el-
ement that limits the current.

If a time-dependent magnetic flux Φ𝐵 links the
loop, the electric field is not conservative. Fara-
day’s law gives

∮E ⋅ 𝑑ℓ = −𝑑Φ𝐵
𝑑𝑡 .

Therefore the simple form ∑𝑘 Δ𝑉𝑘 = 0 applies
only when the linked magnetic flux is constant
or when the induced emf

ℰind = −𝑑Φ𝐵
𝑑𝑡

is included explicitly as a circuit emf. With
every source, including induction, represented
consistently, the generalized energy balance is
again

∑ℰ −∑𝑉drop = 0.
CONCLUSION:

Kirchhoff’s current law is

∑
𝑘
𝐼𝑘 = 0 or ∑𝐼in = ∑𝐼out ,

where current is measured in amperes and its sign is
fixed by the declared direction at the junction. It is
the lumped-circuit consequence of charge conserva-
tion and is valid when the junction has no net charge
accumulation. More generally,

𝑑𝑄j

𝑑𝑡 +∑
𝑘
𝐼𝑘 = 0 .

Kirchhoff’s voltage law is

∑
𝑘
Δ𝑉𝑘 = 0 or ∑ℰ = ∑𝑉drop ,

where voltage is measured in volts and each sign is de-
termined by the chosen direction of loop traversal. It
expresses conservation of energy: a charge returning
to its starting point has zero net energy change, so en-
ergy supplied per unit charge equals energy absorbed
or dissipated per unit charge.
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The ordinary voltage law requires a lumped, quasi-
static circuit with no omitted time-varying magnetic
flux. If such a flux is present, its induced emf

ℰind = −𝑑Φ𝐵
𝑑𝑡

must be included. Hence Kirchhoff’s laws express, re-
spectively, the impossibility of sustained charge cre-
ation or loss at a junction and the impossibility of net
energy gain or loss in one complete circuit traversal.

CSE · 2025 · 10 MARKS

Q10. A parallel plate capacitor having cir-
cular plates of radius 10 cm is being charged.
If the electric field at any instant within the
capacitor changes at the rate 5 ⋅ 0 V m−1 s−1,
calculate the magnetic intensity |𝐻⃗ | inside
the capacitor.

INTRODUCTION:

The changing electric field between the plates pro-
duces a displacement current and hence a magnetic
field. The appropriate governing principle is the
Ampere–Maxwell law,

∮𝐶 𝐻⃗ ⋅ 𝑑 𝑙⃗ = 𝑑
𝑑𝑡 ∫𝑆 𝐷⃗ ⋅ 𝑑𝑆, 𝐷⃗ = 𝜀0𝐸

for air or vacuum between the plates.

Let the circular plates have radius

𝑎 = 10 cm = 0.10 m,
and let 𝑟 ≤ 𝑎 denote the perpendicular distance from
their common axis. Fringing is neglected, so the elec-
tric field is taken as uniform and perpendicular to the
plates. By cylindrical symmetry, 𝐻⃗ is tangential to a
circle of radius 𝑟 and has constant magnitude on that
circle. Its direction is determined by the right-hand
rule with respect to the displacement-current direc-
tion. The stated rate is interpreted as

| 𝜕𝐸𝜕𝑡 | = 5.0 V m−1 s−1.

SOLUTION:

Choose a circular Amperian loop of radius 𝑟 ≤ 𝑎, con-
centric with the plates. Since 𝐻⃗ is tangential and uni-
form along this loop,

∮𝐶 𝐻⃗ ⋅ 𝑑 𝑙⃗ = 𝐻(𝑟)(2𝜋𝑟).

The electric flux through the surface bounded by the
loop is

Φ𝐸 = 𝐸(𝜋𝑟2).

Therefore, the displacement current enclosed by the
loop is

𝐼d(𝑟) = 𝜀0
𝑑Φ𝐸
𝑑𝑡 = 𝜀0𝜋𝑟2 𝜕𝐸𝜕𝑡 .

Applying the Ampere–Maxwell law,

𝐻(𝑟)(2𝜋𝑟) = 𝜀0𝜋𝑟2 | 𝜕𝐸𝜕𝑡 | .
Thus, at any radial position inside the plate area,

𝐻(𝑟) = 𝜀0𝑟
2 | 𝜕𝐸𝜕𝑡 | , 0 ≤ 𝑟 ≤ 𝑎 .

Substituting the given rate,

𝐻(𝑟) = (8.854 × 10−12 F m−1)𝑟
2 (5.0 V m−1 s−1),

or
𝐻(𝑟) = 2.21 × 10−11𝑟 A m−1

when 𝑟 is expressed in metres.

Since the question specifies the plate radius but no
separate observation radius, the intended value is the
maximum field inside the capacitor, attained near the
plate rim at 𝑟 = 𝑎 = 0.10 m:

𝐻(𝑎) = (8.854 × 10−12)(0.10)(5.0)
2 A m−1

= 2.2135 × 10−12 A m−1

≃ 2.2 × 10−12 A m−1 .

The dimensional check is

[𝜀0𝑟 𝜕𝐸𝜕𝑡 ] =
C

V m
m V

m s
= C

m s
= A

m
,

which is the correct dimension of magnetic intensity.
Also,

lim𝑟→0𝐻(𝑟) = 0,
as required by cylindrical symmetry, and 𝐻(𝑟) in-
creases linearly from the axis to the rim.

CONCLUSION:

The magnetic intensity at a distance 𝑟 from the com-
mon axis, within the circular plate area, is

|𝐻⃗ (𝑟)| = 𝜀0𝑟
2 | 𝜕𝐸𝜕𝑡 | = 2.21 × 10−11𝑟 A m−1, 0 ≤ 𝑟 ≤ 0.10 m .

At the rim, where the magnitude is maximum,

|𝐻⃗ |max = 2.2 × 10−12 A m−1 .
The field circulates azimuthally around the capacitor
axis, with its sense given by the right-hand rule rel-
ative to the direction of the increasing electric field.
This result assumes a uniform electric field and ne-
glects fringing near the plate edge.
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Question Index
No. Question Marks Year Exam Page
1 What are the limitations of the first law of thermodynamics? One mole of a gas,

assumed to be perfect, at 0 ∘C is heated at constant pressure till its volume is
twice its initial value. Calculate the amount of heat absorbed. Given,
𝐶𝑣 = 20 ⋅ 9 J ⋅mol−1 ⋅ K−1 and 𝑅 = 8 ⋅ 3 J ⋅mol−1 ⋅ K−1.

10 2026 CSE 3

2 Two solids 𝐴 and 𝐵 have Debye temperatures 200 K and 300 K respectively. At
𝑇 = 20 K, compare their specific heats.

10 2026 CSE 4

3 Calculate the pressure at which water will boil at 150 ∘C, given that the change
in specific volume when 1 gram of water is converted into steam is 1676 cm3.
Given, latent heat of vaporization for steam = 540 cal per gram,
𝐽 = 4 ⋅ 2 × 107 ergs/cal and one atmospheric pressure = 106 dynes/cm2.

15 2026 CSE 4

4 Why does the specific heat of solids depend on material at low temperatures but
become independent of material at high temperatures?

5 2026 CSE 5

5 A reversible heat engine operates with three reservoirs at 300 K, 400 K and
1200 K. It absorbs 1200 kJ energy as heat from the reservoir at 1200 K and
delivers 400 kJ work. Determine the heat interactions with the other two
reservoirs.

10 2025 CSE 7

6 A ternary system consists of three components (𝐴, 𝐵 and 𝐶) in equilibrium with
two phases. Determine the number of degrees of freedom using the Gibb’s phase
rule and discuss the effect of pressure and temperature variations on the phase
equilibrium.

15 2025 CSE 8

7 Discuss briefly the considerations which led Van der Waals to modify the gas
equation. What are the critical constants of a gas ? Calculate the values of these
constants in terms of the constants of the Van der Waals equation.

15 2025 CSE 10

8 Explain why, at equilibrium, the chemical potential of a component must be the
same in all coexisting phases. Derive the equilibrium condition for a binary
liquid-vapour system in terms of chemical potential.

15 2025 CSE 12

9 For silver, the specific heat at constant pressure in the range of 50 K to 100 K is
given by : Cp = 0 ⋅ 076 T − 0 ⋅ 00026 T2 − 0 ⋅ 15 cal mol−1deg−1 If 2 moles of silver
are heated from 50 K to 100 K, calculate the change in entropy.

8 2025 IFoS 14

10 One gram of water (1 cm3) becomes 1671 cm3 of steam when boiled at constant
pressure of 1 atm (1 ⋅ 013 × 105 Pa). The heat of vapourisation at this pressure is
L = 2 ⋅ 256 × 106 J/kg. Calculate : (i) The work done by the water when it
vapourizes, and; (ii) Increase in its internal energy.

10 2025 IFoS 15
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CSE · 2026 · 10 MARKS

Q1. What are the limitations of the first law
of thermodynamics? One mole of a gas, as-
sumed to be perfect, at 0 ∘C is heated at con-
stant pressure till its volume is twice its ini-
tial value. Calculate the amount of heat ab-
sorbed. Given, 𝐶𝑣 = 20 ⋅ 9 J ⋅ mol−1 ⋅ K−1 and
𝑅 = 8 ⋅ 3 J ⋅mol−1 ⋅ K−1.

INTRODUCTION:

The first law of thermodynamics is the principle of
conservation of energy applied to a thermodynamic
system. With heat supplied to the gas taken as posi-
tive and work done by the gas taken as positive, it is
written as

Δ𝑈 = 𝑄 − 𝑊 , or 𝑄 = Δ𝑈 + 𝑊 .
It relates heat, work and the change in internal en-
ergy, but by itself does not specify whether a process
can occur spontaneously or in which direction it will
proceed.

For the calculation, the gas is assumed to remain ideal
and in quasistatic equilibrium while being heated at
constant pressure. Let 𝑇1, 𝑉1 and 𝑇2, 𝑉2 denote its ini-
tial and final temperatures and volumes. The given
middle dots in the numerical data are interpreted as
decimal points:

𝐶𝑣 = 20.9 Jmol−1K−1, 𝑅 = 8.3 Jmol−1K−1.
The initial absolute temperature is

𝑇1 = 273.15 K,
and the final volume satisfies 𝑉2 = 2𝑉1.
SOLUTION:

The limitations of the first law are as follows:

1. It gives only an energy balance; it does not in-
dicate the natural direction of a process. For ex-
ample, it does not explain why heat flows spon-
taneously from a hotter body to a colder body
and not conversely.

2. It provides no criterion for spontaneity or ther-
modynamic equilibrium. Processes having the
same energy balance may differ in whether
they can actually occur.

3. It does not distinguish between reversible and
irreversible processes and gives no measure of
the degradation or quality of energy.

4. It places no restriction, by itself, on the con-
version of heat into work. Although it forbids
a perpetual-motion machine of the first kind,
which would create energy, it cannot rule out a

hypothetical cyclic engine that converts all the
heat received from a single reservoir into work.
That restriction follows from the second law.

5. It does not determine the maximum possible ef-
ficiency of a heat engine or the coefficient of
performance of a refrigerator.

6. It does not introduce entropy and hence cannot
account for entropy production in irreversible
processes.

7. It gives no information about the rate at which
a permitted process occurs.

For the numerical part, the ideal-gas equation is

𝑃𝑉 = 𝑛𝑅𝑇 .
Since 𝑃 and 𝑛 remain constant,

𝑉2
𝑉1

= 𝑇2
𝑇1
.

Using 𝑉2 = 2𝑉1,
𝑇2
𝑇1

= 2, 𝑇2 = 2𝑇1 = 2(273.15 K) = 546.30 K.

Therefore,

Δ𝑇 = 𝑇2 − 𝑇1 = 546.30 − 273.15 = 273.15 K.

For one mole of an ideal gas,

Δ𝑈 = 𝑛𝐶𝑣Δ𝑇 .
Thework done during constant-pressure expansion is

𝑊 = 𝑃(𝑉2 − 𝑉1).
Using 𝑃𝑉 = 𝑛𝑅𝑇 at the initial and final states,

𝑃(𝑉2 − 𝑉1) = 𝑛𝑅(𝑇2 − 𝑇1) = 𝑛𝑅Δ𝑇 .
Hence, from the first law,

𝑄 = Δ𝑈 + 𝑊 = 𝑛𝐶𝑣Δ𝑇 + 𝑛𝑅Δ𝑇 = 𝑛(𝐶𝑣 + 𝑅)Δ𝑇 .
Thus the constant-pressure molar heat capacity is

𝐶𝑝 = 𝐶𝑣 + 𝑅 = 20.9 + 8.3 = 29.2 Jmol−1K−1.
The heat absorbed is therefore

𝑄 = 𝑛𝐶𝑝Δ𝑇
= (1.00 mol)(29.2 Jmol−1K−1)(273.15 K)
= 7975.98 J

≃ 7.98 × 103 J.

For physical consistency, both Δ𝑈 = 𝑛𝐶𝑣Δ𝑇 and 𝑊 =
𝑛𝑅Δ𝑇 are positive because the gas is heated and ex-
pands. Consequently 𝑄 = Δ𝑈 + 𝑊 > 0, as required
for heat absorbed by the gas.
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CONCLUSION:

The first law expresses conservation of energy but
does not determine the direction or spontaneity of
a process, distinguish reversible from irreversible
change, introduce entropy, set the maximum effi-
ciency of heat engines, rule out complete cyclic con-
version of heat from a single reservoir into work, or
predict process rates.

At constant pressure, doubling the volume of the ideal
gas doubles its absolute temperature. Thus

𝑇2 = 546.30 K

Δ𝑇 = 273.15 K

𝐶𝑝 = 29.2 Jmol−1K−1.
Therefore, the amount of heat absorbed by one mole
of the gas is

𝑄 ≃ 7.98 × 103 J = 7.98 kJ .

CSE · 2026 · 10 MARKS

Q2. Two solids 𝐴 and 𝐵 have Debye tem-
peratures 200 K and 300 K respectively. At
𝑇 = 20 K, compare their specific heats.

INTRODUCTION:

The temperature is much smaller than either Debye
temperature:

𝑇
Θ𝐷,𝐴

= 20
200 = 0.10, 𝑇

Θ𝐷,𝐵
= 20

300 = 0.0667.

Hence the low-temperature Debye 𝑇 3 law is applica-
ble. The comparison is understood to be between the
molar lattice specific heats of the two solids, with the
same number of vibrational degrees of freedom per
mole. Their electronic contributions, if any, are ne-
glected.

SOLUTION:

For a three-dimensional Debye solid at 𝑇 ≪ Θ𝐷 , the
molar heat capacity at constant volume is

𝐶𝑉 = 12𝜋4
5 𝑅 ( 𝑇

Θ𝐷
)
3
.

At the same temperature, all factors except the Debye
temperature cancel in the ratio:

𝐶𝑉 ,𝐴
𝐶𝑉 ,𝐵

= (𝑇/Θ𝐷,𝐴)3

(𝑇/Θ𝐷,𝐵)3
= (Θ𝐷,𝐵

Θ𝐷,𝐴
)
3
.

Substituting the given Debye temperatures,

𝐶𝑉 ,𝐴
𝐶𝑉 ,𝐵

= (300 K
200 K

)
3
= (32)

3
= 27

8 = 3.375.

Numerically, using

12𝜋4
5 𝑅 ≃ 1.944 × 103 Jmol−1K−1,

one obtains

𝐶𝑉 ,𝐴 ≃ 1.944 × 103 ( 20
200)

3
= 1.944 Jmol−1K−1,

and

𝐶𝑉 ,𝐵 ≃ 1.944 × 103 ( 20
300)

3
= 0.576 Jmol−1K−1.

Thus the solid with the lower Debye temperature has
the larger low-temperature lattice heat capacity, be-
cause a larger fraction of its phonon modes is ther-
mally excited.

CONCLUSION:

At 20 K, within the low-temperature Debye approxi-
mation,

𝐶𝑉 ,𝐴 ∶ 𝐶𝑉 ,𝐵 = 27 ∶ 8
or

𝐶𝑉 ,𝐴 = 3.375 𝐶𝑉 ,𝐵 .
The corresponding molar lattice heat capacities are
approximately

𝐶𝑉 ,𝐴 ≃ 1.94 Jmol−1K−1, 𝐶𝑉 ,𝐵 ≃ 0.576 Jmol−1K−1.

Therefore, solid𝐴 has about 3.4 times the specific heat
of solid 𝐵 at the stated temperature, provided lattice
vibrations dominate and 𝑇 ≪ Θ𝐷 .

CSE · 2026 · 15 MARKS

Q3. Calculate the pressure at which wa-
ter will boil at 150 ∘C, given that the change
in specific volume when 1 gram of water is
converted into steam is 1676 cm3. Given,
latent heat of vaporization for steam =
540 cal per gram, 𝐽 = 4 ⋅ 2 × 107 ergs/cal and
one atmospheric pressure = 106 dynes/cm2.

INTRODUCTION:

The required quantity is the absolute pressure 𝑝2 at
which liquid water and steam coexist in equilibrium
at

𝑇2 = 150∘C = 423K.
At the normal boiling point,

𝑇1 = 100∘C = 373K, 𝑝1 = 1 atm = 106 dyn cm−2.
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For liquid–vapour equilibrium, the variation of satu-
ration pressure with temperature is governed by the
Clapeyron equation

𝑑𝑝
𝑑𝑇 = 𝐿

𝑇Δ𝑣 ,

where 𝐿 is the latent heat of vaporization per unit
mass and

Δ𝑣 = 𝑣steam − 𝑣water.
The sign convention is

Δ𝑣 > 0, Δ𝑝 = 𝑝2 − 𝑝1.
Thus 𝑑𝑝/𝑑𝑇 > 0, as expected for vaporization.

Because only one value each of 𝐿 and Δ𝑣 is sup-
plied, both are assumed constant over the interval
373–423K. The phases are assumed to remain in ther-
modynamic equilibrium along the saturation curve.

SOLUTION:

The latent heat in cgs mechanical units is

𝐿 = 540 cal
g

× 4.2 × 107 erg
cal

= 2.268 × 1010 erg g−1.

The given specific-volume change is

Δ𝑣 = 1676 cm3 g−1.

With 𝐿 and Δ𝑣 constant, the Clapeyron equation must
be integrated while retaining its 1/𝑇 dependence:

𝑑𝑝 = 𝐿
Δ𝑣

𝑑𝑇
𝑇 .

Integrating between the normal boiling point (𝑝1, 𝑇1)
and the required state (𝑝2, 𝑇2),

∫
𝑝2

𝑝1
𝑑𝑝 = 𝐿

Δ𝑣 ∫
𝑇2

𝑇1
𝑑𝑇
𝑇 ,

and hence
𝑝2 − 𝑝1 = 𝐿

Δ𝑣 ln (𝑇2𝑇1
) .

Now,

𝐿
Δ𝑣 = 2.268 × 1010 erg g−1

1676 cm3 g−1
= 1.3532 × 107 erg cm−3.

Since
1 erg = 1 dyne cm,

it follows that

1 erg cm−3 = 1 dyne cm−2,
so 𝐿

Δ𝑣 = 1.3532 × 107 dyn cm−2.

Therefore,

𝑝2 − 𝑝1 = 1.3532 × 107 ln (423373) dyn cm−2.
Using

ln (423373) = ln(1.13405) ≃ 0.12579,

we obtain

𝑝2 − 𝑝1 ≃ (1.3532 × 107)(0.12579) dyn cm−2 ≃ 1.702 × 106 dyn cm−2.

Thus

𝑝2 = 𝑝1 + (𝑝2 − 𝑝1) = (1.000 + 1.702) × 106 dyn cm−2,
or

𝑝2 ≃ 2.702 × 106 dyn cm−2.
Since 1 atm = 106 dyn cm−2,

𝑝2 ≃ 2.70 atm.

The result has the required physical sign: because
𝐿 > 0, Δ𝑣 > 0, and 𝑇2 > 𝑇1, the saturation pres-
sure increases. Moreover, for a very small tempera-
ture change,

ln (𝑇2𝑇1
) ≃ 𝑇2 − 𝑇1

𝑇1
,

so the integrated result reduces to the local Clapeyron
form, as it should.

CONCLUSION:

Under the approximation that the latent heat and
specific-volume change remain constant between
100∘C and 150∘C, water boils at 150∘C when the ab-
solute pressure is

𝑝2 ≃ 2.70 × 106 dyn cm−2 ≃ 2.70 atm .
Thus the boiling point rises to 150∘C when the exter-
nal pressure is increased to approximately 2.70 atmo-
spheres.

CSE · 2026 · 5 MARKS

Q4. Why does the specific heat of solids
depend on material at low temperatures but
become independent of material at high tem-
peratures?

INTRODUCTION:

The temperature dependence follows from the quan-
tization of lattice vibrations. A crystalline solid con-
taining 𝑁 atoms has 3𝑁 normal vibrational modes,
which may be treated, in the harmonic approxima-
tion, as independent quantum oscillators of angular
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frequencies 𝜔𝑠 . Their frequencies depend on the elas-
tic constants, atomic masses, crystal structure, and
interatomic forces; hence the vibrational spectrum is
material-dependent.

Let 𝐶𝑉 denote the heat capacity at constant volume,
𝑘𝐵 the Boltzmann constant, and

Θ𝐷 = ℏ𝜔𝐷
𝑘𝐵

the Debye temperature corresponding to the max-
imum Debye frequency 𝜔𝐷 . The low- and high-
temperature regimes mean 𝑇 ≪ Θ𝐷 and 𝑇 ≫ Θ𝐷 , re-
spectively. The discussion primarily concerns the lat-
tice heat capacity of a non-magnetic crystalline solid.
In metals, an additional electronic contribution is rel-
evant at sufficiently low temperatures.

SOLUTION:

For a normal mode of frequency 𝜔, the allowed ener-
gies are

𝐸𝑛 = (𝑛 + 1
2) ℏ𝜔, 𝑛 = 0, 1, 2, … .

Its temperature-dependent mean energy is

𝐸(𝜔, 𝑇 ) = ℏ𝜔
2 + ℏ𝜔

𝑒ℏ𝜔/(𝑘𝐵𝑇 ) − 1 .

The zero-point term ℏ𝜔/2 is independent of 𝑇 and
therefore does not contribute to the heat capacity. Dif-
ferentiation gives the heat capacity of one mode:

𝑐𝜔 = 𝑘𝐵 ( ℏ𝜔
𝑘𝐵𝑇

)
2 𝑒ℏ𝜔/(𝑘𝐵𝑇 )
(𝑒ℏ𝜔/(𝑘𝐵𝑇 ) − 1)2

.

At low temperature, a mode with ℏ𝜔 ≫ 𝑘𝐵𝑇 has an
exponentially small thermal occupation. Thus only
long-wavelength acoustic modes of sufficiently low
frequency are appreciably excited. In the Debye ap-
proximation, their density of states is

𝑔(𝜔) = 9𝑁
𝜔3𝐷

𝜔2, 0 ≤ 𝜔 ≤ 𝜔𝐷 ,

where the normalization satisfies

∫
𝜔𝐷

0
𝑔(𝜔) 𝑑𝜔 = 3𝑁 .

The thermal lattice energy is therefore

𝑈th = ∫
𝜔𝐷

0
ℏ𝜔

𝑒ℏ𝜔/(𝑘𝐵𝑇 ) − 1𝑔(𝜔) 𝑑𝜔.

On introducing

𝑥 = ℏ𝜔
𝑘𝐵𝑇

, ℏ𝜔𝐷
𝑘𝐵𝑇

= Θ𝐷
𝑇 ,

one obtains

𝑈th = 9𝑁𝑘𝐵𝑇 ( 𝑇
Θ𝐷

)
3
∫
Θ𝐷/𝑇

0
𝑥3

𝑒𝑥 − 1 𝑑𝑥.

Hence

𝐶𝑉 = 9𝑁𝑘𝐵 ( 𝑇
Θ𝐷

)
3
∫
Θ𝐷/𝑇

0
𝑥4𝑒𝑥

(𝑒𝑥 − 1)2 𝑑𝑥.

For 𝑇 ≪ Θ𝐷 , the upper limit can be replaced by infin-
ity. Using

∫
∞

0
𝑥3

𝑒𝑥 − 1 𝑑𝑥 = 𝜋4
15 ,

the energy and heat capacity become

𝑈th = 3𝜋4
5 𝑁𝑘𝐵 𝑇 4

Θ3𝐷
,

and

𝐶𝑉 = 12𝜋4
5 𝑁𝑘𝐵 ( 𝑇

Θ𝐷
)
3
.

Thus the Debye 𝑇 3 law is obtained. Since

𝜔𝐷 = 𝑣𝐷(6𝜋2𝑛)1/3, Θ𝐷 = ℏ𝑣𝐷
𝑘𝐵

(6𝜋2𝑛)1/3,

where 𝑛 = 𝑁/𝑉 is the number density and 𝑣𝐷 is an
appropriate average sound velocity, Θ𝐷 depends on
density, atomic mass, and elastic constants. Conse-
quently, the coefficient of 𝑇 3,

𝐶𝑉
𝑇 3 = 12𝜋4

5
𝑁𝑘𝐵
Θ3𝐷

,

is different for different materials. This is the origin of
the strong material dependence at low temperature.

For a metal, thermally excited electrons near the
Fermi surface add a term proportional to 𝑇 , so that
at sufficiently low temperature

𝐶𝑉 = 𝛾𝑇 + 𝛽𝑇 3, 𝛽 = 12𝜋4
5

𝑁𝑘𝐵
Θ3𝐷

.

Both 𝛾 , which depends on the electronic density
of states at the Fermi energy, and 𝛽 are material-
dependent.

At high temperature, 𝑇 ≫ Θ𝐷 , one has

𝑥 = ℏ𝜔
𝑘𝐵𝑇

≪ 1

for essentially every lattice mode. Since

𝑒𝑥 − 1 ≃ 𝑥,
the mean thermal energy of each mode approaches

ℏ𝜔
𝑒ℏ𝜔/(𝑘𝐵𝑇 ) − 1 ≃ 𝑘𝐵𝑇 .
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This is also the classical equipartition result: each har-
monic mode has one quadratic kinetic term and one
quadratic potential term, contributing

1
2𝑘𝐵𝑇 + 1

2𝑘𝐵𝑇 = 𝑘𝐵𝑇 .

Because a solid of 𝑁 atoms has 3𝑁 vibrational modes,

𝑈th ≃ 3𝑁𝑘𝐵𝑇 ,
and hence

𝐶𝑉 = (𝜕𝑈𝜕𝑇 )
𝑉
≃ 3𝑁𝑘𝐵 .

For one mole, 𝑁 = 𝑁𝐴, and therefore

𝐶𝑉 ,𝑚 ≃ 3𝑁𝐴𝑘𝐵 = 3𝑅 ≃ 24.9 Jmol−1K−1.
This is the Dulong–Petit law. The mode frequencies,
and hence the microscopic material properties, dis-
appear from the leading high-temperature result be-
cause all 3𝑁 modes are fully thermally excited and
each contributes the same classical amount 𝑘𝐵 .
The statement of material independence applies to
heat capacity per atom or per mole of atoms. If “spe-
cific heat” means heat capacity per unit mass, then

𝑐𝑉 = 𝐶𝑉 ,𝑚
𝑀 ≃ 3𝑅

𝑀 ,

where 𝑀 is the molar mass. It therefore retains a de-
pendence on molar mass even in the classical high-
temperature limit. Moreover, strong anharmonicity,
thermal expansion, phase changes, or differences be-
tween 𝐶𝑃 and 𝐶𝑉 can produce corrections to the ideal
Dulong–Petit value.

CONCLUSION:

At low temperatures, only low-frequency acoustic
phonons are excited, and their spectrum is fixed by
material-specific atomic masses, number density, elas-
tic constants, and sound velocities. Consequently,

𝐶𝑉 = 12𝜋4
5 𝑁𝑘𝐵 ( 𝑇

Θ𝐷
)
3
, 𝑇 ≪ Θ𝐷 ,

with an additional material-dependent electronic
term 𝛾𝑇 in metals.

At high temperatures, every one of the 3𝑁 lattice
modes reaches the classical equipartition limit and
contributes 𝑘𝐵 , giving
𝐶𝑉 ≃ 3𝑁𝑘𝐵 , 𝐶𝑉 ,𝑚 ≃ 3𝑅 ≃ 24.9 Jmol−1K−1, 𝑇 ≫ Θ𝐷 .

Thus the high-temperature lattice heat capacity per
atom, or molar heat capacity per mole of atoms, is
approximately independent of material because it de-
pends only on the number of vibrational degrees of
freedom. The heat capacity per unit mass remains
3𝑅/𝑀 and is not strictly material-independent.

CSE · 2025 · 10 MARKS

Q5. A reversible heat engine operates with
three reservoirs at 300 K, 400 K and 1200 K.
It absorbs 1200 kJ energy as heat from the
reservoir at 1200 K and delivers 400 kJ work.
Determine the heat interactions with the
other two reservoirs.

INTRODUCTION:

The heat interactions are determined by applying
both the first law of thermodynamics and the Clau-
sius equality for a reversible cyclic heat engine.

Let 𝑄𝑇 denote the heat transferred to the engine from
a reservoir at absolute temperature 𝑇 . The sign con-
vention is

𝑄𝑇 > 0
for heat absorbed by the engine

𝑄𝑇 < 0
for heat rejected by the engine.

Let 𝑊 > 0 denote work delivered by the engine. The
given quantities are

𝑄1200 = 1200 kJ, 𝑊 = 400 kJ.
The unknown heat interactions are 𝑄300 and 𝑄400.
The engine is assumed to complete a thermodynamic
cycle, so its changes in internal energy and entropy
over one cycle are both zero. Since the engine is re-
versible, the total entropy change of the reservoirs
and engine is zero.

SOLUTION:

For a cyclic heat engine, the first law gives

∑𝑄 = 𝑊.
Therefore,

𝑄300 + 𝑄400 + 𝑄1200 = 𝑊 .
Substituting the given values,

𝑄300 + 𝑄400 + 1200 kJ = 400 kJ,
and hence

𝑄300 + 𝑄400 = −800 kJ. (1)

Because the cycle is reversible, the Clausius equality
is

∮
𝛿𝑄rev

𝑇 = 0.
As each heat interaction occurs with a constant-
temperature reservoir,

𝑄300
300 K

+ 𝑄400
400 K

+ 𝑄1200
1200 K

= 0.
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Substituting 𝑄1200 = 1200 kJ,

𝑄300
300 K

+ 𝑄400
400 K

+ 1200 kJ
1200 K

= 0,

so that 𝑄300
300 K

+ 𝑄400
400 K

= −1 kJ K−1. (2)

Multiplying equation (2) by 1200 K gives

4𝑄300 + 3𝑄400 = −1200 kJ. (3)

Multiplying equation (1) by 3 gives

3𝑄300 + 3𝑄400 = −2400 kJ. (4)

Subtracting equation (4) from equation (3),

𝑄300 = (−1200 + 2400) kJ = 1200 kJ.
Using equation (1),

𝑄400 = −800 kJ − 1200 kJ = −2000 kJ.

The energy balance is verified by

1200 kJ + 1200 kJ − 2000 kJ = 400 kJ = 𝑊 .
Thus, the total heat absorbed is 2400 kJ, of which
2000 kJ is rejected and the remaining 400 kJ appears
as work.

The entropy balance is

1200
1200 + 1200

300 − 2000
400 = (1 + 4 − 5) kJ K−1 = 0,

as required for a reversible cycle. Every term 𝑄/𝑇 has
units of entropy, kJ K−1, so the entropy equation is di-
mensionally consistent.

The positive value of 𝑄300 means that the engine ab-
sorbs heat even from the lowest-temperature reser-
voir. This is physically possible because the device
is not a simple two-reservoir heat engine: part of
the high-temperature energy enables reversible heat
transfer from the 300 K reservoir to the 400 K reser-
voir while the composite device delivers net work.

CONCLUSION:

Subject to the stated assumptions of cyclic operation
and complete reversibility,

𝑄300 = +1200 kJ , 𝑄400 = −2000 kJ .

Therefore, the engine absorbs 1200 kJ of heat from
the 300 K reservoir and rejects 2000 kJ of heat to the
400 K reservoir. Together with the given absorption
of 1200 kJ from the 1200 K reservoir, these interac-
tions conserve energy, produce 400 kJ of work, and
generate zero net entropy.

CSE · 2025 · 15 MARKS

Q6. A ternary system consists of three com-
ponents (𝐴, 𝐵 and 𝐶) in equilibriumwith two
phases. Determine the number of degrees of
freedom using the Gibb’s phase rule and dis-
cuss the effect of pressure and temperature
variations on the phase equilibrium.

INTRODUCTION:

The demand is to determine the number of indepen-
dent intensive variables required to specify the equi-
librium state and to explain how variations of temper-
ature and pressure affect the two-phase equilibrium.

Assume that the system is non-reacting, that𝐴, 𝐵, and
𝐶 are chemically independent components, and that
the two phases are homogeneous bulk phases in com-
plete thermal, mechanical, and chemical equilibrium.
Surface, gravitational, electric, and magnetic effects
are neglected.

Let <![CDATA[

𝐶 = number of independent components, 𝑃 = number of phases,
𝐹 = number of degrees of freedom.

]]> For the present system,

𝐶 = 3, 𝑃 = 2.
The phases will be denoted by 1 and 2, with mole frac-
tions

𝑥(1)𝑖 , 𝑥(2)𝑖 , 𝑖 = 𝐴, 𝐵, 𝐶.
Temperature 𝑇 and pressure 𝑝 are common to both
phases. The thermodynamic pressure convention is
that 𝑑𝑝 > 0 denotes an increase in pressure. Dif-
ferences between the partial molar properties of the
phases are defined by

Δ𝑠𝑖 = 𝑠(2)𝑖 − 𝑠(1)𝑖 , Δ𝑣 𝑖 = 𝑣 (2)𝑖 − 𝑣 (1)𝑖 .

The governing principle is Gibbs’ phase rule,

𝐹 = 𝐶 − 𝑃 + 2,
which follows from counting the independent in-
tensive variables and subtracting the independent
chemical-equilibrium conditions.

SOLUTION:

For each phase 𝛼 , the mole fractions satisfy

𝑥(𝛼)𝐴 + 𝑥(𝛼)𝐵 + 𝑥(𝛼)𝐶 = 1.
Therefore, only 𝐶 − 1 mole fractions are independent
in each phase. Before imposing chemical equilibrium,
the complete intensive description contains:
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1. the common temperature 𝑇 ;
2. the common pressure 𝑝;
3. 𝐶 − 1 independent composition variables for

each of the 𝑃 phases.

Thus, the number of intensive variables before impos-
ing the equilibrium constraints is

𝑁var = 2 + 𝑃(𝐶 − 1).

Chemical equilibrium requires that every component
have the same chemical potential in all coexisting
phases:

𝜇(1)𝑖 = 𝜇(2)𝑖 = ⋯ = 𝜇(𝑃)𝑖 , 𝑖 = 1, 2, … , 𝐶.
For any one component, equality among 𝑃 phases
supplies 𝑃 − 1 independent equations. Consequently,
the number of independent chemical-equilibrium con-
straints is

𝑁con = 𝐶(𝑃 − 1).
The number of degrees of freedom is therefore

𝐹 = 𝑁var − 𝑁con

= [2 + 𝑃(𝐶 − 1)] − 𝐶(𝑃 − 1)
= 2 + 𝑃𝐶 − 𝑃 − 𝐶𝑃 + 𝐶
= 𝐶 − 𝑃 + 2.

For the ternary two-phase system,

𝐹 = 3 − 2 + 2 = 3 .
Hence the system is trivariant. Three independent
intensive variables can be specified while retaining
two-phase equilibrium. One convenient choice is 𝑇 , 𝑝,
and one independent parameter identifying the pair
of equilibrium phase compositions. Once these three
variables are fixed, the remaining intensive composi-
tion variables are determined by

𝜇(1)𝐴 = 𝜇(2)𝐴 , 𝜇(1)𝐵 = 𝜇(2)𝐵 , 𝜇(1)𝐶 = 𝜇(2)𝐶 .

The result under commonly imposed restrictions is as
follows:

1. If both temperature and pressure are variable,
then

𝐹 = 3.

2. If pressure is fixed externally, one degree of
freedom has already been specified. The re-
duced phase rule gives

𝐹𝑝 = 𝐶 − 𝑃 + 1 = 3 − 2 + 1 = 2.
Thus, temperature and one independent com-
positional parameter may be varied within the
two-phase equilibrium region.

3. If temperature is fixed externally,

𝐹𝑇 = 𝐶 − 𝑃 + 1 = 2.
Pressure and one independent compositional
parameter remain variable.

4. If both temperature and pressure are fixed,

𝐹𝑇 ,𝑝 = 𝐶 − 𝑃 = 3 − 2 = 1.
Thus there remains one independent intensive
compositional parameter. The compositions
of the two phases cannot be chosen indepen-
dently; they must satisfy all three chemical-
potential equalities.

The total or overall composition is distinct from the
equilibrium composition of either phase. Once the
equilibrium phase compositions are known, chang-
ing the overall composition along the appropriate
two-phase combination generally changes the rela-
tive amounts of the phases rather than their equi-
librium intensive compositions. If 𝑛1 and 𝑛2 are the
amounts of the two phases, material balance gives

𝑧𝑖 =
𝑛1𝑥(1)𝑖 + 𝑛2𝑥(2)𝑖

𝑛1 + 𝑛2
, 𝑖 = 𝐴, 𝐵, 𝐶,

where 𝑧𝑖 is the overall mole fraction. Thus, phase
amounts are extensive variables and are not counted
in 𝐹 .
For each component in a multicomponent phase,

𝑑𝜇𝑖 = −𝑠𝑖 𝑑𝑇 + 𝑣 𝑖 𝑑𝑝 +
𝐶−1
∑
𝑗=1

( 𝜕𝜇𝑖𝜕𝑥𝑗
)
𝑇 ,𝑝

𝑑𝑥𝑗 ,

where 𝑠𝑖 and 𝑣 𝑖 are the partial molar entropy and par-
tial molar volume of component 𝑖. Subtracting this
relation for phase 1 from that for phase 2 gives

𝑑(𝜇(2)𝑖 − 𝜇(1)𝑖 ) = − Δ𝑠𝑖 𝑑𝑇 + Δ𝑣 𝑖 𝑑𝑝

+
𝐶−1
∑
𝑗=1

(𝜕𝜇
(2)
𝑖

𝜕𝑥(2)𝑗
)
𝑇 ,𝑝

𝑑𝑥(2)𝑗 −
𝐶−1
∑
𝑗=1

(𝜕𝜇
(1)
𝑖

𝜕𝑥(1)𝑗
)
𝑇 ,𝑝

𝑑𝑥(1)𝑗 .

For continued two-phase equilibrium this expression
must vanish separately for

𝑖 = 𝐴, 𝐵, 𝐶,
because

𝜇(2)𝑖 − 𝜇(1)𝑖 = 0.
At fixed pressure,

𝑑𝑝 = 0,
so a change in temperature produces the direct con-
tribution

𝑑(𝜇(2)𝑖 − 𝜇(1)𝑖 )
fixed compositions

= −Δ𝑠𝑖 𝑑𝑇 .
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Hence increasing 𝑇 lowers the chemical potential of
component 𝑖 more strongly in the phase in which
its partial molar entropy is larger. To restore equal-
ity of all three chemical potentials, the compositions
𝑥(1)𝑖 and 𝑥(2)𝑖 generally readjust. Therefore, tempera-
ture variation can shift the equilibrium phase compo-
sitions, alter the two-phase region, and, for a specified
overall composition, change the relative amounts of
the phases. If a phase boundary is crossed, one phase
can disappear or an additional stable phase can ap-
pear.

At fixed temperature,

𝑑𝑇 = 0,
and the direct pressure contribution is

𝑑(𝜇(2)𝑖 − 𝜇(1)𝑖 )
fixed compositions

= Δ𝑣 𝑖 𝑑𝑝.

Thus increasing pressure raises the chemical potential
of component 𝑖 more strongly in the phase in which
its partial molar volume is larger. The equilibrium
compositions must again change so that

𝜇(1)𝑖 = 𝜇(2)𝑖

remains satisfied for every component. Pressure ef-
fects are usually relatively small when both phases
are condensed and have similar partial molar vol-
umes, but they may be substantial when one phase
is gaseous or when the phases have appreciably dif-
ferent densities.

No universal statement that an entire phase is
favoured merely because it has a larger molar entropy
or molar volume can be made for arbitrary ternary
phases of different compositions. The correct coex-
istence criterion is the component-wise equality of
chemical potentials. A definite prediction of the di-
rection and magnitude of the composition shifts re-
quires the partial molar entropies, partial molar vol-
umes, and composition dependence of the three chem-
ical potentials.

As a dimensional check,

[𝜇𝑖] = Jmol−1,
while

[𝑠𝑖 𝑑𝑇 ] = Jmol−1K−1 K = Jmol−1,
and

[𝑣 𝑖 𝑑𝑝] = m3 mol−1 Pa = Jmol−1.
Thus every term in 𝑑𝜇𝑖 has the correct dimensions.

As a limiting check, setting 𝐶 = 1 and 𝑃 = 2 gives

𝐹 = 1 − 2 + 2 = 1,

which is the familiar result that two phases of a
pure substance coexist along a one-parameter curve:
choosing either 𝑇 or 𝑝 fixes the other. This confirms
the consistency of the phase-rule counting.

CONCLUSION:

For a non-reacting ternary system containing two ho-
mogeneous phases in equilibrium,

𝐹 = 𝐶 − 𝑃 + 2 = 3 .
The system is therefore trivariant. The corresponding
restricted degrees of freedom are

𝐹𝑝 = 2, 𝐹𝑇 = 2, 𝐹𝑇 ,𝑝 = 1 .

Temperature affects equilibrium through the partial
molar entropy terms

(𝜕𝜇𝑖𝜕𝑇 )
𝑝,x

= −𝑠𝑖,

whereas pressure affects it through the partial molar
volume terms

(𝜕𝜇𝑖𝜕𝑝 )
𝑇 ,x

= 𝑣 𝑖.

Consequently, variations in 𝑇 or 𝑝 generally shift the
compositions of the two coexisting phases so that

𝜇(1)𝑖 = 𝜇(2)𝑖 , 𝑖 = 𝐴, 𝐵, 𝐶
continues to hold. For a specified overall compo-
sition, these shifts can also alter the relative phase
amounts, and sufficiently large variations can cause
a phase boundary to be crossed. The result is valid
provided there are three independent non-reacting
components, two bulk equilibrium phases, and no
additional externally imposed thermodynamic con-
straints.

CSE · 2025 · 15 MARKS

Q7. Discuss briefly the considerations
which led Van der Waals to modify the gas
equation. What are the critical constants of
a gas ? Calculate the values of these con-
stants in terms of the constants of the Van
der Waals equation.

INTRODUCTION:

The ideal-gas equation for one mole,

𝑃𝑉𝑚 = 𝑅𝑇 ,
is based on two simplifying assumptions: the
molecules occupy negligible volume, and no inter-
molecular forces act between them except during per-
fectly elastic collisions. Real gases depart appreciably
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from this equation at high pressure and low tempera-
ture, where molecular size and intermolecular attrac-
tion become important.

Van der Waals therefore introduced two corrections.
If 𝑏 is the excluded molar volume, the volume actu-
ally available for molecular motion is 𝑉𝑚 − 𝑏, rather
than 𝑉𝑚 . If 𝑎 measures the strength of intermolecular
attraction, the observed pressure is smaller than the
pressure that would exist without attraction. The cor-
responding pressure correction for one mole is 𝑎/𝑉 2𝑚 .
Thus the Van der Waals equation is

(𝑃 + 𝑎
𝑉 2𝑚

) (𝑉𝑚 − 𝑏) = 𝑅𝑇 ,

or
𝑃 = 𝑅𝑇

𝑉𝑚 − 𝑏 − 𝑎
𝑉 2𝑚

.

Here 𝑃 is the pressure, 𝑇 the absolute temperature, 𝑉𝑚
the molar volume, 𝑅 the universal gas constant, and
𝑎, 𝑏 > 0 are characteristic constants of the gas.

The critical constants are the critical temperature 𝑇𝑐 ,
critical pressure 𝑃𝑐 , and critical molar volume 𝑉𝑐 . At
𝑇𝑐 , the distinction between the liquid and vapour
phases disappears. The critical isotherm has a station-
ary point of inflection at (𝑃𝑐 , 𝑉𝑐); hence

( 𝜕𝑃
𝜕𝑉𝑚

)
𝑇𝑐 ,𝑉𝑐

= 0, ( 𝜕
2𝑃

𝜕𝑉 2𝑚
)
𝑇𝑐 ,𝑉𝑐

= 0.

SOLUTION:

The reasons for modifying the ideal-gas equation are
as follows.

1. Finite molecular volume:

Real molecules are not point particles. At suf-
ficiently high pressure, their own volume is no
longer negligible compared with the volume of
the vessel. Moreover, because two molecules
cannot occupy the same region of space, the
volume available for translational motion is
smaller than the measured molar volume. Van
der Waals represented this reduction by replac-
ing

𝑉𝑚 ⟶ 𝑉𝑚 − 𝑏.
2. Intermolecular attraction:

A molecule well inside the gas is attracted ap-
proximately equally in all directions, so the re-
sultant force on it is nearly zero. A molecule
approaching a wall, however, is attracted pre-
dominantly back into the gas. Its momentum
transfer to the wall, and hence the measured
pressure, is therefore reduced.

The reduction is proportional both to the num-
ber density of molecules near the wall and

to the number density of molecules attracting
them. It consequently varies as the square of
the density:

Δ𝑃 ∝ ( 1
𝑉𝑚

)
2
.

Writing the proportionality constant as 𝑎,

𝑃ideal interaction−free = 𝑃 + 𝑎
𝑉 2𝑚

.

Combining the pressure and volume correc-
tions gives

(𝑃 + 𝑎
𝑉 2𝑚

) (𝑉𝑚 − 𝑏) = 𝑅𝑇 .

To calculate the critical constants, write the equation
of state explicitly as

𝑃(𝑉𝑚 , 𝑇 ) = 𝑅𝑇
𝑉𝑚 − 𝑏 − 𝑎

𝑉 2𝑚
.

At the critical point, the first derivative of pressure
with respect to molar volume at constant temperature
vanishes:

( 𝜕𝑃
𝜕𝑉𝑚

)
𝑇
= − 𝑅𝑇

(𝑉𝑚 − 𝑏)2 + 2𝑎
𝑉 3𝑚

.

Therefore,

− 𝑅𝑇𝑐
(𝑉𝑐 − 𝑏)2 + 2𝑎

𝑉 3𝑐
= 0,

so that 𝑅𝑇𝑐
(𝑉𝑐 − 𝑏)2 = 2𝑎

𝑉 3𝑐
. (1)

The second derivative is

( 𝜕
2𝑃

𝜕𝑉 2𝑚
)
𝑇
= 2𝑅𝑇

(𝑉𝑚 − 𝑏)3 − 6𝑎
𝑉 4𝑚

.

At the critical point,

2𝑅𝑇𝑐
(𝑉𝑐 − 𝑏)3 − 6𝑎

𝑉 4𝑐
= 0,

or 𝑅𝑇𝑐
(𝑉𝑐 − 𝑏)3 = 3𝑎

𝑉 4𝑐
. (2)

Dividing equation (2) by equation (1) eliminates 𝑇𝑐 :

1
𝑉𝑐 − 𝑏 = 3𝑎/𝑉 4𝑐

2𝑎/𝑉 3𝑐
= 3

2𝑉𝑐
.

Hence
2𝑉𝑐 = 3(𝑉𝑐 − 𝑏),

which gives
𝑉𝑐 = 3𝑏 .
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Substituting 𝑉𝑐 = 3𝑏 into equation (1),

𝑅𝑇𝑐
(3𝑏 − 𝑏)2 = 2𝑎

(3𝑏)3 .

Thus 𝑅𝑇𝑐
4𝑏2 = 2𝑎

27𝑏3 ,
and therefore

𝑇𝑐 = 8𝑎
27𝑅𝑏 .

The critical pressure follows from the equation of
state:

𝑃𝑐 =
𝑅𝑇𝑐
𝑉𝑐 − 𝑏 − 𝑎

𝑉 2𝑐
.

Using 𝑉𝑐 = 3𝑏 and 𝑅𝑇𝑐 = 8𝑎/(27𝑏),

𝑃𝑐 =
8𝑎/(27𝑏)
3𝑏 − 𝑏 − 𝑎

(3𝑏)2 .

Therefore,

𝑃𝑐 = 8𝑎
54𝑏2 − 𝑎

9𝑏2 = 4𝑎
27𝑏2 − 3𝑎

27𝑏2 ,
so

𝑃𝑐 = 𝑎
27𝑏2 .

These expressions satisfy the critical-point derivative
conditions explicitly. For example,

( 𝜕𝑃
𝜕𝑉𝑚

)
𝑐
= − 𝑅𝑇𝑐

(𝑉𝑐 − 𝑏)2 + 2𝑎
𝑉 3𝑐

= − 2𝑎
27𝑏3 + 2𝑎

27𝑏3 = 0,

and

( 𝜕
2𝑃

𝜕𝑉 2𝑚
)
𝑐
= 2𝑅𝑇𝑐

(𝑉𝑐 − 𝑏)3 − 6𝑎
𝑉 4𝑐

= 2𝑎
27𝑏4 − 2𝑎

27𝑏4 = 0.

The dimensional checks are

[𝑎] = [𝑃][𝑉𝑚]2, [𝑏] = [𝑉𝑚].
Consequently,

[ 𝑎𝑏2 ] = [𝑃], [ 𝑎
𝑅𝑏 ] = [𝑇 ],

as required for 𝑃𝑐 and 𝑇𝑐 .
A further consistency check is the critical compress-
ibility factor:

𝑍𝑐 =
𝑃𝑐𝑉𝑐
𝑅𝑇𝑐

= (𝑎/27𝑏2) (3𝑏)
8𝑎/(27𝑏) = 3

8 .

Thus the Van der Waals equation predicts the same
dimensionless critical compressibility factor for all
gases. In the dilute-gas limit 𝑉𝑚 ≫ 𝑏, with 𝑎/𝑉 2𝑚 neg-
ligible, the equation reduces to

𝑃𝑉𝑚 ≃ 𝑅𝑇 ,

recovering ideal-gas behaviour.

CONCLUSION:

Van der Waals modified the ideal-gas equation to ac-
count for the finite size of molecules through the
excluded-volume constant 𝑏, and for intermolecular
attraction through the pressure correction 𝑎/𝑉 2𝑚 . For
one mole,

(𝑃 + 𝑎
𝑉 2𝑚

) (𝑉𝑚 − 𝑏) = 𝑅𝑇 .

The critical constants obtained from the stationary-
inflection conditions on the critical isotherm are

𝑉𝑐 = 3𝑏 , 𝑃𝑐 = 𝑎
27𝑏2 , 𝑇𝑐 = 8𝑎

27𝑅𝑏 .

They also obey
𝑃𝑐𝑉𝑐
𝑅𝑇𝑐

= 3
8 .

Hence the Van der Waals parameters determine the
pressure, temperature, andmolar volume atwhich the
liquid and gaseous phases become indistinguishable.

CSE · 2025 · 15 MARKS

Q8. Explain why, at equilibrium, the chem-
ical potential of a component must be the
same in all coexisting phases. Derive the
equilibrium condition for a binary liquid-
vapour system in terms of chemical poten-
tial.

INTRODUCTION:

The chemical potential of component 𝑖 in a phase is
the partial molar Gibbs free energy,

𝜇𝑖 = (𝜕𝐺𝜕𝑛𝑖
)
𝑇 ,𝑃,𝑛𝑗≠𝑖

.

It therefore measures the change in Gibbs free energy
when an infinitesimal amount of that component is
added to the phase at fixed temperature and pressure.

Consider a closed, non-reacting system containing
homogeneous coexisting phases. The phases are as-
sumed to have a common temperature 𝑇 and pres-
sure 𝑃 , and interfacial, gravitational, and other finite-
size contributions are neglected. The total amount of
each component is conserved, but matter may pass
between phases. At fixed 𝑇 and 𝑃 , stable equilibrium
requires the total Gibbs free energy to be stationary
against every allowed infinitesimal transfer and to be
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a minimum with respect to finite admissible varia-
tions.

For the binary liquid-vapour system, let the compo-
nents be 1 and 2, and use superscripts 𝑙 and 𝑣 for the
liquid and vapour phases. Thus,

𝜇𝑙𝑖 = 𝜇𝑙𝑖 (𝑇 , 𝑃 , 𝑥1, 𝑥2), 𝜇𝑣𝑖 = 𝜇𝑣𝑖 (𝑇 , 𝑃 , 𝑦1, 𝑦2),
where 𝑥𝑖 and 𝑦𝑖 are the liquid- and vapour-phase mole
fractions, with

𝑥1 + 𝑥2 = 1, 𝑦1 + 𝑦2 = 1.
The required equilibrium conditions follow by mini-
mizing the total Gibbs free energy subject to conser-
vation of both components.

SOLUTION:

For a multicomponent homogeneous phase, the fun-
damental Gibbs relation is

𝑑𝐺 = −𝑆 𝑑𝑇 + 𝑉 𝑑𝑃 +∑
𝑖
𝜇𝑖 𝑑𝑛𝑖.

At fixed 𝑇 and 𝑃 , this reduces to
𝑑𝐺 = ∑

𝑖
𝜇𝑖 𝑑𝑛𝑖.

Consider first one component 𝑖 distributed between
two coexisting phases 𝛼 and 𝛽 . Let a positive infinites-
imal amount 𝑑𝑛𝑖 be transferred from phase 𝛼 to phase
𝛽 . Conservation of the total amount of component 𝑖
gives

𝑑𝑛𝛼𝑖 = −𝑑𝑛𝑖, 𝑑𝑛𝛽𝑖 = +𝑑𝑛𝑖.
The corresponding change in the total Gibbs free en-
ergy is

𝑑𝐺tot = 𝜇𝛼𝑖 𝑑𝑛𝛼𝑖 + 𝜇𝛽𝑖 𝑑𝑛𝛽𝑖
= −𝜇𝛼𝑖 𝑑𝑛𝑖 + 𝜇𝛽𝑖 𝑑𝑛𝑖
= (𝜇𝛽𝑖 − 𝜇𝛼𝑖 ) 𝑑𝑛𝑖.

At equilibrium, an allowed infinitesimal transfer in ei-
ther direction must produce no first-order change in
𝐺tot. Since 𝑑𝑛𝑖 is arbitrary,

𝑑𝐺tot = 0 ⟹ 𝜇𝛼𝑖 = 𝜇𝛽𝑖 .

The physical meaning can also be seen from the sign
of 𝑑𝐺tot. If

𝜇𝛼𝑖 > 𝜇𝛽𝑖 ,
then transfer from 𝛼 to 𝛽 gives

𝑑𝐺tot = (𝜇𝛽𝑖 − 𝜇𝛼𝑖 ) 𝑑𝑛𝑖 < 0,

so the transfer is spontaneous. Thus a component
moves, in the thermodynamic sense, from a phase of

higher chemical potential to one of lower chemical
potential. Such transfer ceases only when its chemi-
cal potentials are equal. For more than two coexisting
phases,

𝜇(1)𝑖 = 𝜇(2)𝑖 = ⋯ = 𝜇(𝑟)𝑖
for every component 𝑖.
Now consider a binary liquid-vapour system. Its total
Gibbs free energy is

𝐺 = 𝐺 𝑙(𝑇 , 𝑃 , 𝑛𝑙1, 𝑛𝑙2) + 𝐺𝑣 (𝑇 , 𝑃 , 𝑛𝑣1 , 𝑛𝑣2).
Because the system is closed and non-reacting, the to-
tal amount of each component is fixed:

𝑛𝑙1 + 𝑛𝑣1 = 𝑁1, 𝑛𝑙2 + 𝑛𝑣2 = 𝑁2.
Hence the allowed variations satisfy

𝑑𝑛𝑣1 = −𝑑𝑛𝑙1, 𝑑𝑛𝑣2 = −𝑑𝑛𝑙2.

At fixed 𝑇 and 𝑃 , the variation of the total Gibbs free
energy is

𝑑𝐺 = 𝜇𝑙1 𝑑𝑛𝑙1 + 𝜇𝑙2 𝑑𝑛𝑙2 + 𝜇𝑣1 𝑑𝑛𝑣1 + 𝜇𝑣2 𝑑𝑛𝑣2 .
Using the conservation constraints,

𝑑𝐺 = 𝜇𝑙1 𝑑𝑛𝑙1 + 𝜇𝑙2 𝑑𝑛𝑙2 − 𝜇𝑣1 𝑑𝑛𝑙1 − 𝜇𝑣2 𝑑𝑛𝑙2
= (𝜇𝑙1 − 𝜇𝑣1) 𝑑𝑛𝑙1 + (𝜇𝑙2 − 𝜇𝑣2) 𝑑𝑛𝑙2.

The amounts of components 1 and 2 may be indepen-
dently redistributed between the two phases while
their respective total amounts remain fixed. There-
fore 𝑑𝑛𝑙1 and 𝑑𝑛𝑙2 are independent admissible varia-
tions. The equilibrium condition 𝑑𝐺 = 0 for every
such variation requires the coefficient of each varia-
tion to vanish:

𝜇𝑙1(𝑇 , 𝑃 , 𝑥1, 𝑥2) = 𝜇𝑣1(𝑇 , 𝑃 , 𝑦1, 𝑦2) ,

𝜇𝑙2(𝑇 , 𝑃 , 𝑥1, 𝑥2) = 𝜇𝑣2(𝑇 , 𝑃 , 𝑦1, 𝑦2) .
Together with

𝑇 𝑙 = 𝑇 𝑣 , 𝑃 𝑙 = 𝑃 𝑣 ,
these are the conditions for thermal, mechanical, and
diffusive equilibrium, respectively.

The result may equivalently be obtained with con-
strained minimization. Introduce Lagrange multipli-
ers 𝜆1 and 𝜆2 for conservation of the two components:

Φ = 𝐺 𝑙 + 𝐺𝑣 − 𝜆1(𝑛𝑙1 + 𝑛𝑣1 − 𝑁1) − 𝜆2(𝑛𝑙2 + 𝑛𝑣2 − 𝑁2).
Stationarity with respect to the four independently
varied phase amounts gives

𝜕Φ
𝜕𝑛𝑙1

= 𝜇𝑙1 − 𝜆1 = 0, 𝜕Φ
𝜕𝑛𝑣1

= 𝜇𝑣1 − 𝜆1 = 0,

Sample Preview ⋅ Complete files can be purchased from abhi‑physics.com 13/16

https://abhi-physics.com


Thermal Physics UPSC PHYSICS OPTIONAL

and

𝜕Φ
𝜕𝑛𝑙2

= 𝜇𝑙2 − 𝜆2 = 0, 𝜕Φ
𝜕𝑛𝑣2

= 𝜇𝑣2 − 𝜆2 = 0.

Consequently,

𝜇𝑙1 = 𝜆1 = 𝜇𝑣1 , 𝜇𝑙2 = 𝜆2 = 𝜇𝑣2 ,
which reproduces the equilibrium conditions.

For a general non-ideal mixture, the chemical poten-
tial may be expressed in terms of fugacity:

𝜇𝑖(𝑇 , 𝑃 , composition) = 𝜇∘𝑖 (𝑇 ) + 𝑅𝑇 ln( 𝑓𝑖
𝑓 ∘ ) .

At the same temperature, equality of chemical poten-
tials is therefore equivalent to equality of component
fugacities:

𝜇𝑙𝑖 = 𝜇𝑣𝑖 ⟺ 𝑓 𝑙𝑖 = 𝑓 𝑣𝑖 , 𝑖 = 1, 2.
Thus the binary phase-equilibrium relations can also
be written as

𝑓 𝑙1(𝑇 , 𝑃 , 𝑥1, 𝑥2) = 𝑓 𝑣1 (𝑇 , 𝑃 , 𝑦1, 𝑦2)

𝑓 𝑙2(𝑇 , 𝑃 , 𝑥1, 𝑥2) = 𝑓 𝑣2 (𝑇 , 𝑃 , 𝑦1, 𝑦2) .

As a check, if 𝜇𝑙𝑖 − 𝜇𝑣𝑖 > 0, transferring component 𝑖
from liquid to vapour gives

𝑑𝐺 = (𝜇𝑣𝑖 − 𝜇𝑙𝑖 ) 𝑑𝑛𝑣𝑖 < 0,
so vaporization is favoured. If 𝜇𝑙𝑖 − 𝜇𝑣𝑖 < 0, conden-
sation is favoured. When the two chemical potentials
are equal, neither direction lowers the Gibbs free en-
ergy, as required at phase equilibrium. Dimension-
ally, 𝜇𝑖 has units of energy per mole, and 𝜇𝑖 𝑑𝑛𝑖 has
units of energy, consistent with its contribution to 𝑑𝐺.
CONCLUSION:

At fixed common temperature and pressure, the equi-
librium state minimizes the total Gibbs free energy
subject to conservation of every component. An
infinitesimal transfer of component 𝑖 between two
phases changes the Gibbs free energy by the chemical-
potential difference multiplied by the transferred
amount. Therefore, diffusive equilibrium requires

𝜇𝛼𝑖 = 𝜇𝛽𝑖
for each component in every pair of coexisting
phases.

For a closed, non-reacting binary liquid-vapour sys-
tem with homogeneous bulk phases and negligible in-
terfacial and gravitational effects, the complete phase-
equilibrium conditions are

𝑇 𝑙 = 𝑇 𝑣 , 𝑃 𝑙 = 𝑃 𝑣 ,

𝜇𝑙1(𝑇 , 𝑃 ,x) = 𝜇𝑣1(𝑇 , 𝑃 ,y), 𝜇𝑙2(𝑇 , 𝑃 ,x) = 𝜇𝑣2(𝑇 , 𝑃 ,y),
where x = (𝑥1, 𝑥2), y = (𝑦1, 𝑦2), 𝑥1 + 𝑥2 = 1, and
𝑦1 + 𝑦2 = 1. Equivalently,

𝑓 𝑙1 = 𝑓 𝑣1 , 𝑓 𝑙2 = 𝑓 𝑣2 .

A chemical-potential inequality produces net transfer
from the phase of higher chemical potential to that of
lower chemical potential; equality signifies that nei-
ther vaporization nor condensation of either compo-
nent can lower the Gibbs free energy.

IFoS · 2025 · 8 MARKS

Q9. For silver, the specific heat at con-
stant pressure in the range of 50 K to 100 K
is given by : Cp = 0 ⋅ 076 T − 0 ⋅ 00026 T2 −
0 ⋅ 15 cal mol−1deg−1 If 2 moles of silver are
heated from 50 K to 100 K, calculate the
change in entropy.

INTRODUCTION:

The demand is to calculate the entropy change of
𝑛 = 2 moles of silver when its temperature increases
from

𝑇1 = 50 K to 𝑇2 = 100 K

at constant pressure.

Entropy is a state function. Hence its change may be
evaluated along a reversible constant-pressure path
between the same equilibrium states. For reversible
heating,

𝑑𝑆 = 𝛿𝑄rev

𝑇 ,
and, at constant pressure with no phase transition or
additional non-𝑝𝑉 work,

𝛿𝑄rev = 𝑛𝐶𝑝(𝑇 ) 𝑑𝑇 .
Therefore,

Δ𝑆 = 𝑛 ∫
𝑇2

𝑇1

𝐶𝑝(𝑇 )
𝑇 𝑑𝑇 .

Here 𝐶𝑝(𝑇 ) is the molar heat capacity, 𝑇 is the abso-
lute temperature, and Δ𝑆 = 𝑆2 − 𝑆1. We use the lab-
oratory thermodynamic frame and the sign conven-
tion that heat absorbed by the silver is positive; con-
sequently, heating with 𝐶𝑝 > 0 should give Δ𝑆 > 0.
The empirical expression is assumed valid throughout
50 ≤ 𝑇 ≤ 100 K, with no phase change in this inter-
val. Since a temperature interval of one kelvin equals
one Celsius degree, calmol−1 deg−1 may be used as
calmol−1 K−1.
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SOLUTION:

The given molar heat capacity is

𝐶𝑝(𝑇 ) = 0.076𝑇 − 0.00026𝑇 2 − 0.15 calmol−1 K−1.
Dividing by the absolute temperature,

𝐶𝑝(𝑇 )
𝑇 = 0.076 − 0.00026𝑇 − 0.15

𝑇 .

Thus,

Δ𝑆 = 2∫
100

50
(0.076 − 0.00026𝑇 − 0.15

𝑇 ) 𝑑𝑇 .

Integrating term by term gives

Δ𝑆 = 2 [0.076𝑇 − 0.00026
2 𝑇 2 − 0.15 ln 𝑇 ]

100
50

.

Equivalently,

Δ𝑆 = 2 [0.076(𝑇2 − 𝑇1) − 0.00013(𝑇 22 − 𝑇 21 ) − 0.15 ln (𝑇2𝑇1
)] .

Substituting 𝑇1 = 50 K and 𝑇2 = 100 K,

Δ𝑆 = 2 [0.076(100 − 50) − 0.00013(1002 − 502) − 0.15 ln (10050 )] cal K−1

= 2 [0.076(50) − 0.00013(10000 − 2500) − 0.15 ln 2] cal K−1

= 2 [3.800 − 0.00013(7500) − 0.15(0.693147)] cal K−1

= 2 [3.800 − 0.975 − 0.103972] cal K−1

= 2(2.72103) cal K−1

= 5.44206 cal K−1.

In SI units, using 1 cal = 4.184 J,

Δ𝑆 = 5.44206 cal K−1 × 4.184 J cal−1 = 22.77 J K−1.

The dimensions are consistent because

𝑛𝐶𝑝𝑇 𝑑𝑇 ∼ mol calmol−1 K−1
K

K = cal K−1,

which is the correct dimension of entropy.

As a plausibility check,

𝐶𝑝(50) = 0.076(50) − 0.00026(50)2 − 0.15 = 3.00 calmol−1 K−1,

and

𝐶𝑝(100) = 0.076(100) − 0.00026(100)2 − 0.15 = 4.85 calmol−1 K−1.

Thus 𝐶𝑝 > 0 throughout the interval, so heating must
produce a positive entropy change, in agreement with
the calculated sign. Also, in the limiting case 𝑇2 → 𝑇1,
every term in the integrated expression vanishes and
Δ𝑆 → 0, as required.
CONCLUSION:

For 2moles of silver heated at constant pressure from
50 K to 100 K,

Δ𝑆 = +5.44 cal K−1

or, equivalently,

Δ𝑆 = +22.8 J K−1 .

The positive sign means that the entropy of the sil-
ver increases during heating. This result is valid pro-
vided the stated heat-capacity formula applies over
50–100 K, the initial and final states are equilibrium
states, and no phase transition occurs in the interval.

IFoS · 2025 · 10 MARKS

Q10. One gram of water (1 cm3) becomes
1671 cm3 of steam when boiled at constant
pressure of 1 atm (1 ⋅ 013 × 105 Pa). The
heat of vapourisation at this pressure is L =
2 ⋅ 256 × 106 J/kg. Calculate : (i) The work
done by the water when it vapourizes, and;
(ii) Increase in its internal energy.

INTRODUCTION:

We consider a closed system consisting of 𝑚 = 1 g =
1.000×10−3 kg of water in the laboratory frame. State
1 is liquid water of volume 𝑉1 = 1 cm3, and state 2 is
steam of volume 𝑉2 = 1671 cm3. The vapourization
occurs at the constant external pressure

𝑃 = 1.013 × 105 Pa.

The heat supplied to the system is positive, and the
boundary work 𝑊 is defined as positive when done
by the water on its surroundings. With this conven-
tion, the first law of thermodynamics is

Δ𝑈 = 𝑄 − 𝑊 .
We neglect changes in the macroscopic kinetic and
gravitational potential energies. Since the phase
change occurs at constant pressure and the stated la-
tent heat 𝐿 is for that pressure,

𝑄 = 𝑚𝐿.
The expansion work is obtained from

𝑊 = ∫
𝑉2

𝑉1
𝑃ext 𝑑𝑉 = 𝑃(𝑉2 − 𝑉1),

because the external pressure is constant.

SOLUTION:
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(i) The increase in volume is

Δ𝑉 = 𝑉2 − 𝑉1 = (1671 − 1) cm3 = 1670 cm3.
Using

1 cm3 = 10−6 m3,
we obtain

Δ𝑉 = 1670 × 10−6 m3 = 1.670 × 10−3 m3.

Therefore, the work done by the water is

𝑊 = 𝑃Δ𝑉
= (1.013 × 105 Pa) (1.670 × 10−3 m3)
= 1.69171 × 102 Pam3.

Since 1 Pam3 = 1 J,

𝑊 = 1.692 × 102 J ≃ 169.2 J .

The positive sign is consistent with the physi-
cal process: the water expands and does work
on the surroundings.

(ii) The heat absorbed during vapourization is

𝑄 = 𝑚𝐿
= (1.000 × 10−3 kg) (2.256 × 106 J kg−1)
= 2.256 × 103 J
= 2256 J.

Applying the first law,

Δ𝑈 = 𝑄 − 𝑊
= 2256 J − 169.171 J
= 2086.829 J.

Hence,

Δ𝑈 = 2.087 × 103 J ≃ 2.087 kJ .

Equivalently, at constant pressure the latent
heat supplies the enthalpy increase:

𝑚𝐿 = Δ𝐻 = Δ𝑈 + 𝑃Δ𝑉 ,

which reproduces the same result.

The dimensions are consistent:

[𝑃Δ𝑉 ] = Pam3 = N
m2m

3 = Nm = J.

Moreover,
0 < 𝑊 < 𝑄,

so the internal energy increases while part of
the supplied heat is transferred outward as ex-
pansion work. Numerically,

𝑊
𝑄 ≃ 0.0750,

so about 7.50% of the latent heat becomes ex-
pansion work and about 92.5% increases the in-
ternal energy. As a limiting check, if the vol-
ume change were negligible, 𝑃Δ𝑉 → 0, the first
law would give Δ𝑈 → 𝑄, as expected.

CONCLUSION:

At 1.013 × 105 Pa, the vapourizing water expands by
1.670 × 10−3 m3. Thus,

(i) Work done by the water on the surroundings = 1.692 × 102 J

and

(ii) Increase in internal energy = 2.087 × 103 J = 2.087 kJ .

These results assume constant external pressure, neg-
ligible changes in bulk kinetic and potential energies,
and the stated latent heat at the specified pressure.
The water transfers approximately 169.2 J outward as
mechanical work, while its internal energy increases
by approximately 2.087 kJ; hencemost of the absorbed
latent heat increases the molecular internal energy of
the steam.
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Question Index
No. Question Marks Year Exam Page
1 The de Broglie wavelength of a particle in thermal equilibrium at a temperature

of 27 ∘C is 𝜆. At what temperature will it be 𝜆
2 ?

5 2026 CSE 3

2 If the position and momentum operators in 1-D are represented by 𝑥̂ and ̂𝑝
respectively, calculate the commutator [𝑥̂2, cos( ̂𝑝)].

10 2026 CSE 3

3 A particle is in the normalized state 𝜓 which is a superposition of the energy
eigenstates 𝜓1 and 𝜓2 with energies 10 eV and 30 eV, respectively. The average
value of the energy of the particle in the state 𝜓 is 24 eV. Find the state 𝜓 in
terms of 𝜓1 and 𝜓2.

10 2026 CSE 4

4 Explain how the uncertainty in position is different from the uncertainty or
inaccuracy of the measuring instruments.

10 2025 CSE 5

5 Is it possible for a photon to transfer all its energy to a free electron? Give
reasons.

5 2025 CSE 6

6 A bullet of mass 0 ⋅ 025 kg is moving with a velocity of 600 m/s. The speed is
measured with an accuracy of 0 ⋅ 02%. Find out the uncertainty in 𝑥 . Also,
comment on the result.

6+2=8 2025 IFoS 7

7 A particle limited to the x-axis has the wave function 𝜙(𝑥) = 𝑏𝑥2 between 𝑥 = 0
and 𝑥 = 2; the wave function 𝜙(𝑥) = 0 elsewhere. (i) Find the probability that the
particle can be found between 𝑥 = 1.0 and 𝑥 = 1.5. (ii) Find the expectation value
< 𝑥 > of the particle position.

10 2024 CSE 8

8 Determine the size of the hydrogen atom using uncertainty principle. Given that

the potential energy of electron 𝑉 = −𝑒2
4𝜋𝜀0𝑎

, where 𝑎 is the distance of the electron
from the nucleus.

8 2024 IFoS 9

9 A particle constrained to move along 𝑥-axis in the domain 0 ≤ 𝑥 ≤ 𝐿 has a wave
function 𝜓(𝑥) = sin ( 𝑛𝜋𝑥

𝐿 ), where 𝑛 is an integer. Normalize the wave function
and evaluate the expectation value of momentum of the particle.

15 2023 CSE 10

10 Find the condition at which de Broglie wavelength equals the Compton
wavelength for a particle.

8 2023 IFoS 10
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CSE · 2026 · 5 MARKS

Q1. The de Broglie wavelength of a parti-
cle in thermal equilibrium at a temperature
of 27 ∘C is 𝜆. At what temperature will it be
𝜆
2?

INTRODUCTION:

We have to determine the temperature at which the
thermal de Broglie wavelength of the same non-
relativistic particle becomes half its initial value. For
a particle of mass 𝑚,

𝜆dB = ℎ
𝑝 ,

where ℎ is Planck’s constant and 𝑝 is themagnitude of
its momentum. In thermal equilibrium, any fixed con-
ventional measure of the characteristic thermal mo-
mentum, such as the root-mean-square momentum,
is proportional to √𝑇 , where 𝑇 is the absolute tem-
perature. Hence the thermal de Broglie wavelength
varies as 𝑇−1/2.
Let

𝑇1 = 27 ∘C = 300K, 𝜆1 = 𝜆,
and let 𝑇2 be the temperature at which

𝜆2 = 𝜆
2 .

SOLUTION:

For a non-relativistic particle in thermal equilibrium,
the equipartition theorem gives

𝑝2rms

2𝑚 = 3
2𝑘B𝑇 ,

so that
𝑝rms = √3𝑚𝑘B𝑇 .

Therefore,

𝜆dB = ℎ
𝑝rms

= ℎ
√3𝑚𝑘B𝑇

∝ 1
√𝑇

.

For the same particle at the two temperatures,

𝜆2
𝜆1

= √
𝑇1
𝑇2
.

Substituting 𝜆2 = 𝜆/2, 𝜆1 = 𝜆, and 𝑇1 = 300K,
1
2 =

√
300
𝑇2

.

Squaring both sides,

1
4 = 300

𝑇2
,

and hence

𝑇2 = 4(300K) = 1200K.
Expressed on the Celsius scale,

𝑡2 = 𝑇2 − 273 ≃ 1200 − 273 = 927 ∘C.
Thus halving the wavelength requires the character-
istic momentum to double; since 𝑝rms ∝ √𝑇 , the abso-
lute temperature must increase by a factor of four.

CONCLUSION:

The required temperature is

𝑇2 = 1200K ≃ 927 ∘C .
This result assumes the same particle remains in the
non-relativistic thermal regime.

CSE · 2026 · 10 MARKS

Q2. If the position and momentum opera-
tors in 1-D are represented by 𝑥̂ and ̂𝑝 respec-
tively, calculate the commutator [𝑥̂2, cos( ̂𝑝)].

INTRODUCTION:

The required commutator is evaluated using the
canonical position–momentum relation

[𝑥̂ , ̂𝑝] = 𝑖ℏ.
For any sufficiently differentiable function 𝑓 ( ̂𝑝), the
corresponding operator identity is

[𝑥̂ , 𝑓 ( ̂𝑝)] = 𝑖ℏ𝑓 ′( ̂𝑝).
Here cos( ̂𝑝) is understood as an operator function de-
fined by its power series or, equivalently, by the spec-
tral calculus. Its argument is assumed dimensionless;
if a momentum scale 𝑝0 is required, ̂𝑝 is to be replaced
by ̂𝑝/𝑝0.
SOLUTION:

Using the product rule for commutators,

[𝐴̂𝐵̂, 𝐶̂] = 𝐴̂[𝐵̂, 𝐶̂] + [𝐴̂, 𝐶̂]𝐵̂,
we obtain

[𝑥̂2, cos( ̂𝑝)] = 𝑥̂[𝑥̂ , cos( ̂𝑝)] + [𝑥̂, cos( ̂𝑝)]𝑥̂ .
Since

[𝑥̂ , cos( ̂𝑝)] = 𝑖ℏ 𝑑
𝑑 ̂𝑝 cos( ̂𝑝) = −𝑖ℏ sin( ̂𝑝),

it follows that

[𝑥̂2, cos( ̂𝑝)] = −𝑖ℏ [𝑥̂ sin( ̂𝑝) + sin( ̂𝑝)𝑥̂] .
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Thus the most symmetric form of the answer is

[𝑥̂2, cos( ̂𝑝)] = −𝑖ℏ{𝑥̂, sin( ̂𝑝)},
where {𝐴̂, 𝐵̂} = 𝐴̂𝐵̂ + 𝐵̂𝐴̂ denotes the anticommutator.

An equivalent normally ordered form can be found
from

[𝑥̂ , sin( ̂𝑝)] = 𝑖ℏ cos( ̂𝑝),
which gives

𝑥̂ sin( ̂𝑝) = sin( ̂𝑝)𝑥̂ + 𝑖ℏ cos( ̂𝑝).
Therefore,

[𝑥̂2, cos( ̂𝑝)] = −2𝑖ℏ sin( ̂𝑝)𝑥̂ + ℏ2 cos( ̂𝑝).
Equivalently, with 𝑥̂ placed on the left,

[𝑥̂2, cos( ̂𝑝)] = −2𝑖ℏ𝑥̂ sin( ̂𝑝) − ℏ2 cos( ̂𝑝).

CONCLUSION:

The required commutator is

[𝑥̂2, cos( ̂𝑝)] = −𝑖ℏ [𝑥̂ sin( ̂𝑝) + sin( ̂𝑝)𝑥̂] = −𝑖ℏ{𝑥̂ , sin( ̂𝑝)}.

The equivalent ordered expressions are

[𝑥̂2, cos( ̂𝑝)] = −2𝑖ℏ sin( ̂𝑝)𝑥̂ + ℏ2 cos( ̂𝑝)

and

[𝑥̂2, cos( ̂𝑝)] = −2𝑖ℏ𝑥̂ sin( ̂𝑝) − ℏ2 cos( ̂𝑝).

CSE · 2026 · 10 MARKS

Q3. A particle is in the normalized state
𝜓 which is a superposition of the energy
eigenstates 𝜓1 and 𝜓2 with energies 10 eV and
30 eV, respectively. The average value of the
energy of the particle in the state 𝜓 is 24 eV.
Find the state 𝜓 in terms of 𝜓1 and 𝜓2.

INTRODUCTION:

Let the Hamiltonian satisfy

𝐻̂ 𝜓1 = 𝐸1𝜓1, 𝐻̂ 𝜓2 = 𝐸2𝜓2,
where

𝐸1 = 10 eV, 𝐸2 = 30 eV.
Since eigenstates belonging to distinct eigenvalues of
a Hermitian Hamiltonian are orthogonal, we take

⟨𝜓𝑖|𝜓𝑗⟩ = 𝛿𝑖𝑗 .

The most general superposition is

|𝜓 ⟩ = 𝑐1|𝜓1⟩ + 𝑐2|𝜓2⟩,
where 𝑐1, 𝑐2 ∈ ℂ. Normalization and the given expec-
tation value of energy will determine the probabilities
|𝑐1|2 and |𝑐2|2; the relative phase cannot be determined
from an energy expectation value alone.

SOLUTION:

Normalization gives

⟨𝜓 |𝜓 ⟩ = |𝑐1|2 + |𝑐2|2 = 1.
The expectation value of the Hamiltonian is

⟨𝐸⟩ = ⟨𝜓 |𝐻̂ |𝜓 ⟩
= |𝑐1|2𝐸1 + |𝑐2|2𝐸2,

because the cross terms vanish by orthogonality.
Hence

10|𝑐1|2 + 30|𝑐2|2 = 24,
with all energies measured in eV.

Using |𝑐1|2 = 1 − |𝑐2|2,
10(1 − |𝑐2|2) + 30|𝑐2|2 = 24,

so that
10 + 20|𝑐2|2 = 24

and therefore
|𝑐2|2 = 14

20 = 7
10 .

Consequently,

|𝑐1|2 = 1 − 7
10 = 3

10 .

Thus the coefficient magnitudes are

|𝑐1| = √
3
10 , |𝑐2| = √

7
10 .

After removing an physically irrelevant common
phase, the remaining relative phase may be denoted
by 𝜙, giving

|𝜓 ⟩ = √
3
10 |𝜓1⟩ + 𝑒𝑖𝜙√

7
10 |𝜓2⟩, 𝜙 ∈ ℝ.

Indeed, this state yields

⟨𝐸⟩ = 3
10(10 eV) +

7
10(30 eV) = 3 eV + 21 eV = 24 eV,

as required.

CONCLUSION:

Up to an arbitrary overall phase, the normalized state
is

𝜓 = √
3
10 𝜓1 + 𝑒𝑖𝜙√

7
10 𝜓2, 𝜙 ∈ ℝ .
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Therefore, an energy measurement gives 10 eV with
probability 3/10 and 30 eVwith probability 7/10. The
specified mean energy fixes these probabilities but
does not fix the relative phase 𝜙.

CSE · 2025 · 10 MARKS

Q4. Explain how the uncertainty in posi-
tion is different from the uncertainty or in-
accuracy of the measuring instruments.

INTRODUCTION:

The question asks for the distinction between the
quantum-mechanical uncertainty in the position of
a particle and the uncertainty introduced by an im-
perfect measuring instrument. Consider an ensemble
of identically prepared particles in a fixed reference
frame. Let the position observable be represented by
the operator 𝑥̂ , and let the normalized state of each
particle be |𝜓 ⟩. The intrinsic position uncertainty is
defined statistically by

Δ𝑥 = √⟨(𝑥̂ − ⟨𝑥̂⟩)2⟩ = √⟨𝑥̂2⟩ − ⟨𝑥̂⟩2,
where ⟨𝑥̂⟩ = ⟨𝜓 |𝑥̂ |𝜓 ⟩. Instrumental inaccuracy, on the
other hand, is a property of the measurement appara-
tus and its calibration, resolution, stability, and inter-
action with the system.

SOLUTION:

In classical physics, a particle is ordinarily assumed
to possess a definite position at every instant. If
repeated measurements give different values, the
spread is attributed to imperfect instruments, environ-
mental disturbances, or lack of experimental control.
In principle, one expects this spread to be reduced in-
definitely by improving the apparatus.

Quantum-mechanical position uncertainty has a dif-
ferent origin. If the particle is described in the po-
sition representation by a normalized wavefunction
𝜓(𝑥), then

∫
∞

−∞
|𝜓 (𝑥)|2 𝑑𝑥 = 1,

and the probability of finding it between 𝑥 and 𝑥 + 𝑑𝑥
is

𝑑𝑃 = |𝜓 (𝑥)|2 𝑑𝑥.
The expectation values are

⟨𝑥⟩ = ∫
∞

−∞
𝑥|𝜓 (𝑥)|2 𝑑𝑥, ⟨𝑥2⟩ = ∫

∞

−∞
𝑥2|𝜓 (𝑥)|2 𝑑𝑥,

so that

Δ𝑥 = [∫
∞

−∞
(𝑥 − ⟨𝑥⟩)2|𝜓 (𝑥)|2 𝑑𝑥]

1/2
.

Thus, Δ𝑥 measures the spread of the position probabil-
ities inherent in the prepared quantum state. Even an
ideal apparatus, assumed to have perfect resolution
and calibration, generally produces a distribution of
position outcomes when the experiment is repeated
on identically prepared systems. This spread is not
merely the observer’s ignorance of a pre-existing ex-
act value in the classical sense; it is part of the quan-
tum description of the state.

The intrinsic character of this uncertainty is ex-
pressed by the position–momentum uncertainty rela-
tion. Since

[𝑥̂ , ̂𝑝𝑥 ] = 𝑖ℏ,
the Robertson relation gives

Δ𝑥 Δ𝑝𝑥 ≥ 1
2 |⟨[𝑥̂ , ̂𝑝𝑥 ]⟩| = ℏ

2 .

Consequently, preparing a statewith a smallerΔ𝑥 nec-
essarily requires a larger spread Δ𝑝𝑥 . This limitation
follows from the non-commuting structure of the ob-
servables and remains even for an ideal measuring in-
strument. It is therefore not a statement about defec-
tive experimental technique.

Instrumental uncertainty may instead be represented
by a measurement error 𝜖𝑥 , determined, for example,
by the detector’s finite scale division, point-spread
width, noise, parallax, calibration error, or systematic
offset. It answers the question: how faithfully does
the apparatus report the position outcome? Such er-
rors may be classified as follows:

1. Random instrumental errors cause repeated
readings to fluctuate and may often be reduced
by better resolution, noise control, or statistical
averaging.

2. Systematic errors, such as a zero error or in-
correct calibration, shift the readings in a def-
inite manner and can often be estimated and
corrected by calibration.

3. Measurement disturbance arises when the mea-
suring interaction changes the state of the parti-
cle. It is apparatus-dependent and should not be
identified automatically with the intrinsic stan-
dard deviation Δ𝑥 .

For an unbiased apparatus whose random error is sta-
tistically independent of the intrinsic position distri-
bution, a simple model is

𝑥read = 𝑥 + 𝛿𝑥inst, ⟨𝛿𝑥inst⟩ = 0.
The variance of the recorded readings is then

𝜎2read = (Δ𝑥)2 + 𝜖2𝑥 ,
where

𝜖2𝑥 = ⟨(𝛿𝑥inst)2⟩ .
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This relation shows that the experimentally observed
spread may contain both intrinsic quantum uncer-
tainty and instrumental imprecision. If the apparatus
is progressively improved so that

𝜖𝑥 ⟶ 0,
then

𝜎read ⟶ Δ𝑥,
not necessarily to zero. Hence the residual spread ob-
tained with an ideal instrument is the position uncer-
tainty of the quantum state.

Conversely, Δ𝑥 can vanish only for an idealized exact
position eigenstate. Such a state is non-normalizable
over the whole real line and, consistently with
Δ𝑥 Δ𝑝𝑥 ≥ ℏ/2, would require an unbounded momen-
tum spread. Any physically realizable localized wave
packet therefore has a finite spatial spread.

The two concepts must also be distinguished opera-
tionally. The intrinsic Δ𝑥 is inferred from the statis-
tics of many measurements on an ensemble of sys-
tems prepared in the same state; it is not the uncer-
tainty of a single scale reading. Instrumental inac-
curacy characterizes the reliability of the apparatus
and can be assessed through calibration and repeated
measurements of known standards. Improving the in-
strument reduces 𝜖𝑥 , whereas changing the quantum
preparation is required to change Δ𝑥 .
CONCLUSION:

The uncertainty in position,

Δ𝑥 = √⟨𝑥̂2⟩ − ⟨𝑥̂⟩2 ,

is the intrinsic statistical spread of position outcomes
for identically prepared quantum systems. It is con-
strained by

Δ𝑥 Δ𝑝𝑥 ≥ ℏ
2

and cannot, in general, be removed by constructing a
more accurate apparatus.

Instrumental uncertainty 𝜖𝑥 is instead caused by fi-
nite resolution, noise, calibration errors, or other lim-
itations of the measuring procedure. It is apparatus-
dependent and can in principle be reduced or cor-
rected. For independent unbiased instrumental error,

𝜎2read = (Δ𝑥)2 + 𝜖2𝑥 ,

so an ideal instrument removes the instrumental con-
tribution but still reveals the intrinsic quantum posi-
tion distribution.

CSE · 2025 · 5 MARKS

Q5. Is it possible for a photon to transfer all
its energy to a free electron? Give reasons.

INTRODUCTION:

The question asks whether an isolated free electron
can completely absorb a photon,

𝛾 + 𝑒− ⟶ 𝑒−,
while conserving both energy and momentum. As-
sume that the electron is initially at rest in the labo-
ratory frame, with rest mass 𝑚, and that the incident
photon has energy 𝐸𝛾 = ℎ𝜈 > 0 and momentum mag-
nitude 𝑝𝛾 = 𝐸𝛾/𝑐. After absorption, let the electron
havemomentum 𝑝 and total relativistic energy 𝐸𝑒 . No
other particle or external body is available to carry en-
ergy or momentum.

SOLUTION:

If the photon were absorbed completely, conservation
of momentum would require

𝑝 = 𝑝𝛾 =
𝐸𝛾
𝑐 .

Conservation of energy would simultaneously re-
quire

𝑚𝑐2 + 𝐸𝛾 = 𝐸𝑒 .
For a free relativistic electron,

𝐸2𝑒 = 𝑝2𝑐2 + 𝑚2𝑐4.
Using the momentum-conservation result,

𝐸2𝑒 = (
𝐸𝛾
𝑐 )

2
𝑐2 + 𝑚2𝑐4 = 𝐸2𝛾 + 𝑚2𝑐4.

On the other hand, energy conservation gives

𝐸2𝑒 = (𝑚𝑐2 + 𝐸𝛾 )2 = 𝑚2𝑐4 + 𝐸2𝛾 + 2𝑚𝑐2𝐸𝛾 .
Equating these two expressions for 𝐸2𝑒 yields

𝑚2𝑐4 + 𝐸2𝛾 = 𝑚2𝑐4 + 𝐸2𝛾 + 2𝑚𝑐2𝐸𝛾 ,
and hence

2𝑚𝑐2𝐸𝛾 = 0.
Since 𝑚 ≠ 0, this condition can be satisfied only for

𝐸𝛾 = 0.
Thus, for any real photon with 𝐸𝛾 > 0, simultaneous
conservation of energy and momentum is impossible.

The result is independent of the frame chosen. If the
initial electron has four-momentum 𝑃𝜇 , the photon
has four-momentum 𝐾𝜇 , and the final electron has
four-momentum 𝑃 ′𝜇 = 𝑃𝜇 + 𝐾𝜇 , then

𝑃2 = 𝑃 ′2 = 𝑚2𝑐2, 𝐾2 = 0.
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Therefore,

𝑃 ′2 = (𝑃 + 𝐾)2 = 𝑃2 + 2𝑃 ⋅ 𝐾 + 𝐾2 = 𝑚2𝑐2 + 2𝑃 ⋅ 𝐾.
For a future-directed massive electron and a real pho-
ton of positive energy, 𝑃 ⋅ 𝐾 > 0; hence 𝑃 ′2 > 𝑚2𝑐2,
contradicting the required mass shell of a free elec-
tron.

Complete photon absorption can occur only if an-
other object participates—for example, a bound atom,
a nucleus, or a solid lattice—so that the additional sys-
tem can take up the recoil momentum while conserv-
ing total energy.

CONCLUSION:

No non-zero-energy photon can transfer all its energy
to a single isolated free electron. Complete absorption
would violate simultaneous conservation of relativis-
tic energy and momentum. A recoil partner or an ex-
ternal field is necessary to absorb the excess momen-
tum; otherwise the photon can transfer only part of
its energy, as in Compton scattering, and a scattered
photon must remain.

IFoS · 2025 · 6+2=8 MARKS

Q6. A bullet of mass 0 ⋅ 025 kg is moving
with a velocity of 600 m/s. The speed is mea-
sured with an accuracy of 0 ⋅ 02%. Find out
the uncertainty in 𝑥 . Also, comment on the
result.

INTRODUCTION:

The speed accuracy determines the uncertainty in the
bullet’s momentum, which in turn limits the precision
with which its position can be specified. We use the
Heisenberg uncertainty relation

Δ𝑥 Δ𝑝𝑥 ≥ ℏ
2 = ℎ

4𝜋 .
Here Δ𝑥 and Δ𝑝𝑥 are the position and momentum
uncertainties along the direction of motion. The
quoted percentage accuracy is interpreted as the un-
certainty in the measured speed. Since the bullet’s
mass is treated as exactly known and its motion is
non-relativistic,

𝑝𝑥 = 𝑚𝑣, Δ𝑝𝑥 = 𝑚Δ𝑣.
The minimum possible position uncertainty corre-
sponds to equality in the uncertainty relation.

SOLUTION:

The fractional uncertainty in speed is

Δ𝑣
𝑣 = 0.02

100 = 2.0 × 10−4.

Hence

Δ𝑣 = 𝑣 (2.0 × 10−4) = (600 ms−1)(2.0 × 10−4) = 0.12 ms−1.

Therefore, the momentum uncertainty is

Δ𝑝𝑥 = 𝑚Δ𝑣
= (0.025 kg)(0.12 ms−1)
= 3.0 × 10−3 kgm s−1.

Using

Δ𝑥min = ℏ
2Δ𝑝𝑥

,

with
ℏ = 1.055 × 10−34 J s,

we obtain

Δ𝑥min = 1.055 × 10−34 J s

2(3.0 × 10−3 kgm s−1)

= 1.055 × 10−34 kgm2s−1

6.0 × 10−3 kgm s−1

= 1.76 × 10−32 m.

Equivalently, since the bullet momentum is

𝑝 = 𝑚𝑣 = (0.025)(600) = 15 kgm s−1,
its relative momentum uncertainty is

Δ𝑝𝑥
𝑝 = 3.0 × 10−3

15 = 2.0 × 10−4,

consistent with the stated relative speed uncertainty.

The calculated minimum uncertainty is extraordinar-
ily smaller than the dimensions of a bullet and even
much smaller than a nuclear length scale, of or-
der 10−15 m. Thus the quantum-mechanical lower
bound on its position uncertainty is experimentally
and macroscopically negligible. The bullet can there-
fore be treated as following a well-defined classical
trajectory, although it still formally obeys the uncer-
tainty principle.

CONCLUSION:

The speed uncertainty and correspondingmomentum
uncertainty are

Δ𝑣 = 0.12 ms−1 , Δ𝑝𝑥 = 3.0 × 10−3 kgm s−1 .

Consequently, the minimum position uncertainty
along the direction of motion is

Δ𝑥min ≃ 1.8 × 10−32 m .
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This is a lower bound obtained by interpreting the
quoted speed accuracy asΔ𝑣 and taking theminimum-
uncertainty case. It has no independent spatial direc-
tion; it is the scalar spread in position along the cho-
sen direction of motion. Its extremely small magni-
tude shows why quantum uncertainty is impercepti-
ble for amacroscopic bullet andwhy classicalmechan-
ics provides an excellent description of its motion.

CSE · 2024 · 10 MARKS

Q7. A particle limited to the x-axis has the
wave function 𝜙(𝑥) = 𝑏𝑥2 between 𝑥 = 0 and
𝑥 = 2; the wave function 𝜙(𝑥) = 0 elsewhere.
(i) Find the probability that the particle can
be found between 𝑥 = 1.0 and 𝑥 = 1.5. (ii)
Find the expectation value < 𝑥 > of the par-
ticle position.

INTRODUCTION:

The problem requires the probability of finding the
particle in a specified interval and the expectation
value of its position. In one-dimensional quantumme-
chanics, the probability density is

𝜌(𝑥) = |𝜙(𝑥)|2,
and a physically admissible wave function must sat-
isfy

∫
∞

−∞
|𝜙(𝑥)|2 𝑑𝑥 = 1.

We take the positive 𝑥-direction as the coordinate di-
rection and write

𝜙(𝑥) = {𝑏𝑥
2, 0 ≤ 𝑥 ≤ 2,

0, otherwise.
The constant 𝑏 may be complex, but only |𝑏|2 enters
measurable probabilities. An overall phase is physi-
cally irrelevant, so 𝑏 may be chosen real and positive
after normalization. If 𝑥 has dimensions of length,
then [𝜙] = 𝐿−1/2 and consequently [𝑏] = 𝐿−5/2.
SOLUTION:

First normalize the wave function:

1 = ∫
∞

−∞
|𝜙(𝑥)|2 𝑑𝑥 = |𝑏|2 ∫

2

0
𝑥4 𝑑𝑥.

Therefore,

1 = |𝑏|2 [𝑥
5
5 ]

2

0
= |𝑏|2 2

5
5 = |𝑏|2 325 ,

so that

|𝑏|2 = 5
32 , |𝑏| = √

5
32 .

(i) The probability of finding the particle between
𝑥 = 1.0 and 𝑥 = 1.5 is

𝑃(1.0 ≤ 𝑥 ≤ 1.5) = ∫
3/2

1
|𝜙(𝑥)|2 𝑑𝑥 = |𝑏|2 ∫

3/2

1
𝑥4 𝑑𝑥.

Substituting the normalization constant,

𝑃 = 5
32 [𝑥

5
5 ]

3/2

1
= 1

32 [(32)
5
− 1] .

Since

(32)
5
= 243

32 ,
we obtain

𝑃 = 1
32 (24332 − 1) = 1

32 (21132 ) = 211
1024 .

Numerically,

𝑃 = 211
1024 ≃ 0.2061,

or approximately 20.6%.
(ii) The expectation value of the particle position is

⟨𝑥⟩ = ∫
∞

−∞
𝜙∗(𝑥) 𝑥 𝜙(𝑥) 𝑑𝑥 = ∫

2

0
𝑥|𝜙(𝑥)|2 𝑑𝑥.

Thus,

⟨𝑥⟩ = |𝑏|2 ∫
2

0
𝑥5 𝑑𝑥 = 5

32 [𝑥
6
6 ]

2

0
.

Hence,

⟨𝑥⟩ = 5
32

26
6 = 5

32
64
6 = 5

3 .

The result satisfies 0 < ⟨𝑥⟩ < 2, as required
because the probability density vanishes out-
side this interval. Moreover, since |𝜙(𝑥)|2 ∝ 𝑥4,
the probability is weighted toward larger 𝑥 , so
⟨𝑥⟩ = 5/3 > 1 is physically reasonable.

CONCLUSION:

The normalized wave function, up to an arbitrary con-
stant phase, is

𝜙(𝑥) = {√
5
32 𝑥2, 0 ≤ 𝑥 ≤ 2,

0, otherwise.
The requested results are

𝑃(1.0 ≤ 𝑥 ≤ 1.5) = 211
1024 ≃ 0.2061

and

⟨𝑥⟩ = 5
3 ≃ 1.67 .
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Thus, the probability is approximately 20.6%, and
the mean position lies toward the upper end of the
allowed interval because the probability density in-
creases as 𝑥4. The value of ⟨𝑥⟩ has the same position
unit as the stated 𝑥-coordinates.

IFoS · 2024 · 8 MARKS

Q8. Determine the size of the hydrogen
atom using uncertainty principle. Given that
the potential energy of electron 𝑉 = −𝑒2

4𝜋𝜀0𝑎
,

where 𝑎 is the distance of the electron from
the nucleus.

INTRODUCTION:

The electron cannot remain at rest near the proton:
localizing it within a region of characteristic radius
𝑎 necessarily produces momentum uncertainty and
hence kinetic energy. In the proton rest frame, ne-
glecting proton recoil and relativistic effects, the elec-
tron has total energy

𝐸 = 𝐾 + 𝑉 , 𝑉 (𝑎) = − 𝑒2
4𝜋𝜀0𝑎

.

Let 𝑚𝑒 be the electron mass. For localization over the
distance 𝑎, the uncertainty principle gives the order-
of-magnitude relation

Δ𝑥 Δ𝑝 ∼ ℏ, Δ𝑥 ∼ 𝑎,
so that

𝑝 ∼ Δ𝑝 ∼ ℏ
𝑎 .

The uncertainty principle fixes the characteristic
atomic length scale; numerical factors of order unity
depend on the precise definition of the position
spread. The conventional estimate 𝑝𝑎 ∼ ℏ yields the
Bohr radius.

SOLUTION:

The kinetic energy associated with the momentum
uncertainty is

𝐾(𝑎) ∼ 𝑝2
2𝑚𝑒

∼ ℏ2
2𝑚𝑒𝑎2

.

Hence the energy of an electron localized at a charac-
teristic distance 𝑎 is

𝐸(𝑎) ∼ ℏ2
2𝑚𝑒𝑎2

− 𝑒2
4𝜋𝜀0𝑎

.

The first term increases as 𝑎−2 when the electron
is confined more strongly, whereas the attractive

Coulomb energy decreases as −𝑎−1. Their competi-
tion therefore permits a stable finite atomic size.

The equilibrium size is found by minimizing 𝐸(𝑎):
𝑑𝐸
𝑑𝑎 = − ℏ2

𝑚𝑒𝑎3
+ 𝑒2
4𝜋𝜀0𝑎2

= 0.

Thus
ℏ2
𝑚𝑒𝑎3

= 𝑒2
4𝜋𝜀0𝑎2

,

and therefore

𝑎 = 4𝜋𝜀0ℏ2
𝑚𝑒𝑒2

.

This is the Bohr radius 𝑎0.
Using

𝜀0 = 8.854 × 10−12 Fm−1, ℏ = 1.055 × 10−34 J s,
𝑚𝑒 = 9.109 × 10−31 kg, 𝑒 = 1.602 × 10−19 C,

one obtains

𝑎0 = 4𝜋(8.854 × 10−12)(1.055 × 10−34)2
(9.109 × 10−31)(1.602 × 10−19)2 m

≃ 5.29 × 10−11 m.
Equivalently,

𝑎0 ≃ 0.529 Å.
The stationary point is a minimum because

𝑑2𝐸
𝑑𝑎2 = 3ℏ2

𝑚𝑒𝑎4
− 2𝑒2
4𝜋𝜀0𝑎3

.

At 𝑎 = 𝑎0, the equilibrium condition gives

𝑒2
4𝜋𝜀0𝑎30

= ℏ2
𝑚𝑒𝑎40

,

and hence
𝑑2𝐸
𝑑𝑎2 |𝑎0

= ℏ2
𝑚𝑒𝑎40

> 0.

Thus the uncertainty-induced kinetic energy prevents
collapse into the nucleus. Moreover, at the minimum,

𝑒2
4𝜋𝜀0𝑎0

= ℏ2
𝑚𝑒𝑎20

= 2𝐾,

so 𝑉 = −2𝐾 and 𝐸 = 𝐾 + 𝑉 = −𝐾 < 0, consistently
describing a bound state.

CONCLUSION:

The uncertainty principle gives the characteristic size
of the hydrogen atom as

𝑎0 =
4𝜋𝜀0ℏ2
𝑚𝑒𝑒2

≃ 5.29 × 10−11 m = 0.529 Å.

This is the Bohr radius, interpreted as the char-
acteristic electron–proton separation in the ground
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state. The result follows in the non-relativistic, fixed-
nucleus Coulomb approximation, with the uncer-
tainty estimate 𝑝𝑎 ∼ ℏ; replacing 𝑚𝑒 by the electron–
proton reduced mass gives the small finite-nuclear-
mass correction.

CSE · 2023 · 15 MARKS

Q9. A particle constrained to move along
𝑥-axis in the domain 0 ≤ 𝑥 ≤ 𝐿 has a wave
function 𝜓(𝑥) = sin ( 𝑛𝜋𝑥𝐿 ), where 𝑛 is an inte-
ger. Normalize the wave function and eval-
uate the expectation value of momentum of
the particle.

INTRODUCTION:

The required tasks are to determine the normalization
constant and to calculate the expectation value of the
momentum operator. Let

𝜓𝑁 (𝑥) = 𝐴 sin (𝑛𝜋𝑥𝐿 ) , 0 ≤ 𝑥 ≤ 𝐿,

and 𝜓𝑁 (𝑥) = 0 outside this interval. Here 𝐿 > 0, 𝑛
must be a nonzero integer, and 𝐴 may be chosen real
and positive because an overall constant phase has no
physical significance. The normalization condition
and the momentum operator in the position represen-
tation are

∫
𝐿

0
|𝜓𝑁 (𝑥)|2 𝑑𝑥 = 1, ̂𝑝𝑥 = −𝑖ℏ 𝑑

𝑑𝑥 .

The positive 𝑥-direction is taken as the positive direc-
tion of momentum.

SOLUTION:

Applying the normalization condition,

1 = |𝐴|2 ∫
𝐿

0
sin2 (𝑛𝜋𝑥𝐿 ) 𝑑𝑥.

Using

sin2 𝜃 = 1 − cos 2𝜃
2 ,

the integral becomes

∫
𝐿

0
sin2 (𝑛𝜋𝑥𝐿 ) 𝑑𝑥 = 1

2 ∫
𝐿

0
[1 − cos (2𝑛𝜋𝑥𝐿 )] 𝑑𝑥

= [𝑥2 − 𝐿
4𝑛𝜋 sin (2𝑛𝜋𝑥𝐿 )]

𝐿

0
= 𝐿

2 ,

since sin(2𝑛𝜋) = 0 for integer 𝑛. Hence

|𝐴|2 𝐿2 = 1 ⟹ |𝐴| = √
2
𝐿 .

Choosing 𝐴 real and positive gives

𝜓𝑁 (𝑥) = √
2
𝐿 sin (𝑛𝜋𝑥𝐿 ) .

The expectation value of momentum is

⟨𝑝𝑥 ⟩ = ∫
𝐿

0
𝜓 ∗𝑁 (𝑥) (−𝑖ℏ 𝑑

𝑑𝑥 ) 𝜓𝑁 (𝑥) 𝑑𝑥.

Since the normalized wave function is real,

𝑑𝜓𝑁
𝑑𝑥 = √

2
𝐿
𝑛𝜋
𝐿 cos (𝑛𝜋𝑥𝐿 ) .

Therefore,

⟨𝑝𝑥 ⟩ = −𝑖ℏ2𝑛𝜋𝐿2 ∫
𝐿

0
sin (𝑛𝜋𝑥𝐿 ) cos (𝑛𝜋𝑥𝐿 ) 𝑑𝑥

= −𝑖ℏ2𝑛𝜋𝐿2 [ 𝐿
2𝑛𝜋 sin2 (𝑛𝜋𝑥𝐿 )]

𝐿

0
= −𝑖ℏ

𝐿 [sin2(𝑛𝜋) − sin2(0)]
= 0.

Equivalently, for any real wave function vanishing at
both boundaries,

⟨𝑝𝑥 ⟩ = −𝑖ℏ
2 [𝜓 2𝑁 (𝑥)]

𝐿
0 = 0.

Although the mean momentum vanishes, the state is
not a momentum eigenstate. Indeed,

sin (𝑛𝜋𝑥𝐿 ) = 1
2𝑖 [𝑒

𝑖𝑛𝜋𝑥/𝐿 − 𝑒−𝑖𝑛𝜋𝑥/𝐿] ,

so the standing wave contains equal contributions
associated with opposite momenta +𝑛𝜋ℏ/𝐿 and
−𝑛𝜋ℏ/𝐿; their contributions to the mean cancel.

CONCLUSION:

For 𝐿 > 0 and any nonzero integer 𝑛, the normalized
wave function, up to an arbitrary constant phase, is

𝜓𝑁 (𝑥) = √
2
𝐿 sin (𝑛𝜋𝑥𝐿 ) , 0 ≤ 𝑥 ≤ 𝐿

and it vanishes outside the allowed interval. Its mo-
mentum expectation value is

⟨𝑝𝑥 ⟩ = 0 kgm s−1.

Thus the particle has no preferred average direction
ofmotion: the positive- and negative-momentum con-
tributions are balanced. The case 𝑛 = 0 is excluded
because it gives the identically zero function, which
cannot be normalized.
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IFoS · 2023 · 8 MARKS

Q10. Find the condition at which de Broglie
wavelength equals the Compton wavelength
for a particle.

INTRODUCTION:

For a free particle of rest mass 𝑚, the de Broglie wave-
length is

𝜆dB = ℎ
𝑝 ,

where 𝑝 is themagnitude of its relativisticmomentum.
Its Compton wavelength is

𝜆C = ℎ
𝑚𝑐 .

Since the required momentum may be relativistic, we
use

𝑝 = 𝛾𝑚𝑣, 𝛾 = 1
√1 − 𝑣2/𝑐2

,

in the inertial frame in which the particle moves with
speed 𝑣 .
SOLUTION:

Equating the two wavelengths,

𝜆dB = 𝜆C,
gives

ℎ
𝑝 = ℎ

𝑚𝑐 .

Therefore,
𝑝 = 𝑚𝑐.

Using 𝑝 = 𝛾𝑚𝑣 ,
𝛾𝑚𝑣 = 𝑚𝑐 ⟹ 𝛾𝑣 = 𝑐.

Writing 𝛽 = 𝑣/𝑐, this condition becomes

𝛽
√1 − 𝛽2

= 1.

Hence,
𝛽2 = 1 − 𝛽2, 2𝛽2 = 1,

so that
𝛽 = 1

√2
, 𝑣 = 𝑐

√2
.

The positive root is taken because 𝑣 denotes the speed.
Equivalently, the total relativistic energy is

𝐸 = √𝑝2𝑐2 + 𝑚2𝑐4 = √𝑚2𝑐4 + 𝑚2𝑐4 = √2𝑚𝑐2,
and therefore the kinetic energy is

𝐾 = 𝐸 − 𝑚𝑐2 = (√2 − 1)𝑚𝑐2.

The non-relativistic substitution 𝑝 = 𝑚𝑣 would in-
correctly give 𝑣 = 𝑐, where the non-relativistic mo-
mentum formula is invalid. The relativistic result
𝑣 = 𝑐/√2 < 𝑐 is physically admissible.

CONCLUSION:

The de Broglie wavelength of a massive particle
equals its Compton wavelength when

𝑝 = 𝑚𝑐 .

In terms of the particle speed and energy, the equiva-
lent conditions are

𝑣 = 𝑐
√2

, 𝐸 = √2𝑚𝑐2 , 𝐾 = (√2 − 1)𝑚𝑐2 .
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𝑑𝑧 = 1 ⋅ 5 T/mm. The speed of silver atoms coming

from the oven is 725 m/s. Silver atoms travel a distance of 3 cm through the
magnet. Calculate the separation of the two beams of atoms when they leave the
magnet. (4pt] [Given : The mass of a silver atom = 1 ⋅ 8 × 10−25 kg and its
magnetic moment is 1 Bohr magneton.]
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Q1. In a Stern–Gerlach experiment, the
magnetic field varies with distance in the 𝑧-
direction according to

𝑑𝐵𝑧
𝑑𝑧 = 1⋅5 T/mm. The

speed of silver atoms coming from the oven
is 725 m/s. Silver atoms travel a distance of
3 cm through the magnet. Calculate the sep-
aration of the two beams of atoms when they
leave the magnet. (4pt] [Given : The mass of
a silver atom= 1⋅8×10−25 kg and its magnetic
moment is 1 Bohr magneton.]

INTRODUCTION:

The required quantity is the transverse separation of
the two silver-atom beams at the exit of the magnet.
Let the incident beam travel along the 𝑥-direction and
let +𝑧 be the direction in which 𝐵𝑧 increases, so that

𝑑𝐵𝑧
𝑑𝑧 > 0.

In an ideal Stern–Gerlach magnet, an atom with
magnetic-moment component 𝜇𝑧 has magnetic poten-
tial energy

𝑈 = −𝜇𝑧𝐵𝑧
and therefore experiences the force

𝐹𝑧 = −𝜕𝑈
𝜕𝑧 = 𝜇𝑧

𝑑𝐵𝑧
𝑑𝑧 .

For silver atoms the two allowed moment compo-
nents are taken as

𝜇𝑧 = ±𝜇𝐵 , 𝜇𝐵 = 9.27 × 10−24 J T−1.
We assume a constant field gradient throughout the
3 cm magnet, negligible initial velocity in the 𝑧-
direction, unchanged longitudinal speed, and negligi-
ble fringe-field and gravitational effects.

SOLUTION:

First convert the magnetic-field gradient to SI units:

𝑑𝐵𝑧
𝑑𝑧 = 1.5 Tmm−1 = 1.5 × 103 Tm−1.

Thus the two magnetic-moment orientations experi-
ence equal and opposite forces,

𝐹𝑧,± = ±𝜇𝐵
𝑑𝐵𝑧
𝑑𝑧 ,

whose common magnitude is

𝐹 = (9.27 × 10−24 J T−1)(1.5 × 103 Tm−1) = 1.39 × 10−20 N.
The corresponding transverse accelerations are

𝑎𝑧,± = 𝐹𝑧,±
𝑚 = ±𝜇𝐵

𝑚
𝑑𝐵𝑧
𝑑𝑧 ,

so their common magnitude is

𝑎 = 1.39 × 10−20 N
1.8 × 10−25 kg

= 7.73 × 104 ms−2.

The time spent inside themagnet is determined by the
longitudinal motion:

𝑡 = 𝐿
𝑣 = 3.0 × 10−2 m

725 ms−1
= 4.14 × 10−5 s.

Since the initial transverse velocity is zero, the dis-
placement of each component is

𝑧± = 1
2𝑎𝑧,±𝑡

2.

Hence the two displacements are equal in magnitude
and opposite in direction. Their separation at the
magnet exit is therefore

Δ𝑧 = 𝑧+ − 𝑧− = 𝑎𝑡2 = 𝜇𝐵
𝑚

𝑑𝐵𝑧
𝑑𝑧 (𝐿𝑣 )

2
.

Substituting the data,

Δ𝑧 = (9.27 × 10−24 J T−1)(1.5 × 103 Tm−1)
1.8 × 10−25 kg

(3.0 × 10
−2 m

725 ms−1
)
2

= (7.73 × 104 ms−2)(4.14 × 10−5 s)2
= 1.32 × 10−4 m.

Equivalently, each beam is displaced from the unde-
flected axis by

|𝑧±| = Δ𝑧
2 = 6.62 × 10−5 m.

The component with 𝜇𝑧 = +𝜇𝐵 moves toward +𝑧, the
direction of increasing field, whereas the component
with 𝜇𝑧 = −𝜇𝐵 moves toward −𝑧. The result also has
the expected dependence Δ𝑧 ∝ (𝑑𝐵𝑧/𝑑𝑧)𝐿2/𝑣2: the
splitting vanishes for zero field gradient and increases
for a longer interaction time.

CONCLUSION:

The separation of the two silver-atom beams as they
leave the magnet is

Δ𝑧 = 1.3 × 10−4 m ≃ 0.13 mm .
The two beams are separated along the 𝑧-direction:
the 𝜇𝑧 = +𝜇𝐵 component is deflected toward +𝑧,
while the 𝜇𝑧 = −𝜇𝐵 component is deflected toward
−𝑧. Each beam is approximately 6.6 × 10−5 m from
the original beam axis. This result applies for a uni-
form field gradient, negligible initial transverse veloc-
ity and fringe fields, and approximately constant lon-
gitudinal speed; the opposite deflections demonstrate
the two allowed orientations of the silver atom’s mag-
netic moment.
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Q2. Why can the experimental observation
of the Lamb shift not be explained by the
Dirac theory?

INTRODUCTION:

The Lamb shift is the experimentally observed sepa-
ration of atomic energy levels that the one-electron
Dirac theory predicts to be degenerate, most notably
the 2𝑆1/2 and 2𝑃1/2 levels of hydrogen. The question
therefore requires a comparison between the Dirac
spectrum in a static Coulomb field and the experimen-
tally observed spectrum.

We assume an infinitely heavy, pointlike nucleus pro-
ducing the Coulomb potential

𝑉 (𝑟) = − 𝑍𝑒2
4𝜋𝜀0𝑟

.

In the Dirac theory the electron is relativistic, but the
electromagnetic field is treated as a prescribed classi-
cal field. Consequently, electron spin and relativistic
effects are included, whereas the quantized electro-
magnetic vacuum, radiative self-energy, vacuum po-
larization, and nuclear recoil or finite-size corrections
are absent.

SOLUTION:

The stationary Dirac equation for an electron in the
nuclear Coulomb field is

[𝑐 𝛼 ⋅ p + 𝛽𝑚𝑐2 + 𝑉 (𝑟)] 𝜓 = 𝐸𝜓 .
Its bound-state energy eigenvalues may be written as

𝐸𝑛𝑗 = 𝑚𝑐2
⎡⎢⎢⎢⎢
⎣

1 + (𝑍𝛼)2

(𝑛 − 𝑗 − 1
2 + √(𝑗 + 1

2)
2 − (𝑍𝛼)2)

2

⎤⎥⎥⎥⎥
⎦

−1/2

,

where 𝑛 is the principal quantum number, 𝑗 is the total
electronic angular-momentum quantum number, and

𝛼 = 𝑒2
4𝜋𝜀0ℏ𝑐

is the fine-structure constant.

A decisive feature of this result is that the Coulomb-
Dirac energy depends on 𝑛 and 𝑗, but not separately
on the orbital angular-momentum quantum number 𝑙.
For the two states

2𝑆1/2 ∶ 𝑛 = 2, 𝑙 = 0, 𝑗 = 1
2 ,

and
2𝑃1/2 ∶ 𝑛 = 2, 𝑙 = 1, 𝑗 = 1

2 ,
the values of 𝑛 and 𝑗 are identical. Hence the Dirac
formula gives

𝐸Dirac2𝑆1/2 = 𝐸Dirac2𝑃1/2 ,
or

Δ𝐸Dirac = 𝐸Dirac2𝑆1/2 − 𝐸Dirac2𝑃1/2 = 0.

This degeneracy is not merely a consequence of a
low-order approximation. It is an exact property of
the Dirac equation for an electron in an ideal 1/𝑟
Coulomb potential. The Dirac theory successfully ac-
counts for the leading relativistic fine structure, in-
cluding spin-orbit coupling and the relativistic correc-
tion to the kinetic energy, but these contributions still
leave states with the same 𝑛 and 𝑗 degenerate.
Experimentally, however, the 2𝑆1/2 level lies above
the 2𝑃1/2 level by a small but nonzero amount:

𝐸2𝑆1/2 − 𝐸2𝑃1/2 > 0.
This observed separation is the Lamb shift. Since the
uncorrected Dirac theory predicts the separation to
be exactly zero, the observation cannot be explained
within that theory.

The missing physics appears when the electromag-
netic field is quantized. In quantum electrodynamics,
an atomic electron interacts continually with vacuum
electromagnetic fluctuations. The principal radiative
corrections are:

1. The electron self-energy: the electron emits
and reabsorbs virtual photons, thereby chang-
ing its bound-state energy.

2. Vacuum polarization: virtual electron-positron
pairs modify the effective Coulomb interaction
between the nucleus and the electron.

These corrections depend on the spatial form of
the electron wavefunction and therefore distinguish
states having the same 𝑛 and 𝑗 but different 𝑙. In par-
ticular, an 𝑆-state wavefunction is nonzero at the nu-
cleus,

|𝜓𝑛𝑆(0)|2 ≠ 0,
whereas a 𝑃-state wavefunction vanishes there,

|𝜓𝑛𝑃 (0)|2 = 0.
Short-distance radiative modifications of the electron-
nucleus interaction consequently affect the 2𝑆1/2
state more strongly than the 2𝑃1/2 state. The degen-
eracy of the Coulomb-Dirac spectrum is therefore re-
moved.

Schematically, the physical energies have the form

𝐸𝑛𝑙𝑗 = 𝐸Dirac𝑛𝑗 +Δ𝐸self-energy
𝑛𝑙𝑗 +Δ𝐸vacuum polarization

𝑛𝑙𝑗 +⋯ ,
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so that

𝐸2𝑆1/2 − 𝐸2𝑃1/2 = Δ𝐸QED
2𝑆1/2 − Δ𝐸QED

2𝑃1/2 ≠ 0.
The experimentally observed sign, with the 2𝑆1/2
level shifted upward relative to 2𝑃1/2, is reproduced
by the full radiative calculation.

CONCLUSION:

The Dirac equation in a static Coulomb potential pre-
dicts that energy depends only on 𝑛 and 𝑗. It therefore
gives

𝐸Dirac2𝑆1/2 = 𝐸Dirac2𝑃1/2 , Δ𝐸Dirac = 0.

Experiment instead finds a nonzero splitting, with
2𝑆1/2 above 2𝑃1/2. Thus the Lamb shift lies beyond
the one-particle Dirac theory and demonstrates the
necessity of quantum-electrodynamic radiative cor-
rections, chiefly electron self-energy and vacuum po-
larization.

CSE · 2026 · 8 MARKS

Q3. Calculate the number of permitted elec-
trons in a sub-shell and a shell in an atom.

INTRODUCTION:

The maximum number of electrons permitted in an
atomic state is determined by the quantum numbers
and the Pauli exclusion principle: no two electrons in
an atom can have the same set of four quantum num-
bers

(𝑛, 𝑙, 𝑚𝑙 , 𝑚𝑠).
Here 𝑛 = 1, 2, 3, … is the principal quantum number,
𝑙 = 0, 1, … , 𝑛 − 1 is the orbital angular-momentum
quantum number, 𝑚𝑙 = −𝑙, −𝑙 + 1, … , 𝑙 is the mag-
netic quantum number, and 𝑚𝑠 = ± 1

2 is the spin quan-
tum number. A sub-shell is specified by fixed 𝑛 and 𝑙,
whereas a shell is specified only by fixed 𝑛.
SOLUTION:

For a sub-shell of orbital quantum number 𝑙, the al-
lowed values of 𝑚𝑙 are

−𝑙, −𝑙 + 1, … , 0, … , 𝑙 − 1, 𝑙.
Hence the number of distinct spatial orbitals in that
sub-shell is

𝑁orb = 𝑙 − (−𝑙) + 1 = 2𝑙 + 1.
For each orbital, 𝑚𝑠 can take the two values + 1

2 and

− 1
2 . Thus, by the Pauli exclusion principle, each or-

bital can accommodate at most two electrons. There-
fore,

𝑁sub−shell = 2(2𝑙 + 1) .

Consequently, the maximum occupancies of the
𝑠, 𝑝, 𝑑, and 𝑓 sub-shells are respectively

Sub-shell 𝑙 2(2𝑙 + 1)
𝑠 0 2
𝑝 1 6
𝑑 2 10
𝑓 3 14

For a shell with principal quantum number 𝑛, the al-
lowed sub-shells have

𝑙 = 0, 1, 2, … , 𝑛 − 1.
The maximum number of electrons in the shell is
therefore the sum of the capacities of all its sub-shells:

𝑁shell =
𝑛−1
∑
𝑙=0

2(2𝑙 + 1).

Using

𝑛−1
∑
𝑙=0

(2𝑙 + 1) = 2𝑛(𝑛 − 1)
2 + 𝑛 = 𝑛2,

we obtain
𝑁shell = 2𝑛2 .

For example, the 𝑛 = 1, 2, 3, and 4 shells can contain
at most

2, 8, 18, 32
electrons, respectively. For 𝑛 = 1, only 𝑙 = 0 is per-
mitted, so the shell capacity 2𝑛2 = 2 correctly agrees
with the 1𝑠 sub-shell capacity.
CONCLUSION:

A sub-shell with orbital quantum number 𝑙 contains
2𝑙 + 1 orbitals and can accommodate a maximum of

2(2𝑙 + 1) electrons .

A shell with principal quantum number 𝑛, containing
all sub-shells 𝑙 = 0 to 𝑛 − 1, can accommodate a maxi-
mum of

2𝑛2 electrons .
These maximum occupancies follow directly from the
allowed quantum-number states and the Pauli exclu-
sion principle.

CSE · 2026 · 12 MARKS

Q4. Explain how Pauli’s exclusion princi-
ple helps in determining the electronic con-
figuration in a many-electron system.
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INTRODUCTION:

An electronic configuration specifies how the elec-
trons of an atom are distributed among its orbitals. In
a many-electron atom, a one-electron state is labelled
by four quantum numbers:

(𝑛, 𝑙, 𝑚𝑙 , 𝑚𝑠),
where 𝑛 is the principal quantum number, 𝑙 the orbital
angular-momentum quantum number, 𝑚𝑙 its mag-
netic quantum number, and 𝑚𝑠 = ± 1

2 the spin pro-
jection.

Electrons are identical spin- 12 fermions, so their total
many-electron wavefunction must be antisymmetric
under the interchange of any two electrons. This re-
quirement gives Pauli’s exclusion principle:

No two electrons in an atom can have the
same set of all four quantum numbers.

The principle determines the maximum allowed oc-
cupation of every orbital and subshell. The actual or-
der of filling is additionally governed by orbital ener-
gies, while the distribution among degenerate orbitals
is governed by Hund’s rules.

SOLUTION:

For a specified spatial orbital (𝑛, 𝑙, 𝑚𝑙), the only re-
maining quantum number is the spin projection.
Since an electron can have only

𝑚𝑠 = +1
2 or 𝑚𝑠 = −1

2 ,

at most two electrons can occupy that spatial orbital.
If two electrons occupy it, their spins must be oppo-
site:

(𝑛, 𝑙, 𝑚𝑙 , + 1
2 ), (𝑛, 𝑙, 𝑚𝑙 , − 1

2 ).
A third electron would necessarily repeat one of these
two complete sets of quantum numbers and is there-
fore forbidden.

For a subshell with orbital quantum number 𝑙,
𝑚𝑙 = −𝑙, −𝑙 + 1, … , 𝑙,

so there are 2𝑙 + 1 distinct spatial orbitals. Each or-
bital can contain two electrons; hence the maximum
capacity of the subshell is

𝑁𝑙 = 2(2𝑙 + 1).
Thus,

subshell 𝑙 maximum number of electrons
𝑠 0 2
𝑝 1 6
𝑑 2 10
𝑓 3 14

For a shell of principal quantum number 𝑛, the al-
lowed values are

𝑙 = 0, 1, … , 𝑛 − 1.
Therefore its maximum electronic capacity is

𝑁𝑛 =
𝑛−1
∑
𝑙=0

2(2𝑙 + 1) = 2
𝑛−1
∑
𝑙=0

(2𝑙 + 1) = 2𝑛2,

because the sumof the first 𝑛 odd integers is 𝑛2. Hence
the 𝐾 , 𝐿, and 𝑀 shells can accommodate at most 2, 8,
and 18 electrons, respectively.

To construct the ground-state configuration of an
atomwith atomic number 𝑍 , its 𝑍 electrons are placed
successively in the available one-electron states:

1. Orbitals are filled approximately in increasing
order of energy, according to the Aufbau prin-
ciple.

2. Pauli’s principle restricts each orbital to at most
two electrons with opposite spins.

3. When several orbitals of the same subshell are
degenerate, Hund’s first rule places electrons
singly with parallel spins before pairing occurs,
thereby reducing electron–electron repulsion
and lowering the energy.

For example, carbon has 𝑍 = 6. Filling the lowest-
energy orbitals gives

1𝑠2 2𝑠2 2𝑝2.
The 1𝑠 and 2𝑠 orbitals each contain two electrons of
opposite spin, as required by Pauli’s principle. The
two 2𝑝 electrons occupy two different 𝑝-orbitals with
parallel spins in the ground state:

2𝑝1𝑥 2𝑝1𝑦 2𝑝0𝑧 ,
up to an equivalent choice of the degenerate 𝑝-
orbitals. Pauli’s principle forbids placing more than
two electrons in any one of these orbitals; Hund’s rule
determines the energetically preferred distribution be-
fore pairing.

The wavefunction basis of this restriction can be seen
from a two-electron antisymmetric state,

Ψ(1, 2) = 1
√2

[𝜙𝑎(1)𝜙𝑏(2) − 𝜙𝑎(2)𝜙𝑏(1)] .

If the two electrons were assigned the same spin-
orbital, 𝜙𝑎 = 𝜙𝑏 = 𝜙, then

Ψ(1, 2) = 1
√2

[𝜙(1)𝜙(2) − 𝜙(2)𝜙(1)] = 0.

Thus a physical many-electron state cannot contain
two electrons in the same spin-orbital. This is why
Pauli’s principle fixes the allowed occupancies and
gives the characteristic shell structure underlying the
periodic table.
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CONCLUSION:

Pauli’s exclusion principle determines electronic con-
figurations by allowing each spin-orbital to be occu-
pied by at most one electron, or equivalently each
spatial orbital by at most two electrons with opposite
spins. Consequently, a subshell with quantum num-
ber 𝑙 holds at most 2(2𝑙 + 1) electrons and a shell with
principal quantum number 𝑛 holds at most 2𝑛2 elec-
trons. Together with the orbital-energy ordering and
Hund’s rules, this restriction uniquely specifies the al-
lowed ground-state distribution of electrons and ac-
counts for atomic shell structure, valency, and the pe-
riodic recurrence of chemical properties.

CSE · 2025 · 15 MARKS

Q5. The Stern-Gerlach experiment is a
landmark experiment in quantum mechan-
ics. Discuss about the most important find-
ings of this experiment.

INTRODUCTION:

The Stern–Gerlach experiment tests whether the com-
ponent of an atomic magnetic moment along a cho-
sen direction can vary continuously, as expected clas-
sically, or can assume only discrete quantum values.
A collimated beam of neutral atoms is passed through
a strongly inhomogeneous magnetic field and the spa-
tial distribution of the emerging atoms is recorded.

Choose a laboratory frame in which the atomic beam
travels along+𝑥 . Near the beam axis, let the magnetic
field be predominantly along 𝑧,

B ≃ 𝐵𝑧(𝑧) ẑ, 𝐺 ≡ 𝜕𝐵𝑧
𝜕𝑧 > 0.

Thus increasing 𝑧 is the direction of increasing field
magnitude. This convention will be used for all force
and path assignments.

The atoms are assumed to move independently in vac-
uum. Their centre-of-mass motion may be treated
semiclassically, whereas their internal angular mo-
mentum is treated quantum mechanically. The field
direction is assumed to vary sufficiently slowly along
an atomic trajectory that themagnetic-moment eigen-
state follows the local field direction. Nuclear mag-
netic moments and other small corrections are ne-
glected in comparison with the electronic magnetic
moment. Neutral atoms are used so that there is no
ordinary Lorentz force 𝑞v × B.
The governing interaction between an atomic mag-
netic moment 𝜇 and the field is

𝐻int = −𝜇 ⋅ B.

The experiment therefore converts the allowed eigen-
values of the magnetic-moment component into dis-
tinguishable spatial deflections.

SOLUTION:

For a moment eigenstate having a definite component
𝜇𝑧 along the local field, its magnetic interaction en-
ergy is

𝐸(𝑧) = −𝜇𝑧𝐵𝑧(𝑧).
The corresponding force follows from the spatial
derivative of the energy:

𝐹𝑧 = −𝜕𝐸
𝜕𝑧 = 𝜇𝑧

𝜕𝐵𝑧
𝜕𝑧 = 𝜇𝑧𝐺.

Consequently, a uniform magnetic field may produce
a torque or a Zeeman energy splitting, but it cannot
separate the beam spatially because 𝐺 = 0. The inho-
mogeneity of the field is essential.

Classically, the magnetic moments in an unpolar-
ized beam could be oriented at any angle 𝜃 to the 𝑧-
axis. Their components would then form a continu-
ous range,

𝜇𝑧 = 𝜇 cos 𝜃, −𝜇 ≤ 𝜇𝑧 ≤ 𝜇,
and hence

−𝜇𝐺 ≤ 𝐹𝑧 ≤ 𝜇𝐺.
The detector should therefore show a continuously
broadened band rather than sharply separated com-
ponents.

Quantum mechanically, an atom with total electronic
angular momentum J has

𝐽 2 = 𝐽(𝐽 + 1)ℏ2, 𝐽𝑧 = 𝑚𝐽ℏ,
where

𝑚𝐽 = −𝐽 , −𝐽 + 1,… , 𝐽 .
For an electronic magnetic moment,

𝜇 = −𝑔𝐽 𝜇𝐵 Jℏ , 𝜇𝐵 = 𝑒ℏ
2𝑚𝑒

,

where 𝑔𝐽 is the Lande factor and 𝜇𝐵 is the Bohr mag-
neton. Hence

𝜇𝑧 = −𝑔𝐽 𝜇𝐵𝑚𝐽
and the allowed forces are

𝐹𝑧 = −𝑔𝐽 𝜇𝐵𝑚𝐽𝐺.
There are only 2𝐽 +1 possible values of𝑚𝐽 , so an ideal
beam separates into 2𝐽 + 1 discrete components.

Stern and Gerlach used silver atoms. The ground-
state electronic configuration is

[Kr] 4𝑑105𝑠1.
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The closed shells make no net contribution to the elec-
tronic angular momentum. For the single 5𝑠 electron,

𝐿 = 0, 𝑆 = 1
2 , 𝐽 = 1

2 ,
so the silver ground state is a two-state system with

𝑚𝐽 = +1
2 or 𝑚𝐽 = −1

2 .
Since 𝐿 = 0, the Lande factor is approximately

𝑔𝐽 ≃ 2.
Therefore,

𝑚𝐽 = +1
2 ∶ 𝜇𝑧 = −𝜇𝐵 , 𝐹𝑧 = −𝜇𝐵𝐺,

𝑚𝐽 = −1
2 ∶ 𝜇𝑧 = +𝜇𝐵 , 𝐹𝑧 = +𝜇𝐵𝐺.

With the convention 𝐺 > 0, the 𝑚𝐽 = + 1
2 state is

deflected toward decreasing 𝑧, while the 𝑚𝐽 = − 1
2

state is deflected toward increasing 𝑧. This reversal
between angular momentum and magnetic-moment
directions occurs because the electron has negative
charge. In the limit 𝐺 → 0, both forces vanish, as
required for a uniform field.

The most important findings and implications are as
follows.

1. The observed silver beam divided into two dis-
tinct components instead of forming the con-
tinuous band predicted by classical orienta-
tion theory. This supplied direct evidence for
space quantization: only discrete projections of
atomic angular momentum and magnetic mo-
ment are obtained along the measurement axis.

The quantization axis is not a permanently pre-
ferred direction in space. It is selected by
the orientation of the Stern–Gerlach magnetic
field.

2. The twofold splitting is explained in modern
quantum mechanics by the intrinsic spin of the
unpaired 5𝑠 electron:

𝑆 = 1
2 , 𝑆𝑧 = ±ℏ

2 .
The experiment was performed before electron
spin had been introduced, so it was originally
interpreted as evidence for quantized atomic an-
gular momentum. Its modern interpretation es-
tablishes the characteristic two-valuedness of a
spin- 12 system.

3. The result shows that intrinsic spin is not an
ordinary classical rotation of an extended body.
For any chosen measurement axis, a spin- 12 par-
ticle yields only two component values, even
though a classical angular-momentum vector
could have a continuous range of projections.

4. A Stern–Gerlach apparatus acts as a spin anal-
yser. If a general incident spin state is written
as

|𝜓 ⟩ = 𝑎| +𝑧⟩ + 𝑏| −𝑧⟩, |𝑎|2 + |𝑏|2 = 1,
where

𝑆𝑧 | ± 𝑧⟩ = ±ℏ
2 | ± 𝑧⟩,

then the two separated paths occur with proba-
bilities

𝑃(+𝑧) = |𝑎|2, 𝑃(−𝑧) = |𝑏|2.
Here the labels +𝑧 and −𝑧 denote spin eigenval-
ues, not spatial deflection directions. For 𝐺 > 0,

| +𝑧⟩ ⟶ path toward decreasing 𝑧
| −𝑧⟩ ⟶ path toward increasing 𝑧.

If one output path is selected and the other is
blocked, the apparatus also prepares the atoms
in a definite spin eigenstate.

5. Successive Stern–Gerlach measurements
demonstrate the incompatibility of spin compo-
nents along different axes. An atom prepared
in | + 𝑧⟩ gives the same definite result when
measured again along 𝑧. However,

| +𝑧⟩ = 1
√2

(| +𝑥⟩ + | −𝑥⟩) ,

so a subsequent measurement along 𝑥 produces
the two 𝑆𝑥 values with equal probabilities:

𝑃(+𝑥) = 𝑃(−𝑥) = 1
2 .

This follows from the angular-momentum com-
mutation relation

[𝑆𝑥 , 𝑆𝑧] = −𝑖ℏ𝑆𝑦 ≠ 0.
Thus 𝑆𝑥 and 𝑆𝑧 cannot simultaneously possess
sharp values.

6. The experiment demonstrates how a quantum
internal degree of freedom becomes correlated
with a macroscopic spatial path. The inhomo-
geneous field produces the association

𝑚𝐽 = +1
2 ⟷ 𝐹𝑧 = −𝜇𝐵𝐺

𝑚𝐽 = −1
2 ⟷ 𝐹𝑧 = +𝜇𝐵𝐺.

This state-dependent separation is the basic
principle behind spin filtering, atomic-beam
magnetic-resonance techniques and many
quantum-state measurements.
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Sharp resolution of the two components requires the
field gradient and interaction time to be sufficiently
large, while the incident beam must be sufficiently
well collimated that the separation exceeds the spread
caused by the initial transverse velocities. The atomic
magnetic state must also remain correlated with the
local field direction during passage through the mag-
net. These conditions distinguish the quantum split-
ting from ordinary geometrical broadening of the
beam.

CONCLUSION:

The decisive observation of the Stern–Gerlach experi-
ment is that a neutral silver-atom beam separates into
two discrete components rather than a continuous dis-
tribution. For the silver ground state,

𝐽 = 𝑆 = 1
2

𝑚𝐽 = ±1
2

𝜇𝑧 = −𝑔𝐽 𝜇𝐵𝑚𝐽
𝑔𝐽 ≃ 2

where 𝜇𝐵 is measured in J T−1. With

𝐺 = 𝜕𝐵𝑧
𝜕𝑧 > 0,

the two force eigenvalues, measured in newtons, are

𝑚𝐽 = +1
2 ∶ 𝐹𝑧 = −𝜇𝐵𝐺 toward decreasing 𝑧,

and

𝑚𝐽 = −1
2 ∶ 𝐹𝑧 = +𝜇𝐵𝐺 toward increasing 𝑧.

Provided that the beam is adequately collimated, the
magnetic-field gradient is sufficiently strong, and
the internal state remains correlated with the lo-
cal field, the experiment establishes discrete angular-
momentum projections and the two-valued spin- 12 de-
gree of freedom. Its broader inference is that quan-
tummeasurement is probabilistic and axis-dependent:
a Stern–Gerlach apparatus can analyse and prepare
spin states, while spin components along different
axes are incompatible because their operators do not
commute. Atomic angular momentum is therefore
intrinsically quantum mechanical and cannot be rep-
resented by a classical continuous distribution of
magnetic-moment orientations.

CSE · 2025 · 10 MARKS

Q6. Draw the normal Zeeman pattern for
1F3 − 1D2 transition.

INTRODUCTION:

The magnetic field is taken along the +𝑧-direction,
B = 𝐵ẑ, 𝐵 > 0,

and the weak-field Zeeman regime is assumed, so that
the spin-orbit coupling remains intact and 𝐿, 𝑆, 𝐽 , 𝑀
are good quantum numbers. The first-order magnetic
interaction is

𝐻𝑍 = 𝜇B
ℏ (L + 2S) ⋅ B,

giving the level shift

Δ𝐸 = 𝜇B𝑔𝐽𝐵𝑀,
where

𝑔𝐽 = 1 + 𝐽(𝐽 + 1) + 𝑆(𝑆 + 1) − 𝐿(𝐿 + 1)
2𝐽 (𝐽 + 1) .

Let𝑀𝑢 and𝑀𝑙 denote themagnetic quantum numbers
of the upper and lower levels. The sign convention
used for a component is

𝑞 = 𝑀𝑢 − 𝑀𝑙 .
For an electric-dipole transition,

𝑞 = 0, ±1.
The 𝑞 = 0 component is denoted by 𝜋 , while 𝑞 = +1
and 𝑞 = −1 are denoted by 𝜎+ and 𝜎−, respectively.
The required pattern is obtained by finding the mag-
netic sublevels, the allowed transitions between them,
and the corresponding frequency and polarization of
each distinct component.

SOLUTION:

For both terms the multiplicity is 2𝑆 + 1 = 1, hence
𝑆 = 0.

Therefore 𝐽 = 𝐿, and the Lande factor reduces to

𝑔𝐽 = 1 + 𝐽(𝐽 + 1) − 𝐿(𝐿 + 1)
2𝐽 (𝐽 + 1) = 1.

Thus

𝑔𝑢 = 𝑔(1F3) = 1, 𝑔𝑙 = 𝑔(1D2) = 1,
which is the defining condition for a normal Zeeman
pattern.

The upper level has

𝐽𝑢 = 3, 𝑀𝑢 = −3, −2, −1, 0, 1, 2, 3,
and therefore splits into seven equally spaced sub-
levels:

𝐸𝑢(𝑀𝑢) = 𝐸(0)𝑢 + 𝜇B𝐵𝑀𝑢 .
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The lower level has

𝐽𝑙 = 2, 𝑀𝑙 = −2, −1, 0, 1, 2,
and splits into five equally spaced sublevels:

𝐸𝑙(𝑀𝑙) = 𝐸(0)𝑙 + 𝜇B𝐵𝑀𝑙 .

If

𝜈0 =
𝐸(0)𝑢 − 𝐸(0)𝑙

ℎ
is the zero-field transition frequency, an allowed Zee-
man transition has frequency

𝜈(𝑀𝑢 , 𝑀𝑙) =
𝐸𝑢(𝑀𝑢) − 𝐸𝑙(𝑀𝑙)

ℎ
= 𝜈0 +

𝜇B𝐵
ℎ (𝑀𝑢 − 𝑀𝑙).

Defining

𝜈L = 𝜇B𝐵
ℎ ,

this becomes

𝜈 = 𝜈0 + 𝑞𝜈L, 𝑞 = 0, ±1.
Although there are fifteen allowed magnetic-sublevel
transitions, all transitions with the same 𝑞 have the
same frequency. They therefore form only three re-
solved spectral components:

𝑞 allowed (𝑀𝑢 , 𝑀𝑙) frequency component
−1 (−3, −2), (−2, −1), (−1, 0), (0, 1), (1, 2) 𝜈0 − 𝜈L 𝜎−
0 (−2, −2), (−1, −1), (0, 0), (1, 1), (2, 2) 𝜈0 𝜋
+1 (−1, −2), (0, −1), (1, 0), (2, 1), (3, 2) 𝜈0 + 𝜈L 𝜎+

The sublevel splitting, representative transitions, and
the spectrum for observation perpendicular to B are
shown below. The central line is drawn with twice
the height of either side line because the transverse
intensity ratio is 2 ∶ 1 ∶ 1.
𝐸
+3+2+10−1−2−3

1F3

+2+10−1−2 1D2

𝑞 = −1𝑞 = 0𝑞 = +1

B

+𝑧 𝜈

𝜎−

𝜋

𝜎+

𝜈0𝜈L 𝜈L

𝜃 = 𝜋/2

For an equally populated upper level, rotational sym-
metry and the Wigner–Eckart theorem imply equal
total angle-integrated strengths for the three groups
𝑞 = −1, 0, +1. Their observed intensities nevertheless
depend on the angle 𝜃 between the line of sight and
B. The angular factors are proportional to

𝐼𝜋 (𝜃) ∝ sin2 𝜃, 𝐼𝜎±(𝜃) ∝
1 + cos2 𝜃

2 .

Consequently, for transverse observation, 𝜃 = 𝜋/2,
𝐼𝜋 ∶ 𝐼𝜎+ ∶ 𝐼𝜎− = 2 ∶ 1 ∶ 1.

The 𝜋 component is then linearly polarized parallel to
B, whereas the two 𝜎 components are linearly polar-
ized perpendicular to B.

For longitudinal observation, 𝜃 = 0,
𝐼𝜋 = 0, 𝐼𝜎+ = 𝐼𝜎− ,

and the two 𝜎 components are oppositely circularly
polarized. Their handedness is interchanged if the di-
rection of observation is reversed.

As 𝐵 → 0, 𝜈L → 0, so all three components merge
continuously into the original line at 𝜈0, as required.
CONCLUSION:

The 1F3−1D2 transition gives a normal Zeeman triplet
because both singlet levels have

𝑔𝑢 = 𝑔𝑙 = 1.
With B = 𝐵ẑ, 𝐵 > 0, and 𝑞 = 𝑀𝑢 − 𝑀𝑙 , the three
components are

𝜈𝜎− = 𝜈0 −
𝜇B𝐵
ℎ

𝜈𝜋 = 𝜈0

𝜈𝜎+ = 𝜈0 +
𝜇B𝐵
ℎ .

Here 𝜇B𝐵/ℎ is in hertz. The adjacent frequency sepa-
ration is

Δ𝜈 = 𝜇B𝐵
ℎ ,

and the separation of the two 𝜎 components is

𝜈𝜎+ − 𝜈𝜎− = 2𝜇B𝐵
ℎ .

Thus 𝜎− is displaced toward lower frequency and
longer wavelength, while 𝜎+ is displaced toward
higher frequency and shorter wavelength. For trans-
verse observation the polarization directions are

𝜋 ∥ B, 𝜎± ⟂ B,
with intensity ratio

𝐼𝜋 ∶ 𝐼𝜎+ ∶ 𝐼𝜎− = 2 ∶ 1 ∶ 1 .

For longitudinal observation the 𝜋 component is ab-
sent and the two 𝜎 components are oppositely circu-
larly polarized. These results apply in the weak-field
Zeeman regime in which 𝐽 remains a good quantum
number.
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Q7. 𝑛1 = 6, 𝑙1 = 3, 𝑠1 = 1
2 𝑛2 = 5, 𝑙2 =

1, 𝑠2 = 1
2 The quantum numbers of two

electrons in a two-valence electron atom are
𝑛1 = 6, 𝑙1 = 3, 𝑠1 = 1

2 𝑛2 = 5, 𝑙2 =
1, 𝑠2 = 1

2 Assuming 𝐿-𝑆 coupling, find the
possible values of 𝐿 and 𝐽 .

INTRODUCTION:

In 𝐿-𝑆 coupling, the individual orbital angular mo-
menta first combine to form

L = l1 + l2,
and the two electron spins combine to form

S = s1 + s2.
The resultant orbital and spin angular momenta then
combine according to

J = L + S.
Here 𝐿, 𝑆, and 𝐽 denote the corresponding non-
negative angular-momentum quantum numbers,
with magnitudes

|L| = ℏ√𝐿(𝐿 + 1)
|S| = ℏ√𝑆(𝑆 + 1)
|J| = ℏ√𝐽(𝐽 + 1).

An arbitrary fixed 𝑧-axis may be used as the quan-
tization axis; the allowed resultant quantum num-
bers do not depend on this choice. The electrons
occupy the distinct orbitals 6𝑓 and 5𝑝, so they are
non-equivalent electrons. Consequently, no addi-
tional Pauli exclusion restriction removes any of the
angular-momentum couplings obtained below.

SOLUTION:

For the addition of two angular momenta 𝑙1 and 𝑙2, the
allowed values of the resultant orbital quantum num-
ber are

𝐿 = |𝑙1 − 𝑙2|, |𝑙1 − 𝑙2| + 1, … , 𝑙1 + 𝑙2.
Substituting 𝑙1 = 3 and 𝑙2 = 1,

𝐿 = |3 − 1|, |3 − 1| + 1, … , 3 + 1,
and hence

𝐿 = 2, 3, 4 .
These values are conventionally denoted by the spec-
troscopic letters

𝐿 = 2 ⟷ 𝐷, 𝐿 = 3 ⟷ 𝐹, 𝐿 = 4 ⟷ 𝐺.

The two spin quantumnumbers are 𝑠1 = 𝑠2 = 1
2 . Their

resultant spin is therefore

𝑆 = |𝑠1 − 𝑠2|, … , 𝑠1 + 𝑠2 = |12 − 1
2 | , … , (12 + 1

2) ,

so that
𝑆 = 0, 1.

Thus both singlet states, with multiplicity 2𝑆 + 1 = 1,
and triplet states, with multiplicity 2𝑆 + 1 = 3, are
possible.

For each pair (𝐿, 𝑆), the total angular-momentum
quantum number satisfies

𝐽 = |𝐿 − 𝑆|, |𝐿 − 𝑆| + 1, … , 𝐿 + 𝑆.

For the singlet states, 𝑆 = 0, so
𝐽 = |𝐿 − 0| = 𝐿.

Therefore,
𝐿 𝑆 𝐽
2 0 2
3 0 3
4 0 4

and the corresponding singlet terms are

1𝐷2, 1𝐹3, 1𝐺4.

For the triplet states, 𝑆 = 1, so for every allowed 𝐿 ≥ 1,
𝐽 = 𝐿 − 1, 𝐿, 𝐿 + 1.

Consequently,

𝐿 𝑆 𝐽
2 1 1, 2, 3
3 1 2, 3, 4
4 1 3, 4, 5

and the corresponding triplet terms are

3𝐷1, 3𝐷2, 3𝐷3,
3𝐹2, 3𝐹3, 3𝐹4,
3𝐺3, 3𝐺4, 3𝐺5.

The extreme values provide a useful angular-
momentum check: the largest possible total angular
momentum is

𝐽max = 𝑙1 + 𝑙2 + 𝑠1 + 𝑠2 = 3 + 1 + 1
2 + 1

2 = 5,

which agrees with the largest value 𝐽 = 5 obtained
for 𝐿 = 4, 𝑆 = 1. The smallest value is 𝐽 = 1, obtained
from the antiparallel coupling of 𝐿 = 2 and 𝑆 = 1.
CONCLUSION:
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The allowed resultant orbital angular-momentum
quantum numbers are

𝐿 = 2, 3, 4 .
Including both allowed total-spin values 𝑆 = 0 and
𝑆 = 1, the possible 𝐽 -values associated with each 𝐿
are

𝐿 = 2 ∶ 𝐽 = 2 (𝑆 = 0), 𝐽 = 1, 2, 3 (𝑆 = 1),
𝐿 = 3 ∶ 𝐽 = 3 (𝑆 = 0), 𝐽 = 2, 3, 4 (𝑆 = 1),
𝐿 = 4 ∶ 𝐽 = 4 (𝑆 = 0), 𝐽 = 3, 4, 5 (𝑆 = 1).

Thus the distinct possible numerical values of the to-
tal angular-momentum quantum number are

𝐽 = 1, 2, 3, 4, 5 ,
with the allowed 𝐿-𝑆-𝐽 associations specified above.
These results apply in the assumed 𝐿-𝑆 coupling
regime for the non-equivalent 6𝑓 and 5𝑝 electrons.

CSE · 2025 · 15 MARKS

Q8. Find out the difference in frequencies
of Lyman-alpha line in hydrogen and deu-
terium atoms.

INTRODUCTION:

The Lyman-𝛼 line is produced by the transition

𝑛 = 2 ⟶ 𝑛 = 1.
Hydrogen and deuterium have identical nuclear
charge +𝑒, but their nuclei have different masses.
Consequently, their electron–nucleus reduced
masses, and hence their Rydberg constants and tran-
sition frequencies, are slightly different.

Let 𝑚𝑒 , 𝑚𝑝 , and 𝑚𝑑 denote the electron, proton, and
deuteron masses, respectively. The reduced mass of
an electron bound to a nucleus of mass 𝑀 is

𝜇𝑀 = 𝑚𝑒𝑀
𝑚𝑒 + 𝑀 .

Nuclear recoil is included through this reduced mass.
Fine structure, Lamb shift, and nuclear-size correc-
tions are neglected.

SOLUTION:

For a hydrogen-like atom of nuclear charge 𝑍 = 1, the
energy of the 𝑛th level is

𝐸𝑛 = −ℎ𝑐𝑅∞
𝜇𝑀
𝑚𝑒

1
𝑛2 ,

where 𝑅∞ is the Rydberg constant for an infinitely
massive nucleus.

Thus, for the Lyman-𝛼 transition,

ℎ𝜈𝑀 = 𝐸2 − 𝐸1 = ℎ𝑐𝑅∞
𝜇𝑀
𝑚𝑒

(1 − 1
22 ) ,

so that
𝜈𝑀 = 3

4𝑐𝑅∞
𝜇𝑀
𝑚𝑒

.

For ordinary hydrogen,

𝜇𝐻
𝑚𝑒

= 𝑚𝑝
𝑚𝑒 + 𝑚𝑝

= 1
1 + 𝑚𝑒/𝑚𝑝

,

whereas for deuterium,

𝜇𝐷
𝑚𝑒

= 𝑚𝑑
𝑚𝑒 + 𝑚𝑑

= 1
1 + 𝑚𝑒/𝑚𝑑

.

Since 𝑚𝑑 > 𝑚𝑝 , one has 𝜇𝐷 > 𝜇𝐻 , and therefore the
Lyman-𝛼 frequency of deuterium is higher. The fre-
quency difference is

Δ𝜈 ≡ 𝜈𝐷 − 𝜈𝐻 = 3
4𝑐𝑅∞ [ 1

1 + 𝑚𝑒/𝑚𝑑
− 1
1 + 𝑚𝑒/𝑚𝑝

] .

Using 𝑚𝑝
𝑚𝑒

≃ 1836.15
𝑚𝑑
𝑚𝑒

≃ 3670.48
𝑐𝑅∞ ≃ 3.28984 × 1015 s−1

gives

Δ𝜈 = 3
4(3.28984 × 10

15) [ 1
1 + 1/3670.48 − 1

1 + 1/1836.15] Hz.

The dimensionless reduced-mass difference is approx-
imately

1
1 + 1/3670.48 − 1

1 + 1/1836.15 ≃ 2.72 × 10−4.

Therefore,

Δ𝜈 ≃ (2.46738 × 1015)(2.72 × 10−4) Hz ≃ 6.7 × 1011 Hz.

The positive sign is physically consistent: the heav-
ier deuteron recoils less than the proton, giving deu-
terium a larger reduced mass, a larger binding-energy
separation, and hence a higher transition frequency.

CONCLUSION:

The difference between the Lyman-𝛼 frequencies of
deuterium and hydrogen is

𝜈𝐷 − 𝜈𝐻 ≃ 6.7 × 1011 Hz .

Thus, the deuterium Lyman-𝛼 line has the higher fre-
quency and, equivalently, the shorter wavelength.
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Q9. Why were silver atoms used in Stern-
Gerlach experiment? Also, write the impor-
tance of this experiment.

INTRODUCTION:

The Stern–Gerlach experiment examines the be-
haviour of a beam of neutral atoms in a non-uniform
magnetic field. If the field is taken along the 𝑧-
direction, the force on an atom having magnetic-
moment component 𝜇𝑧 is

𝐹𝑧 = 𝜇𝑧
𝜕𝐵𝑧
𝜕𝑧 .

Thus, different allowed values of 𝜇𝑧 produce different
transverse deflections. Silver is especially suitable be-
cause its electronic structuremakes the observedmag-
netic moment simple to interpret.

SOLUTION:

The electronic configuration of silver, 𝑍 = 47, is
Ag ∶ [Kr] 4𝑑105𝑠1.

The filled inner shells, including the 4𝑑10 subshell,
have paired electrons. Their orbital and spin angular
momenta cancel, so they make no resultant contribu-
tion:

𝐿closed = 0, 𝑆closed = 0.
The single outer 5𝑠 electron has

𝑙 = 0, 𝑠 = 1
2 , 𝑗 = 1

2 ,

and hence the ground state is

2𝑆1/2.
Since 𝑙 = 0, the valence electron has no orbital angu-
lar momentum. The magnetic moment of the atom
is therefore essentially the spin magnetic moment of
this one unpaired electron. Its component along the
magnetic field can take only two values because

𝑚𝑗 = ±1
2 .

Using
𝜇𝑧 = −𝑔𝐽 𝜇𝐵𝑚𝑗 , 𝑔𝐽 ≃ 2,

one obtains
𝜇𝑧 ≃ ∓𝜇𝐵 ,

where
𝜇𝐵 = 𝑒ℏ

2𝑚𝑒

is the Bohr magneton. Consequently,

𝐹𝑧 = 𝜇𝑧
𝜕𝐵𝑧
𝜕𝑧

has two opposite values, and the silver-atom beam
separates into two components.

Silver atoms also have practical experimental advan-
tages: a well-collimated neutral atomic beam can be
produced by heating silver in an oven, and the atoms
can be detected from the visible deposit formed on a
collecting plate. Their neutrality prevents the ordi-
nary Lorentz force on electric charge from obscuring
the magnetic-moment deflection.

Classically, atomic magnetic moments could have ar-
bitrary orientations. A classical beam would there-
fore be expected to form a continuous distribution of
deflections. Instead, Stern and Gerlach observed two
sharply separated components. The experiment con-
sequently established the following points:

1. It provided direct evidence for space quantiza-
tion: the component of atomic angular momen-
tum, and hence of magnetic moment, along a
chosen axis can assume only discrete values.

2. The twofold splitting of the silver beam was
later understood as evidence for the two al-
lowed projections of electron spin,

𝑚𝑠 = +1
2 , 𝑚𝑠 = −1

2 .

3. It demonstrated that measurement of an
angular-momentum component gives discrete
quantum outcomes rather than a continuous
range of classical values.

4. It supplied important experimental support for
quantum mechanics and for the association be-
tween angular momentum and magnetic mo-
ment.

5. It introduced the principle of separating quan-
tum states by their magnetic moments, which
underlies atomic-beam magnetic-resonance
methods and later techniques for manipulating
and measuring spin states.

Historically, the experiment was initially interpreted
in terms of orbital space quantization because elec-
tron spin had not yet been proposed. The modern in-
terpretation of the two silver components is based on
the spin of the single 5𝑠 electron.
CONCLUSION:

Silver was used because its configuration [Kr] 4𝑑105𝑠1
contains closed shells with zero resultant angular mo-
mentum and one unpaired 𝑠-electron with 𝑙 = 0 and
𝑗 = 1

2 . Its magnetic moment is therefore essentially
a single-electron spin moment with two allowed field
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components, approximately 𝜇𝑧 = ±𝜇𝐵 , producing two
opposite deflections in a non-uniform magnetic field.
The experiment established discrete space quantiza-
tion, gave decisive evidence for the two-valued projec-
tion of electron spin, contradicted the classical predic-
tion of continuous orientations, and became a founda-
tional demonstration of quantum-state measurement
and magnetic-state separation.

IFoS · 2025 · 15 MARKS

Q10. Write the electronic configurations
for carbon (C), nitrogen (N) and oxygen (O)
atoms, and then derive their ground states.

INTRODUCTION:

The atomic numbers are 𝑍C = 6, 𝑍N = 7, and 𝑍O =
8. Their electronic configurations follow from the
Aufbau principle, the Pauli exclusion principle, and
Hund’s rules.

For these atoms, the closed subshells 1𝑠22𝑠2 have

𝐿 = 0, 𝑆 = 0,
and therefore do not affect the resultant term symbol.
It is sufficient to couple the electrons in the open 2𝑝𝑛
subshell. For a 𝑝-electron,

𝑙 = 1, 𝑚𝑙 = +1, 0, −1, 𝑠 = 1
2 .

In Russell–Saunders coupling, an atomic level is de-
noted by

2𝑆+1𝐿𝐽 ,
where 𝑆 is the total spin, 𝐿 = 0, 1, 2, … is represented
by 𝑆, 𝑃 , 𝐷, …, and

𝐽 = |𝐿 − 𝑆|, |𝐿 − 𝑆| + 1, … , 𝐿 + 𝑆.
Odd parity is indicated by a superscript ∘.
Hund’s rules select the ground level as follows: max-
imize 𝑆; for that value of 𝑆, maximize 𝐿; and then
choose the minimum 𝐽 for a less-than-half-filled sub-
shell and the maximum 𝐽 for a more-than-half-filled
subshell. The 2𝑝 subshell is half-filled at 2𝑝3.
SOLUTION:

(a) For carbon, 𝑍 = 6, so the electronic configura-
tion is

C ∶ 1𝑠2 2𝑠2 2𝑝2 .
The two 2𝑝-electrons occupy different orbitals
with parallel spins:

𝑚𝑙 +1 0 −1
2𝑝2 ↑ ↑

Thus
𝑀𝑆 = 1

2 + 1
2 = 1,

which is themaximum possible value and there-
fore gives

𝑆 = 1, 2𝑆 + 1 = 3.
For two parallel-spin electrons, the Pauli prin-
ciple requires different 𝑚𝑙 values. The largest
possible orbital projection is consequently

𝑀𝐿 = 1 + 0 = 1,
so the corresponding maximum-𝑀𝐿 state has

𝐿 = 1 (𝑃).
Hence Hund’s first two rules select the term

3𝑃.
Equivalently, the complete allowed terms of a
𝑝2 configuration are

3𝑃, 1𝐷, 1𝑆,
and the triplet term lies lowest because it has
the largest spin.

For 𝐿 = 1 and 𝑆 = 1,
𝐽 = 0, 1, 2.

Since 2𝑝2 is less than half-filled, Hund’s third
rule selects the smallest value,

𝐽 = |𝐿 − 𝑆| = 0.
The parity is even because

(−1)2𝑙 = (−1)2 = +1.
Therefore the carbon ground state is

C ∶ 1𝑠22𝑠22𝑝2 3𝑃0 .

(b) For nitrogen, 𝑍 = 7, so the electronic configu-
ration is

N ∶ 1𝑠2 2𝑠2 2𝑝3 .
To maximize the total spin, the three 2𝑝-
electrons occupy all three 𝑝-orbitals with par-
allel spins:

𝑚𝑙 +1 0 −1
2𝑝3 ↑ ↑ ↑

Therefore

𝑀𝑆 = 1
2 + 1

2 + 1
2 = 3

2 ,

14/15 Sample Preview ⋅ Complete files can be purchased from abhi‑physics.com

https://abhi-physics.com


UPSC PHYSICS OPTIONAL Atomic and Molecular Physics

and hence

𝑆 = 3
2 , 2𝑆 + 1 = 4.

The orbital projection of this unique maximum-
spin arrangement is

𝑀𝐿 = (+1) + 0 + (−1) = 0.
Since all three available 𝑚𝑙 orbitals must be
singly occupied in the maximum-spin state, no
state with 𝑆 = 3/2 can have 𝑀𝐿 ≠ 0. Thus

𝐿 = 0 (𝑆).
Hund’s rules therefore select

4𝑆.
The other terms of 𝑝3, such as 2𝐷 and 2𝑃 , have
smaller spin and lie higher.

For 𝐿 = 0 and 𝑆 = 3/2, only one value of 𝐽 is
possible:

𝐽 = 3
2 .

The parity is odd because

(−1)3𝑙 = (−1)3 = −1.
Consequently the nitrogen ground state is

N ∶ 1𝑠22𝑠22𝑝3 4𝑆∘3/2 .

(c) For oxygen, 𝑍 = 8, so the electronic configura-
tion is

O ∶ 1𝑠2 2𝑠2 2𝑝4 .
Hund’s first rule gives three parallel-spin elec-
trons in the three different 𝑝-orbitals; the
fourth electron must pair with opposite spin:

𝑚𝑙 +1 0 −1
2𝑝4 ↑↓ ↑ ↑

For this maximum-spin arrangement,

𝑀𝑆 = (12 − 1
2) +

1
2 + 1

2 = 1,
so

𝑆 = 1, 2𝑆 + 1 = 3.
Choosing the paired orbital at 𝑚𝑙 = +1 gives
the largest orbital projection compatible with
𝑆 = 1:

𝑀𝐿 = (+1) + (+1) + 0 + (−1) = 1.

Therefore
𝐿 = 1 (𝑃),

and Hund’s first two rules select the term

3𝑃.

The same result follows from the hole descrip-
tion: a 𝑝4 configuration contains two holes in
the otherwise closed 𝑝6 subshell and therefore
has the same allowed 𝐿 and 𝑆 terms as 𝑝2:

3𝑃, 1𝐷, 1𝑆.
For 𝐿 = 1 and 𝑆 = 1,

𝐽 = 0, 1, 2.
Since 2𝑝4 is more than half-filled, Hund’s third
rule selects the largest value,

𝐽 = 𝐿 + 𝑆 = 2.
The parity is even:

(−1)4𝑙 = (−1)4 = +1.
Hence the oxygen ground state is

O ∶ 1𝑠22𝑠22𝑝4 3𝑃2 .

The contrast between carbon and oxygen provides a
useful check: 𝑝2 and 𝑝4 have the same lowest term
3𝑃 , but their ground 𝐽 -values are opposite members
of the multiplet because 𝑝2 is less than half-filled
whereas 𝑝4 is more than half-filled.

CONCLUSION:

Under Russell–Saunders coupling for isolated light
atoms, the electronic configurations and ground-state
term symbols are

C ∶ 1𝑠2 2𝑠2 2𝑝2, ground state 3𝑃0,
N ∶ 1𝑠2 2𝑠2 2𝑝3, ground state 4𝑆∘3/2,
O ∶ 1𝑠2 2𝑠2 2𝑝4, ground state 3𝑃2.

Thus carbon and oxygen possess triplet-𝑃 ground
terms but different ground 𝐽 -levels, while the exactly
half-filled 2𝑝3 subshell of nitrogen produces a spin-
aligned, orbitally non-degenerate quartet-𝑆 ground
state of odd parity.
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Question Index
No. Question Marks Year Exam Page
1 Are the nucleons inside the nucleus governed by the laws of quantum physics?

Justify your answer.
10 2026 CSE 3

2 Binding energy and rest mass energy of a two-nucleon bound state are denoted
by 𝐵 and 𝑀𝑐2, respectively, where 𝑐 is the speed of light. Calculate the minimum
energy of a photon required to dissociate this bound state in terms of 𝐵 and 𝑀𝑐2.

10 2026 CSE 4

3 A nucleus of rest mass 𝑀 is initially in an excited state whose energy is Δ𝐸 above
its ground state. The nucleus emits a 𝛾 -ray of energy ℎ𝜈 and makes a transition
to its ground state. Calculate the fractional change in energy for the nucleus.

10 2026 CSE 5

4 By considering the three-dimensional harmonic oscillator potential, explain the
energy levels of nucleons inside the nucleus. Also, derive the zero-point energy
of nucleons. Why did this assumption fail to explain the existence of nuclei with
higher magic number?

20 2026 CSE 6

5 What do you understand by the packing fraction ’𝑓 ’ and the binding energy ’𝐸𝑏’
of a nucleus? Draw the graphs for packing fraction 𝑓 versus mass number (𝐴)

and binding energy fraction 𝑓𝑏 (=
𝐸𝑏
𝐴 ) versus mass number (𝐴). Further, explain

how the graphs of the variation of 𝑓 and 𝑓𝑏 with 𝐴 have complementary
approaches.

10 2026 CSE 8

6 What is the criticality of a self-sustained nuclear reactor? Write the basic
processes affecting the nuclear chain reactions of a finite-size nuclear reactor.
Also, write the critical size of reactors of different shapes in terms of geometrical
buckling constant.

20 2026 CSE 10

7 The total binding energies of 158 O, 168 O and 178 O are 111 ⋅ 96 MeV, 127 ⋅ 62 MeV and
131 ⋅ 76 MeV respectively. Determine the energy gap between 1𝑝1/2 and 1𝑑5/2
neutron shells for the nuclide whose mass number is close to 16.

15 2025 CSE 12

8 What is the minimum energy required to break a 42He nucleus into free protons
and neutrons? [ Given, 𝑚H = 1 ⋅ 007825 amu, 𝑚𝑛 = 1 ⋅ 008665 amu,
𝑚𝑒 = 0 ⋅ 00055 amu and 𝑚He = 4 ⋅ 002603 amu ]

15 2025 CSE 13

9 Consider a uranium nucleus (92U
236) breaking up spontaneously into two equal

parts. Estimate the reduction of electrostatic energy of the nucleus considering
uniform charge distribution. [ Assume that nuclear radius is 1 ⋅ 2 × 10−13𝐴1/3 cm ]

15 2025 CSE 14

10 State the basic assumption of single-particle shell model. How do the centrifugal
and spin-orbit terms remove the degeneracy of three-dimensional spherical
harmonic oscillator?

10+10=
20

2025 CSE 15
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Q1. Are the nucleons inside the nucleus
governed by the laws of quantum physics?
Justify your answer.

INTRODUCTION:

Yes. Protons and neutrons inside a nucleus are mi-
croscopic particles confined to a region of linear di-
mension of order a few femtometres. Their motion
must therefore be described by quantum mechanics
rather than by classical trajectories. This can be jus-
tified quantitatively by comparing the nucleon’s de
Broglie wavelength with the nuclear size and is also
confirmed by characteristic nuclear phenomena such
as discrete energy levels, spin and parity, shell struc-
ture, tunnelling, and the Pauli exclusion principle.

Let a nucleon of mass 𝑚𝑁 be localized within a nu-
cleus of radius

𝑅 ≃ 𝑟0𝐴1/3, 𝑟0 ≃ 1.2 fm,
where 𝐴 is the mass number and 1 fm = 10−15 m.

SOLUTION:

Localization of a nucleon to a distance of order 𝑅 im-
plies, from the Heisenberg uncertainty principle,

Δ𝑟 Δ𝑝 ≳ ℏ
2 .

Taking Δ𝑟 ∼ 𝑅, the characteristic momentum is at
least of order

𝑝 ∼ ℏ
𝑅 .

Consequently, the corresponding reduced de Broglie
wavelength is

𝜆
2𝜋 = ℏ

𝑝 ∼ 𝑅,

or equivalently,
𝜆 ∼ 2𝜋𝑅.

Thus the matter-wave length scale of a confined nu-
cleon is comparable to, or larger than, the dimensions
of the nucleus. The nucleon cannot be represented as
a localized classical particle following a definite orbit;
its wave character is essential throughout the nuclear
volume.

The same conclusion follows from the characteristic
confinement energy. In the non-relativistic approxi-
mation,

𝐸conf ∼
𝑝2
2𝑚𝑁

∼ ℏ2
2𝑚𝑁𝑅2

.

For a representative nuclear length 𝑅 ∼ 2 fm, using

ℏ𝑐 ≃ 197MeV fm, 𝑚𝑁 𝑐2 ≃ 939MeV,

one obtains

𝐸conf ∼ (ℏ𝑐)2
2(𝑚𝑁 𝑐2)𝑅2

= (197MeV fm)2
2(939MeV)(2 fm)2 ≃ 5.2MeV.

This energy scale is comparable to typical nuclear ex-
citation and binding-energy scales, so quantum con-
finement is not a small correction to classical motion.
It determines the nuclear states themselves. More-
over,

𝑝𝑐
𝑚𝑁 𝑐2

∼ ℏ𝑐
𝑅𝑚𝑁 𝑐2

≃ 197
2 × 939 ≃ 0.10,

so this illustrative estimate is consistent with a pre-
dominantly non-relativistic quantum treatment, al-
though relativistic and subnucleonic corrections may
be required for greater precision.

Several observed properties of nuclei provide direct
evidence:

1. Nuclei possess discrete energy levels. Their
emission and absorption of 𝛾 -rays occur at def-
inite energies

𝐸𝛾 = 𝐸𝑖 − 𝐸𝑓 ,
as expected for transitions between quantized
stationary states.

2. Protons and neutrons are spin- 12 fermions.
Identical nucleons obey the Pauli exclusion
principle, so they fill nuclear quantum states
rather than all collapsing into the lowest state.
This produces Fermi motion even in the nuclear
ground state.

3. Nuclear states have definite angular momen-
tum and parity. The observed shell structure
and the enhanced stability of nuclei having
magic numbers are consequences of quantized
single-particle states in an effective nuclear po-
tential.

4. Processes such as 𝛼-decay occur by quantum
tunnelling through the Coulomb barrier. Clas-
sically, an 𝛼-particle whose energy is below the
barrier could not escape, whereas quantum me-
chanics gives a finite penetration probability.

5. A nucleus is described by a many-nucleon
wavefunction,

Ψ(r1, … , r𝐴; 𝜎1, … , 𝜎𝐴),
which evolves according to the quantumHamil-
tonian,

𝐻̂Ψ = 𝐸Ψ
for a stationary state. The wavefunction must
have the appropriate antisymmetry under in-
terchange of identical protons or identical neu-
trons.
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The uncertainty-principle estimate also gives the cor-
rect classical limit: if the confining length 𝑅 were
made very large compared with the reduced de
Broglie wavelength, then ℏ/(𝑝𝑅) ≪ 1, quantum in-
terference would become less important, and a clas-
sical description could emerge. In an actual nucleus,
however, ℏ/(𝑝𝑅) is of order unity, so that limit is not
applicable.

CONCLUSION:

The nucleons inside a nucleus are necessarily gov-
erned by quantum physics. Their de Broglie wave-
length is comparable to the nuclear dimensions, and
confinement produces momenta and energies of nu-
clear magnitude. Hence nucleons do not follow
definite classical trajectories; they occupy quantized
many-body states characterized by energy, angular
momentum, spin and parity. Discrete spectra, nu-
clear shell structure, Fermi motion, the Pauli exclu-
sion principle and quantum tunnelling provide exper-
imental manifestations of this quantum behaviour.

CSE · 2026 · 10 MARKS

Q2. Binding energy and rest mass energy
of a two-nucleon bound state are denoted by
𝐵 and𝑀𝑐2, respectively, where 𝑐 is the speed
of light. Calculate the minimum energy of
a photon required to dissociate this bound
state in terms of 𝐵 and 𝑀𝑐2.

INTRODUCTION:

Consider the bound state initially at rest in the lab-
oratory frame. Let 𝑚1 and 𝑚2 be the rest masses of
the two free nucleons. By definition of the binding
energy,

𝐵 = (𝑚1 + 𝑚2 − 𝑀)𝑐2
so that

(𝑚1 + 𝑚2)𝑐2 = 𝑀𝑐2 + 𝐵.
The photon is taken to propagate along the positive
𝑧-direction. Four-momenta are written as

𝑝𝜇 = (𝐸𝑐 ,p)

with metric signature (+, −, −, −), so that 𝑝𝜇𝑝𝜇 =
𝑚2𝑐2. Energy and momentum conservation are most
conveniently imposed through the invariant mass of
the complete initial system. At threshold, the two out-
going nucleons have zero relative momentum in their
centre-of-momentum frame, which minimizes their
total invariant energy.

SOLUTION:

If 𝐸𝛾 is the incident photon energy, the four-momenta
of the stationary target and the photon are

𝑃𝜇 = (𝑀𝑐, 0), 𝑘𝜇 = (
𝐸𝛾
𝑐 , 0, 0, 𝐸𝛾𝑐 ) .

Since the photon is massless,

𝑘2 = 0,
and

𝑃 ⋅ 𝑘 = (𝑀𝑐) (
𝐸𝛾
𝑐 ) = 𝑀𝐸𝛾 .

Therefore, the squared total initial four-momentum is

(𝑃 + 𝑘)2 = 𝑃2 + 2𝑃 ⋅ 𝑘 + 𝑘2 = 𝑀2𝑐2 + 2𝑀𝐸𝛾 .

In the centre-of-momentum frame of the final nucle-
ons, their momenta are equal and opposite:

p ∗
1 = q, p ∗

2 = −q.
Their total energy in that frame is

𝐸∗𝑓 (𝑞) = √𝑚21𝑐4 + 𝑞2𝑐2 + √𝑚22𝑐4 + 𝑞2𝑐2.
This is minimized at 𝑞 = 0. Hence, at the dissociation
threshold,

𝐸∗𝑓 ,th = (𝑚1 + 𝑚2)𝑐2,
and the squared final total four-momentum is

(𝑃𝑓 )2 = (𝑚1 + 𝑚2)2𝑐2.

Four-momentum conservation gives 𝑃 + 𝑘 = 𝑃𝑓 , so at
threshold

𝑀2𝑐2 + 2𝑀𝐸𝛾 ,min = (𝑚1 + 𝑚2)2𝑐2.
Multiplying by 𝑐2 and using

(𝑚1 + 𝑚2)𝑐2 = 𝑀𝑐2 + 𝐵,
we obtain

𝑀2𝑐4 + 2𝑀𝑐2𝐸𝛾 ,min = (𝑀𝑐2 + 𝐵)2.
Thus,

2𝑀𝑐2𝐸𝛾 ,min = (𝑀𝑐2 + 𝐵)2 − 𝑀2𝑐4
= 2𝑀𝑐2𝐵 + 𝐵2,

which yields

𝐸𝛾 ,min = 𝐵 + 𝐵2
2𝑀𝑐2 = 𝐵 (1 + 𝐵

2𝑀𝑐2 ) .

The threshold exceeds 𝐵 because a photon carries mo-
mentum 𝐸𝛾/𝑐. Since the target is initially at rest,
the final two-nucleon system must carry this momen-
tum in the positive 𝑧-direction even when its inter-
nal relative kinetic energy is zero. For weak binding,
𝐵 ≪ 𝑀𝑐2,

𝐸𝛾 ,min = 𝐵 (1 + 𝐵
2𝑀𝑐2 ) ≃ 𝐵,
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with the small positive recoil correction 𝐵2/(2𝑀𝑐2).
CONCLUSION:

For an isolated two-nucleon bound state of rest en-
ergy 𝑀𝑐2, initially at rest, the minimum photon en-
ergy required for dissociation is

𝐸𝛾 ,min = 𝐵 (1 + 𝐵
2𝑀𝑐2 ) .

Here 𝐸𝛾 ,min, 𝐵, and 𝑀𝑐2 are all measured in energy
units. At threshold the two nucleons have zero rela-
tive momentum in their centre-of-momentum frame,
while their total laboratory momentum is directed
along the incident photon.

CSE · 2026 · 10 MARKS

Q3. A nucleus of rest mass 𝑀 is initially in
an excited state whose energy is Δ𝐸 above
its ground state. The nucleus emits a 𝛾 -ray
of energy ℎ𝜈 and makes a transition to its
ground state. Calculate the fractional change
in energy for the nucleus.

INTRODUCTION:

The emitted photon carries momentum

𝑝𝛾 = ℎ𝜈
𝑐 .

Since the initial nucleus is at rest, conservation of mo-
mentum requires the ground-state nucleus to recoil
with equal and opposite momentum. Consequently,
the photon energy is slightly smaller than the excita-
tion energy Δ𝐸.
Let 𝑀 denote the rest mass of the ground-state nu-
cleus. The initial energy is then

𝐸𝑖 = 𝑀𝑐2 + Δ𝐸.
If 𝐸𝛾 = ℎ𝜈 is the photon energy, the recoiling nucleus
has momentum magnitude 𝑝 = 𝐸𝛾/𝑐 and relativistic
energy

𝐸𝑁 = √𝑀2𝑐4 + 𝑝2𝑐2.

SOLUTION:

Energy and momentum conservation give

𝑀𝑐2 + Δ𝐸 = 𝐸𝛾 + √𝑀2𝑐4 + 𝐸2𝛾 .

Therefore,

𝑀𝑐2 + Δ𝐸 − 𝐸𝛾 = √𝑀2𝑐4 + 𝐸2𝛾 .

Squaring both sides,

(𝑀𝑐2 + Δ𝐸)2 − 2𝐸𝛾 (𝑀𝑐2 + Δ𝐸) + 𝐸2𝛾 = 𝑀2𝑐4 + 𝐸2𝛾 .
After cancellation,

2𝑀𝑐2Δ𝐸 + (Δ𝐸)2 = 2𝐸𝛾 (𝑀𝑐2 + Δ𝐸),
so that

𝐸𝛾 = ℎ𝜈 = Δ𝐸(2𝑀𝑐2 + Δ𝐸)
2(𝑀𝑐2 + Δ𝐸) .

Equivalently,

ℎ𝜈 = Δ𝐸 (1 − Δ𝐸
2(𝑀𝑐2 + Δ𝐸)) .

The energy retained by the nucleus as recoil kinetic
energy is

𝑇𝑅 = Δ𝐸 − ℎ𝜈 = (Δ𝐸)2
2(𝑀𝑐2 + Δ𝐸) .

Hence the fractional change, i.e. the fraction of the
transition energy going into nuclear recoil, is

Δ𝐸 − ℎ𝜈
Δ𝐸 = Δ𝐸

2(𝑀𝑐2 + Δ𝐸) .

For ordinary nuclear transitions,

Δ𝐸 ≪ 𝑀𝑐2,
and therefore

Δ𝐸 − ℎ𝜈
Δ𝐸 ≃ Δ𝐸

2𝑀𝑐2 .

In the same approximation,

𝑇𝑅 ≃ (Δ𝐸)2
2𝑀𝑐2 , ℎ𝜈 ≃ Δ𝐸 (1 − Δ𝐸

2𝑀𝑐2 ) .

This agrees with the non-relativistic recoil expression

𝑇𝑅 = 𝑝2
2𝑀 = (ℎ𝜈)2

2𝑀𝑐2 ≃ (Δ𝐸)2
2𝑀𝑐2 .

CONCLUSION:

The photon energy is reduced below the excitation
energy because the ground-state nucleus must recoil.
The fractional energy change is

Δ𝐸 − ℎ𝜈
Δ𝐸 = Δ𝐸

2(𝑀𝑐2 + Δ𝐸) ≃ Δ𝐸
2𝑀𝑐2

(Δ𝐸 ≪ 𝑀𝑐2).
Thus the nucleus receives the recoil energy

𝑇𝑅 ≃ (Δ𝐸)2
2𝑀𝑐2 ,
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in the direction opposite to the emitted 𝛾 -ray, while

ℎ𝜈 ≃ Δ𝐸 (1 − Δ𝐸
2𝑀𝑐2 ) .

CSE · 2026 · 20 MARKS

Q4. By considering the three-dimensional
harmonic oscillator potential, explain the en-
ergy levels of nucleons inside the nucleus.
Also, derive the zero-point energy of nucle-
ons. Why did this assumption fail to explain
the existence of nuclei with higher magic
number?

INTRODUCTION:

In the independent-particle shell model, each nucleon
is assumed to move in an average, spherically sym-
metric potential produced by all the other nucleons.
Near the centre of a smooth potential well, its lead-
ing radial dependence is approximately quadratic. We
therefore take

𝑉 (𝑟) = −𝑉0 + 1
2𝑚𝜔

2𝑟2,

where 𝑚 is the nucleon mass, 𝜔 is the oscillator fre-
quency, and −𝑉0 is the value of the mean potential at
its minimum. The coordinate r is measured from the
nuclear centre, and the single-particle energy is mea-
sured relative to the zero chosen outside the potential.
Thus, the excitation energy above the bottom of the
well is independent of 𝑉0.
The assumptions are that the nucleons move indepen-
dently, the mean field is central and identical in form
for all nucleons of a given species, and residual inter-
actions, Coulomb corrections and spin-orbit coupling
are initially neglected. Protons and neutrons fill their
respective levels separately according to the Pauli ex-
clusion principle. Each spatial state can contain two
identical nucleons because the nucleon has spin 𝑠 = 1

2 .
SOLUTION:

1. The three-dimensional oscillator spectrum

The single-particle Hamiltonian is

𝐻 = −𝑉0 +
p2

2𝑚 + 1
2𝑚𝜔

2𝑟2.

Since 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 and p2 = 𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧 ,
it separates into three one-dimensional oscilla-
tors:

𝐻 = −𝑉0 + ∑
𝑖=𝑥,𝑦 ,𝑧

( 𝑝
2𝑖

2𝑚 + 1
2𝑚𝜔

2𝑥2𝑖 ) .

The energy eigenvalues are consequently

𝜀𝑛𝑥𝑛𝑦𝑛𝑧 = −𝑉0 + ℏ𝜔 (𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 + 3
2)

𝑛𝑥 , 𝑛𝑦 , 𝑛𝑧 = 0, 1, 2, … .
Introducing the principal oscillator quantum
number

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 ,
one obtains

𝜀𝑁 = −𝑉0 + (𝑁 + 3
2) ℏ𝜔 .

Thus all states with the same value of 𝑁 are de-
generate in the pure oscillator model. In spher-
ical coordinates,

𝑁 = 2𝑛𝑟 + 𝑙,
where 𝑛𝑟 = 0, 1, 2, … is the radial quantum
number and 𝑙 is the orbital angular-momentum
quantum number. Hence

𝜀𝑛𝑟 𝑙 = −𝑉0 + (2𝑛𝑟 + 𝑙 + 3
2) ℏ𝜔.

For a given 𝑁 , the allowed values are

𝑙 = 𝑁 , 𝑁 − 2, 𝑁 − 4,… ,
ending at 𝑙 = 0 or 𝑙 = 1. The parity of every
state in the 𝑁 -th oscillator shell is

𝜋 = (−1)𝑙 = (−1)𝑁 .

The number of non-negative integer triples sat-
isfying 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 = 𝑁 is

𝑔(spatial)𝑁 = (𝑁 + 2
2 ) = (𝑁 + 1)(𝑁 + 2)

2 .

Including the two possible spin projections, the
capacity of the 𝑁 -th shell for protons or neu-
trons separately is

𝑔𝑁 = 2𝑔(spatial)𝑁 = (𝑁 + 1)(𝑁 + 2).
Therefore the shell capacities and cumulative
occupation numbers are

𝑁 orbitals in the shell 𝑔𝑁
𝑁
∑
𝑛=0

𝑔𝑛
0 1𝑠 2 2
1 1𝑝 6 8
2 1𝑑, 2𝑠 12 20
3 1𝑓 , 2𝑝 20 40
4 1𝑔, 2𝑑, 3𝑠 30 70
5 1ℎ, 2𝑓 , 3𝑝 42 112
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Indeed,

𝑁
∑
𝑛=0

(𝑛 + 1)(𝑛 + 2) = (𝑁 + 1)(𝑁 + 2)(𝑁 + 3)
3 .

The pure three-dimensional harmonic oscil-
lator therefore predicts the shell-closure se-
quence

2, 8, 20, 40, 70, 112, …
for neutron number or proton number sepa-
rately. It correctly accounts for the first three
observed magic numbers 2, 8, and 20.

2. Derivation of the zero-point energy

For each Cartesian coordinate, define the anni-
hilation and creation operators

𝑎𝑖 = √
𝑚𝜔
2ℏ 𝑥𝑖 + 𝑖

√2𝑚ℏ𝜔
𝑝𝑖

𝑎†𝑖 = √
𝑚𝜔
2ℏ 𝑥𝑖 − 𝑖

√2𝑚ℏ𝜔
𝑝𝑖.

Using [𝑥𝑖, 𝑝𝑗] = 𝑖ℏ𝛿𝑖𝑗 , one finds

[𝑎𝑖, 𝑎†𝑗 ] = 𝛿𝑖𝑗
and

𝑝2𝑖
2𝑚 + 1

2𝑚𝜔
2𝑥2𝑖 = ℏ𝜔 (𝑎†𝑖 𝑎𝑖 + 1

2) .

Consequently,

𝐻 + 𝑉0 = ℏ𝜔 ∑
𝑖=𝑥,𝑦 ,𝑧

(𝑎†𝑖 𝑎𝑖 + 1
2) .

Since the eigenvalues of 𝑎†𝑖 𝑎𝑖 are the non-
negative integers 𝑛𝑖, the smallest possible oscil-
lator energy occurs for

𝑛𝑥 = 𝑛𝑦 = 𝑛𝑧 = 0.
It is

𝐸zp = ℏ𝜔 (12 + 1
2 + 1

2) = 3
2ℏ𝜔 .

Thus the lowest single-particle energy, includ-
ing the depth of the nuclear mean field, is

𝜀0 = −𝑉0 + 3
2ℏ𝜔 .

The quantity 3
2ℏ𝜔 is the zero-point energy

above the bottom of the well. It cannot be re-
moved while retaining the oscillator potential
because simultaneous vanishing of all three co-
ordinate and momentum uncertainties would
violate the uncertainty principle.

For 𝐴 independent occupied single-particle
states, the oscillator contribution to the total en-
ergy is

𝐸osc =
𝐴
∑
𝑖=1

(𝑁𝑖 + 3
2) ℏ𝜔 = ℏ𝜔

𝐴
∑
𝑖=1

𝑁𝑖 + 3𝐴
2 ℏ𝜔.

The Pauli principle prevents all identical nucle-
ons from occupying 𝑁𝑖 = 0, so the total en-
ergy also contains the shell-filling contribution
ℏ𝜔∑𝑖 𝑁𝑖. A commonly used phenomenological
nuclear estimate is

ℏ𝜔 ≃ 41𝐴−1/3 MeV,
which gives the oscillator level spacing and
makes the single-nucleon zero-point energy ap-
proximately

𝐸zp ≃ 61.5𝐴−1/3 MeV.

3. Failure for the higher magic numbers

The experimentally established higher magic
numbers are

28, 50, 82, 126,
whereas the pure oscillator gives 40, 70, 112, ….
The failure follows from the excessive degener-
acy of the harmonic oscillator. Its energy de-
pends only on

𝑁 = 2𝑛𝑟 + 𝑙
and is independent of both 𝑙 and the total angu-
lar momentum

j = l + s.
Hence the two states

𝑗 = 𝑙 + 1
2 , 𝑗 = 𝑙 − 1

2
are predicted to have the same energy.

In an actual nucleus there is a strong spin-orbit
interaction,

𝑉𝑙𝑠(𝑟) l ⋅ s,
and

l ⋅ s = 1
2 [𝑗(𝑗 + 1) − 𝑙(𝑙 + 1) − 𝑠(𝑠 + 1)] ℏ2.

For 𝑠 = 1
2 ,

l ⋅ s =
⎧
⎨
⎩

𝑙
2ℏ

2, 𝑗 = 𝑙 + 1
2 ,

− 𝑙 + 1
2 ℏ2, 𝑗 = 𝑙 − 1

2 .

The nuclear spin-orbit interaction has the ob-
served ordering in which the aligned state 𝑗 =
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𝑙 + 1
2 is lowered substantially relative to the

𝑗 = 𝑙 − 1
2 state. The splitting grows with 𝑙, so

high-𝑙 orbitals may be displaced across the gap
between adjacent oscillator shells.

For example, immediately above the closure at
20, the 1𝑓7/2 level is pulled down. Its degener-
acy is

2𝑗 + 1 = 2 (72) + 1 = 8.
Filling this level therefore gives

20 + 8 = 28,
producing the observed magic number 28 in-
stead of the oscillator closure at 40. Analogous
rearrangements involving the 1𝑔9/2, 1ℎ11/2,
and 1𝑖13/2 orbitals lead to the closures at 50, 82,
and 126, respectively.
The finite nuclear surface also makes the real-
istic mean field closer to a Woods–Saxon po-
tential than to an oscillator at large 𝑟 , thereby
removing part of the accidental 𝑁 -shell degen-
eracy. Nevertheless, the strong spin-orbit inter-
action is the decisive ingredient required to re-
produce the higher magic numbers.

CONCLUSION:

For a nucleon moving in the spherical harmonic-
oscillator mean field,

𝑉 (𝑟) = −𝑉0 + 1
2𝑚𝜔

2𝑟2,

the single-particle energies are

𝜀𝑁 = −𝑉0 + (𝑁 + 3
2) ℏ𝜔

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 = 2𝑛𝑟 + 𝑙.
The zero-point energy per nucleon, measured upward
from the potential minimum, is

𝐸zp = 3
2ℏ𝜔 ,

or approximately 61.5𝐴−1/3 MeV when the phe-
nomenological estimate ℏ𝜔 ≃ 41𝐴−1/3 MeV is used.

Including spin, the 𝑁 -th oscillator shell can contain

𝑔𝑁 = (𝑁 + 1)(𝑁 + 2)

protons or neutrons separately, giving the predicted
closures

2, 8, 20, 40, 70, 112, … .
Thus the oscillator approximation is useful near the
centre of a spherical nuclear mean field and explains
the first three magic numbers, but it fails for higher

shells because it neglects the finite-surface form of the
potential and, most importantly, the strong spin-orbit
splitting. The lowering of the aligned 𝑗 = 𝑙+ 1

2 orbitals
reorganizes the spectrum and produces the observed
higher magic numbers

28, 50, 82, 126 .

CSE · 2026 · 10 MARKS

Q5. What do you understand by the pack-
ing fraction ’𝑓 ’ and the binding energy ’𝐸𝑏’ of
a nucleus? Draw the graphs for packing frac-
tion 𝑓 versus mass number (𝐴) and binding

energy fraction 𝑓𝑏 (=
𝐸𝑏
𝐴 ) versus mass num-

ber (𝐴). Further, explain how the graphs of
the variation of 𝑓 and 𝑓𝑏 with 𝐴 have com-
plementary approaches.

INTRODUCTION:

The question requires the definitions of packing frac-
tion and nuclear binding energy, their qualitative vari-
ations with mass number 𝐴, and the physical reason
for the complementary nature of these variations.

Consider a nuclide containing 𝑍 protons and 𝑁 =
𝐴 − 𝑍 neutrons. Let 𝑀(𝐴, 𝑍) be its ground-state
atomic mass, 𝑢 the unified atomic mass unit, 𝑚H the
mass of a hydrogen atom, and 𝑚𝑛 the neutron mass.
The binding-energy sign convention adopted here is

𝐸𝑏 > 0
for a bound nucleus; thus 𝐸𝑏 is the energy required
to separate the nucleus completely into free nucleons
at rest and at infinite separation. Atomic masses will
be used, with electronic binding-energy corrections
neglected because they are very small on the nuclear-
energy scale.

Since different isobars with the same 𝐴 have differ-
ent masses, the smooth curves represent nuclei on or
near the valley of stability. Shell, pairing, and odd–
even effects produce local deviations from these aver-
age trends.

SOLUTION:

1. The packing fraction is the fractional excess
or deficiency of the actual isotopic mass over
the integral mass number, conventionally mul-
tiplied by 104:

𝑓 = 104𝑀/𝑢 − 𝐴
𝐴 = 104𝑀 − 𝐴𝑢

𝐴𝑢 .
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It is dimensionless. Some authors omit the fac-
tor 104; that convention changes only the nu-
merical scale of the vertical axis.

The sign convention is therefore

𝑓 > 0
⟺

𝑀 > 𝐴𝑢
𝑓 < 0
⟺

𝑀 < 𝐴𝑢.
Thus a negative packing fractionmeans that the
average atomic mass per nucleon is less than 𝑢.

2. The nuclear binding energy is the work re-
quired to disintegrate the nucleus into its 𝑍 free
protons and 𝑁 free neutrons. It is also the en-
ergy released when these free nucleons com-
bine to form the nucleus. In terms of nuclear
masses,

𝐸𝑏 = [𝑍𝑚𝑝 + 𝑁𝑚𝑛 − 𝑚nuc(𝐴, 𝑍)] 𝑐2.
Using atomic masses and neglecting the small
electronic binding-energy correction,

𝐸𝑏 ≃ [𝑍𝑚H + (𝐴 − 𝑍)𝑚𝑛 − 𝑀(𝐴, 𝑍)] 𝑐2 .
The binding energy per nucleon, called the
binding-energy fraction in the question, is

𝑓𝑏 =
𝐸𝑏
𝐴 ,

usually expressed in MeVnucleon−1. It mea-
sures the average energy needed to remove a
nucleon, although individual separation ener-
gies need not equal 𝐸𝑏/𝐴.

3. The required qualitative graphs are shown be-
low. The first zero crossing of the smooth
packing-fraction curve occurs near 𝐴 ≃ 15–16;
the light nuclei with 𝐴 ≃ 12–15 are therefore
not to be represented on the negative branch of
the smooth curve.

𝑓

𝐴1
16 56

∼ 215240

min

𝑓𝑏

𝐴1 5662 240

8.8 max

For the lightest nuclei, 𝑓 is positive and falls
rapidly with increasing 𝐴. Its smooth trend
crosses the zero line near 𝐴 ≃ 15–16, be-
comes negative, and reaches a broad minimum

in the iron–nickel region. It then rises gradu-
ally and becomes positive again for sufficiently
heavy nuclei, with the second crossing occur-
ring roughly in the 𝐴 ≃ 210–220 region.

For a single free nucleon, 𝐸𝑏 = 0, so 𝑓𝑏 = 0. As
nucleons form light nuclei, 𝑓𝑏 rises rapidly. It
attains a broad maximum of approximately

𝑓𝑏 ≃ 8.7–8.8 MeVnucleon−1

in the iron–nickel region, approximately 𝐴 ≃
56–62, and then decreases slowly for heavier
nuclei.

4. The complementary behavior follows directly
from mass–energy conservation. The atomic-
mass expression for binding energy gives

𝑀(𝐴, 𝑍) ≃ 𝑍𝑚H + 𝑁𝑚𝑛 −
𝐸𝑏
𝑐2 .

Subtracting 𝐴𝑢, where 𝐴 = 𝑍 + 𝑁 , yields

𝑀 − 𝐴𝑢 ≃ 𝑍(𝑚H − 𝑢) + 𝑁(𝑚𝑛 − 𝑢) − 𝐸𝑏
𝑐2 .

Dividing by 𝐴𝑢 and using 𝑓𝑏 = 𝐸𝑏/𝐴,

𝑀 − 𝐴𝑢
𝐴𝑢 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

Hence

𝑓
104 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

The first two terms specify the mass per nu-
cleon of the corresponding unbound proton–
neutron mixture. Along the valley of stabil-
ity they vary comparatively slowly with 𝐴,
whereas the binding contribution enters with
a negative sign. Greater binding energy per nu-
cleon removes more rest mass per nucleon; con-
sequently,

𝑓𝑏 increasing ⟹ 𝑓 decreasing,
and

𝑓𝑏 decreasing ⟹ 𝑓 increasing.
Thus the broad maximum of 𝑓𝑏 lies approxi-
mately in the same iron–nickel region in which
𝑓 has its broad minimum.

The two graphs are complementary but are
not exact mirror images. The reason is that
the neutron-to-proton ratio, and therefore 𝑍/𝐴
and 𝑁/𝐴, changes systematically along the val-
ley of stability. Shell structure, pairing, and
odd–even effects also introduce local irregular-
ities.
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The maximum of 𝑓𝑏 has an immediate ener-
getic implication. Fusion of light nuclei can
release energy when the product lies nearer
the iron–nickel maximum and therefore has a
larger 𝐸𝑏/𝐴. Fission of a very heavy nucleus
can likewise release energy when its medium-
mass fragments have a larger 𝐸𝑏/𝐴 than the par-
ent.

CONCLUSION:

For a nuclide of atomic mass 𝑀(𝐴, 𝑍), the conven-
tional packing fraction is

𝑓 = 104𝑀 − 𝐴𝑢
𝐴𝑢 ,

and the positive binding energy and binding energy
per nucleon are

𝐸𝑏 ≃ [𝑍𝑚H + (𝐴 − 𝑍)𝑚𝑛 − 𝑀(𝐴, 𝑍)] 𝑐2

𝑓𝑏 =
𝐸𝑏
𝐴 .

Here 𝑓 is dimensionless, 𝐸𝑏 is an energy, and 𝑓𝑏 is nor-
mally quoted in MeVnucleon−1.
For nuclei near the valley of stability, the smooth
𝑓 (𝐴) curve falls through zero near 𝐴 ≃ 15–16,
reaches a broad minimum near the iron–nickel re-
gion, and then rises, becoming positive again among
very heavy nuclei. In the complementary variation,
𝑓𝑏 rises from zero at 𝐴 = 1 to approximately 8.7–
8.8 MeVnucleon−1 near 𝐴 ≃ 56–62, and thereafter
decreases slowly.

This complementarity results from the negative bind-
ing term in

𝑓
104 ≃ 𝑍

𝐴 (𝑚H

𝑢 − 1) + 𝑁
𝐴 (𝑚𝑛

𝑢 − 1) − 𝑓𝑏
𝑢𝑐2 .

Subject to the gradual change of nuclear composition
and local structure effects, a maximum of binding en-
ergy per nucleon therefore corresponds to aminimum
of packing fraction. The iron–nickel region contains
the most strongly bound nuclei on average, and mo-
tion toward this region permits energy release by fu-
sion of light nuclei or fission of very heavy nuclei.

CSE · 2026 · 20 MARKS

Q6. What is the criticality of a self-
sustained nuclear reactor? Write the basic
processes affecting the nuclear chain reac-
tions of a finite-size nuclear reactor. Also,
write the critical size of reactors of different

shapes in terms of geometrical buckling con-
stant.

INTRODUCTION:

A reactor is self-sustained when the neutron popu-
lation reproduces itself from one generation to the
next. Its criticality is therefore specified by the effec-
tive neutron multiplication factor

𝑘eff =
number of neutrons in one generation

number of neutrons in the preceding generation
.

Thus,
𝑘eff < 1

subcritical

𝑘eff = 1
critical

𝑘eff > 1
supercritical.

Equivalently, the reactivity is

𝜌 = 𝑘eff − 1
𝑘eff

,

so that 𝜌 = 0 at criticality.

For the size calculation, consider a bare, homoge-
neous reactor in the one-group diffusion approxima-
tion. Let 𝜙(r) be the neutron flux, 𝐷 the diffusion coef-
ficient, Σ𝑎 the macroscopic absorption cross-section,
Σ𝑓 the macroscopic fission cross-section, and 𝜈 the
mean number of neutrons emitted per fission. The
geometrical dimensions appearing in the diffusion
boundary condition are extrapolated dimensions: the
flux is taken to vanish a small extrapolation distance
𝛿 outside the physical surface.

SOLUTION:

The neutron life cycle in a finite reactor contains the
following basic processes.

1. A neutron is absorbed in a fissile nucleus and
produces fission. If 𝜈 neutrons are emitted per
fission, this is the principal neutron-production
process.

2. Some fast neutrons produce additional fissions
before slowing down. This increases the neu-
tron population by the fast-fission factor 𝜖.

3. Elastic and inelastic scattering reduce neutron
energies. In a thermal reactor, moderation car-
ries the neutrons from fission energies to ther-
mal energies, where the fission probability of
fuels such as 235U is large.

4. During slowing down, some neutrons undergo
non-fission capture, particularly in resonance-
energy regions. The resonance escape probabil-
ity 𝑝 is the fraction that reaches thermal energy
without such absorption.
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5. Thermal neutrons may be absorbed in the fuel,
moderator, coolant, structural material, control
material, or fission products. The thermal uti-
lization factor 𝑓 is the fraction of all thermal-
neutron absorptions that occur in the fuel.

6. Absorption in the fuel may cause either fission
or radiative capture. The reproduction factor 𝜂
is the number of fission neutrons produced per
thermal neutron absorbed in the fuel.

7. Since the reactor has finite dimensions, fast
and thermal neutrons may escape through its
boundary. If 𝑃𝑓 and 𝑃𝑡 are the fast and thermal
non-leakage probabilities, respectively, leakage
reduces the multiplication factor.

For a thermal reactor, these processes are summarized
by the six-factor formula

𝑘eff = 𝜂 𝜖 𝑝 𝑓 𝑃𝑓 𝑃𝑡 .
The first four factors give the infinite-medium multi-
plication factor,

𝑘∞ = 𝜂𝜖𝑝𝑓 ,
whereas 𝑃𝑓 𝑃𝑡 < 1 accounts for leakage from a finite re-
actor. A self-sustained steady chain reaction requires

𝜂𝜖𝑝𝑓 𝑃𝑓 𝑃𝑡 = 1.
Delayed neutrons do not appreciably alter the static
critical-size condition, but they are essential for the
controllable time-dependent response of a reactor
near criticality.

In one-group diffusion theory, the neutron balance
eigenvalue equation is

−𝐷∇2𝜙 + Σ𝑎𝜙 = 𝜈Σ𝑓
𝑘eff

𝜙.

At exact criticality, 𝑘eff = 1, and hence

−𝐷∇2𝜙 + Σ𝑎𝜙 = 𝜈Σ𝑓 𝜙.
Therefore,

∇2𝜙 + 𝐵2𝑚𝜙 = 0, 𝐵2𝑚 = 𝜈Σ𝑓 − Σ𝑎
𝐷 ,

where 𝐵2𝑚 is the material buckling. It measures the ex-
cess neutron production available to compensate leak-
age.

For a reactor of a specified shape, the fundamental
spatial mode satisfies

∇2𝜙 + 𝐵2𝑔𝜙 = 0,

with zero flux at the extrapolated boundary. Here 𝐵2𝑔
is the geometrical buckling, which measures leakage

imposed by the size and shape. The criticality condi-
tion is consequently

𝐵2𝑔 = 𝐵2𝑚 .

For a fixed material, a smaller reactor has larger 𝐵2𝑔
and hence excessive leakage, whereas a larger reactor
has smaller 𝐵2𝑔 .
For the common reactor geometries, the critical di-
mensions follow as below.

1. For a slab of physical thickness 𝑇 , infinite in the
other two directions, let

𝑇𝑒 = 𝑇 + 2𝛿
be its extrapolated thickness. The fundamental
flux is proportional to

sin (𝜋𝑥𝑇𝑒
) ,

and therefore

𝐵2𝑔 = ( 𝜋𝑇𝑒
)
2
.

At criticality,

𝑇𝑒 = 𝜋
𝐵𝑚

, 𝑇𝑐 = 𝜋
𝐵𝑚

− 2𝛿 .

2. For a rectangular parallelepiped having physi-
cal side lengths 𝑎, 𝑏, and 𝑐, define
𝑎𝑒 = 𝑎 + 2𝛿, 𝑏𝑒 = 𝑏 + 2𝛿, 𝑐𝑒 = 𝑐 + 2𝛿.

Separation of variables gives the fundamental
mode

𝜙 ∝ sin (𝜋𝑥𝑎𝑒
) sin (𝜋𝑦𝑏𝑒

) sin (𝜋𝑧𝑐𝑒
) ,

so that

𝐵2𝑔 = 𝜋2 ( 1
𝑎2𝑒

+ 1
𝑏2𝑒

+ 1
𝑐2𝑒
) .

The critical dimensions satisfy

𝐵2𝑚 = 𝜋2 [ 1
(𝑎 + 2𝛿)2 + 1

(𝑏 + 2𝛿)2 + 1
(𝑐 + 2𝛿)2 ] .

For a cube of physical side 𝐿,

𝐵2𝑔 = 3𝜋2
(𝐿 + 2𝛿)2 , 𝐿𝑐 = √3 𝜋

𝐵𝑚
− 2𝛿 .

3. For a finite right circular cylinder of physical
radius 𝑅 and height 𝐻 , take

𝑅𝑒 = 𝑅 + 𝛿, 𝐻𝑒 = 𝐻 + 2𝛿.
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The fundamental radial solution is
𝐽0(2.405 𝑟/𝑅𝑒), since 2.405 is the first pos-
itive zero of 𝐽0. Including the axial mode
gives

𝐵2𝑔 = (2.405𝑅𝑒
)
2
+ ( 𝜋

𝐻𝑒
)
2
.

Thus its critical dimensions obey

𝐵2𝑚 = ( 2.405𝑅 + 𝛿 )
2
+ ( 𝜋

𝐻 + 2𝛿 )
2
.

A unique pair (𝑅𝑐 , 𝐻𝑐) is obtained only after
specifying the cylinder’s aspect ratio or one of
its dimensions.

4. For a sphere of physical radius 𝑅, let
𝑅𝑒 = 𝑅 + 𝛿.

The finite spherically symmetric solution is

𝜙(𝑟) = 𝐶
sin(𝐵𝑔 𝑟)

𝑟 .
Regularity at 𝑟 = 0 selects this solution, and
the extrapolated boundary condition 𝜙(𝑅𝑒) = 0
gives

𝐵𝑔𝑅𝑒 = 𝜋.
Hence

𝐵2𝑔 = ( 𝜋
𝑅𝑒

)
2
, 𝑅𝑒 = 𝜋

𝐵𝑚
,

and the physical critical radius is

𝑅𝑐 = 𝜋
𝐵𝑚

− 𝛿 .

Since 𝐵𝑚 and 𝐵𝑔 both have the dimension of inverse
length, their equality consistently determines a criti-
cal length. The relations also show the expected phys-
ical limit: increasing a reactor dimension decreases
𝐵2𝑔 , reduces neutron leakage, and moves the reactor
toward supercriticality; decreasing the dimension in-
creases leakage and moves it toward subcriticality.

CONCLUSION:

A self-sustained nuclear reactor is critical when

𝑘eff = 1 , 𝜌 = 0 ,
so that neutron production exactly balances absorp-
tion and outward leakage. In life-cycle notation this
is

𝜂𝜖𝑝𝑓 𝑃𝑓 𝑃𝑡 = 1 .
In the bare, homogeneous, one-group diffusionmodel,
the equivalent critical-size condition is

𝐵2𝑔 = 𝐵2𝑚 = 𝜈Σ𝑓 − Σ𝑎
𝐷 ,

where 𝐵𝑔 and 𝐵𝑚 have units of inverse length.

Using extrapolated dimensions, the geometrical buck-
lings are

𝐵2𝑔 =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

( 𝜋𝑇𝑒
)
2
, slab,

𝜋2 ( 1
𝑎2𝑒

+ 1
𝑏2𝑒

+ 1
𝑐2𝑒
) , rectangular parallelepiped,

(2.405𝑅𝑒
)
2
+ ( 𝜋

𝐻𝑒
)
2
, finite cylinder,

( 𝜋
𝑅𝑒

)
2
, sphere.

Accordingly,

𝑇𝑐 = 𝜋
𝐵𝑚

− 2𝛿

𝐿𝑐 = √3𝜋
𝐵𝑚

− 2𝛿

𝑅𝑐,sphere = 𝜋
𝐵𝑚

− 𝛿

while the critical radius and height of a finite cylinder
satisfy

( 2.405
𝑅𝑐 + 𝛿 )

2
+ ( 𝜋

𝐻𝑐 + 2𝛿 )
2
= 𝐵2𝑚 .

These results apply within diffusion theory to a
bare homogeneous reactor; reflectors, heterogeneous
cores, multigroup effects, and anisotropic leakage re-
quire the corresponding modified boundary condi-
tions and neutron-balance equations.

CSE · 2025 · 15 MARKS

Q7. The total binding energies of 158 O, 168 O
and 178 O are 111 ⋅ 96 MeV, 127 ⋅ 62 MeV and
131 ⋅ 76 MeV respectively. Determine the en-
ergy gap between 1𝑝1/2 and 1𝑑5/2 neutron
shells for the nuclide whose mass number is
close to 16.

INTRODUCTION:

The proton number is fixed at 𝑍 = 8, while the neu-
tron numbers of the three isotopes are

𝑁(15O) = 7, 𝑁 (16O) = 8, 𝑁 (17O) = 9.
In the independent-particle shell model, 16O is a dou-
bly magic closed-shell nucleus. Its highest occupied
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neutron orbit is 1𝑝1/2, whereas the next neutron
added to form 17O occupies the 1𝑑5/2 orbit.

Let 𝐵(𝐴) denote the positive total binding energy of
𝐴O. The one-neutron separation energy is

𝑆𝑛(𝐴) = 𝐵(𝐴) − 𝐵(𝐴 − 1).
Neglecting changes in the mean nuclear field and
residual-particle correlations among the three neigh-
bouring isotopes, 𝑆𝑛(16O) gives the binding of a neu-
tron in the last occupied 1𝑝1/2 orbit, while 𝑆𝑛(17O)
gives the binding of the added neutron in the 1𝑑5/2
orbit.

Single-particle energies are measured relative to the
neutron-emission threshold, so bound-state energies
are negative:

𝜖𝑛ℓ𝑗 ≃ −𝑆𝑛 .
The required shell gap is therefore

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2).

SOLUTION:

The energy required to remove the eighth neutron
from 16O, leaving 15O, is

𝑆𝑛(16O) = 𝐵(16O) − 𝐵(15O)
= 127.62 MeV − 111.96 MeV

= 15.66 MeV.
Thus, in the shell-model approximation,

𝜖(1𝑝1/2) ≃ −15.66 MeV.

Similarly, the energy required to remove the ninth
neutron from 17O, leaving the closed-shell 16O core,
is

𝑆𝑛(17O) = 𝐵(17O) − 𝐵(16O)
= 131.76 MeV − 127.62 MeV

= 4.14 MeV.
Hence,

𝜖(1𝑑5/2) ≃ −4.14 MeV.

The separation between the two single-neutron levels
is consequently

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2)
= (−4.14) − (−15.66) MeV

= 11.52 MeV.
Equivalently,

Δ𝐸 = 𝑆𝑛(16O)− 𝑆𝑛(17O) = 2𝐵(16O)−𝐵(15O)−𝐵(17O).
The positive value is physically consistent: the occu-
pied 1𝑝1/2 neutron is more deeply bound than the
1𝑑5/2 neutron lying above the 𝑁 = 8 shell closure.

CONCLUSION:

The neutron-shell energy gap near mass number 𝐴 =
16 is

Δ𝐸 = 𝜖(1𝑑5/2) − 𝜖(1𝑝1/2) = 11.52 MeV .

Thus the 1𝑑5/2 neutron level lies approximately
11.52 MeV above the 1𝑝1/2 level. This inference as-
sumes that the neighbouring oxygen isotopes can be
described as one-neutron particle or hole states about
the closed-shell 16O core, with changes of the mean
field and residual correlation energies neglected.

CSE · 2025 · 15 MARKS

Q8. What is the minimum energy required
to break a 42He nucleus into free protons and
neutrons? [ Given, 𝑚H = 1 ⋅ 007825 amu,
𝑚𝑛 = 1 ⋅ 008665 amu, 𝑚𝑒 = 0 ⋅ 00055 amu and
𝑚He = 4 ⋅ 002603 amu ]

INTRODUCTION:

The 42He nucleus contains two protons and two neu-
trons. The minimum energy required to separate it
into free nucleons is its nuclear binding energy. It is
obtained from the mass defect,

Δ𝑚 = (2𝑚𝑝 + 2𝑚𝑛) − 𝑚4He nucleus,
using Einstein’s mass–energy relation,

𝐸min = Δ𝑚 𝑐2.
The tabulated masses 𝑚H and 𝑚He are atomic masses.
Hence

𝑚𝑝 = 𝑚H − 𝑚𝑒 , 𝑚4He nucleus = 𝑚He − 2𝑚𝑒 ,
where the negligible atomic electron binding energies
are ignored.

SOLUTION:

Substituting the nuclear masses into the mass-defect
expression gives

Δ𝑚 = 2(𝑚H − 𝑚𝑒) + 2𝑚𝑛 − (𝑚He − 2𝑚𝑒)
= 2𝑚H + 2𝑚𝑛 − 𝑚He.

Thus the electron masses cancel, as expected because
both sides contain two electrons when atomic masses
are used consistently.

Numerically,

Δ𝑚 = [2(1.007825) + 2(1.008665) − 4.002603] amu

= [2.015650 + 2.017330 − 4.002603] amu

= 0.030377 amu.
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Using
1 amu 𝑐2 ≃ 931.5 MeV,

the required energy is

𝐸min = (0.030377 amu)(931.5 MeV/amu)
≃ 28.30 MeV.

Equivalently, since 1 MeV = 1.602 × 10−13 J,

𝐸min = (28.30)(1.602 × 10−13) J
≃ 4.53 × 10−12 J.

The positive mass defect confirms that energy must
be supplied to overcome the binding of the nucleons.
This value also corresponds to an average binding en-
ergy of

28.30
4 ≃ 7.07 MeV

per nucleon, consistent with the strong binding of the
4He nucleus.

CONCLUSION:

The minimum energy required to break one 4
2He nu-

cleus completely into two free protons and two free
neutrons is

𝐸min ≃ 28.3 MeV ≃ 4.53 × 10−12 J .

This is the total binding energy of the 42He nucleus and
is the threshold energy, neglecting recoil and atomic
electron-binding corrections.

CSE · 2025 · 15 MARKS

Q9. Consider a uranium nucleus (92U
236)

breaking up spontaneously into two equal
parts. Estimate the reduction of electrostatic
energy of the nucleus considering uniform
charge distribution. [ Assume that nuclear
radius is 1 ⋅ 2 × 10−13𝐴1/3 cm ]

INTRODUCTION:

The electrostatic self-energy of a uniformly charged
spherical nucleus of charge 𝑄 = 𝑍𝑒 and radius 𝑅 is

𝐸C = 3
5

1
4𝜋𝜀0

𝑄2
𝑅 .

We compare the self-energy of the original spherical
nucleus with the sum of the self-energies of two equal
spherical fragments after they are sufficiently sepa-
rated that their mutual electrostatic interaction is neg-
ligible.

For the parent nucleus,

𝐴 = 236, 𝑍 = 92, 𝑄 = 92𝑒.
Equal division, with the proton-to-nucleon ratio un-
changed, gives

𝐴𝑓 = 236
2 = 118, 𝑍𝑓 = 92

2 = 46,
so charge and nucleon number are conserved. Writ-
ing the parent and fragment radii as 𝑅 and 𝑅𝑓 , respec-
tively, the given radius law implies

𝑅 = 𝑟0𝐴1/3, 𝑅𝑓 = 𝑟0 (𝐴2 )
1/3

= 𝑅
21/3 ,

where
𝑟0 = 1.2 × 10−13 cm = 1.2 fm.

SOLUTION:

The radius of the original uranium nucleus is

𝑅 = (1.2 fm)(236)1/3.
Since

2361/3 ≃ 6.18,
we obtain

𝑅 ≃ (1.2)(6.18) fm ≃ 7.42 fm.

Using
𝑒2
4𝜋𝜀0

= 1.44MeV fm,
the electrostatic self-energy of the parent nucleus is

𝐸(𝑖)C = 3
5

1
4𝜋𝜀0

𝑍 2𝑒2
𝑅 .

Therefore,

𝐸(𝑖)C = 3
5
(92)2(1.44MeV fm)

7.42 fm .
Numerically,

𝐸(𝑖)C = 0.6 × 8464 × 1.44
7.42 MeV ≃ 9.86 × 102 MeV.

Each fragment has charge 𝑍𝑒/2 and radius 𝑅/21/3. Its
self-energy is

𝐸C,𝑓 = 3
5

1
4𝜋𝜀0

(𝑍𝑒/2)2
𝑅/21/3 .

The total self-energy of both fragments is conse-
quently

𝐸(𝑓 )C = 2𝐸C,𝑓
= 2 [35

1
4𝜋𝜀0

𝑍 2𝑒2/4
𝑅/21/3 ]

= 3
5

1
4𝜋𝜀0

𝑍 2𝑒2
𝑅 2−2/3

= 𝐸(𝑖)C 2−2/3.
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Since
2−2/3 ≃ 0.630,

the final electrostatic self-energy is

𝐸(𝑓 )C ≃ (9.86 × 102)(0.630)MeV ≃ 6.21 × 102 MeV.

Hence the reduction in electrostatic energy is

Δ𝐸C = 𝐸(𝑖)C − 𝐸(𝑓 )C

= 𝐸(𝑖)C (1 − 2−2/3)
≃ (9.86 × 102)(1 − 0.630)MeV

≃ 3.65 × 102 MeV.
In SI units,

Δ𝐸C ≃ (3.65 × 102)(1.602 × 10−13) J ≃ 5.85 × 10−11 J.
The positive value is physically consistent: division
spreads the same total charge over two separated
nuclei, thereby lowering the total electrostatic self-
energy.

CONCLUSION:

For uniform spherical charge distributions, the spon-
taneous equal division

23692 U ⟶ 11846 𝑋 + 11846 𝑋
reduces the electrostatic self-energy by

Δ𝐸C ≃ 3.65 × 102 MeV

or equivalently

Δ𝐸C ≃ 5.85 × 10−11 J .
Thus approximately 365MeV of electrostatic energy
is released in the direction of fragment separation, un-
der the assumptions of equal charge division, spher-
ical uniform-charge fragments, unchanged nuclear
density, and negligible mutual Coulomb interaction
in the final sufficiently separated state.

CSE · 2025 · 10+10=20 MARKS

Q10. State the basic assumption of single-
particle shell model. How do the centrifugal
and spin-orbit terms remove the degeneracy
of three-dimensional spherical harmonic os-
cillator?

INTRODUCTION:

The single-particle shell model assumes that, to a
good approximation, each nucleon moves indepen-
dently in a time-independent average potential pro-
duced by all the other nucleons. The complicated

residual two-nucleon interactions are replaced at lead-
ing order by a common, spherically symmetric mean
field. The Pauli exclusion principle is imposed sepa-
rately on protons and neutrons, and the residual inter-
action is treated as a comparatively small correction.

For a nucleon of mass 𝑚, the single-particle Hamilto-
nian may be written as

𝐻 = p2

2𝑚 + 𝑉 (𝑟) + 𝑉𝑙𝑠(𝑟) l ⋅ s.

For the ideal three-dimensional isotropic harmonic os-
cillator,

𝑉 (𝑟) = 1
2𝑚𝜔

2𝑟2

𝐸(0)𝑁 = (𝑁 + 3
2) ℏ𝜔

𝑁 = 2𝑛𝑟 + 𝑙
where 𝑛𝑟 = 0, 1, 2, … is the radial quantum number
and 𝑙 is the orbital angular-momentum quantum num-
ber. Thus all states having the same oscillator quan-
tum number 𝑁 , but different allowed values

𝑙 = 𝑁 , 𝑁 − 2,… ,
have the same energy. Including spin, a major oscil-
lator shell has degeneracy

𝑔𝑁 = 2∑
𝑙
(2𝑙 + 1) = (𝑁 + 1)(𝑁 + 2).

The centrifugal contribution is examined in the radial
equation, while the spin-orbit interaction is evaluated
in the coupled basis

j = l + s, 𝑠 = 1
2 .

SOLUTION:

For a central potential, write the wavefunction as

𝜓𝑛𝑙𝑗𝑚(r, 𝜎) =
𝑢𝑛𝑙(𝑟)
𝑟 𝒴𝑙𝑗𝑚(r̂, 𝜎).

The radial Schrödinger equation is

[− ℏ2
2𝑚

𝑑2
𝑑𝑟2 + 𝑉 (𝑟) + ℏ2𝑙(𝑙 + 1)

2𝑚𝑟2 ] 𝑢𝑛𝑙(𝑟) = 𝐸𝑛𝑙𝑢𝑛𝑙(𝑟).

Hence the effective radial potential is

𝑉eff(𝑟) = 𝑉 (𝑟) + 𝑉cf(𝑟), 𝑉cf(𝑟) = ℏ2𝑙(𝑙 + 1)
2𝑚𝑟2 .

The centrifugal barrier vanishes for 𝑙 = 0 and in-
creases with 𝑙(𝑙 + 1). Consequently, states with dif-
ferent 𝑙 experience different effective radial potentials
and have different radial distributions. In a general
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nuclear mean field this makes the energy depend sep-
arately on 𝑛𝑟 and 𝑙:

𝐸𝑛𝑟 𝑙 ≠ 𝐸𝑛𝑟 𝑙′ for 𝑙 ≠ 𝑙′,
even when 2𝑛𝑟 + 𝑙 = 2𝑛′𝑟 + 𝑙′. The accidental degen-
eracy between different 𝑙-values within one oscillator
shell is therefore removed.

There is an important qualification. The centrifugal
term is already present in the exact radial solution of
the isotropic harmonic oscillator. For the special po-
tential 𝑉 (𝑟) = 𝑚𝜔2𝑟2/2, its 𝑙-dependence is exactly
compensated by the radial excitation energy, giving

𝐸(0)𝑛𝑟 𝑙 = (2𝑛𝑟 + 𝑙 + 3
2) ℏ𝜔 = (𝑁 + 3

2) ℏ𝜔.
Thus the centrifugal barrier by itself does not split an
exact isotropic oscillator shell. The 𝑙-splitting arises
when the oscillator is replaced by, or corrected to-
ward, a realistic finite-depth nuclear mean field. It is
often represented phenomenologically within amajor
shell by an 𝑙-dependent term such as

Δ𝐻𝑙 = 𝐷 l 2,
where the coefficient 𝐷, including its sign, depends
on the chosen mean-field parametrization. Its eigen-
value is

Δ𝐸𝑙 = 𝐷ℏ2𝑙(𝑙 + 1),
so states with different 𝑙 are no longer degenerate.
Equivalently, the centrifugal barrier in the radial
equation supplies the physical origin of the sensitiv-
ity to 𝑙, while the non-oscillator form of the central
potential prevents the exact oscillator cancellation.

The remaining degeneracy between the two possible
orientations of spin relative to the orbital angular mo-
mentum is removed by the spin-orbit interaction. Let

𝐻𝑙𝑠 = 𝑉𝑙𝑠(𝑟) l ⋅ s.
Using

j2 = (l + s)2 = l2 + s2 + 2l ⋅ s,
one obtains

l ⋅ s = 1
2 (j2 − l2 − s2) .

Therefore, in a state labelled by 𝑙 , 𝑠, 𝑗,

⟨l ⋅ s⟩ = ℏ2
2 [𝑗(𝑗 + 1) − 𝑙(𝑙 + 1) − 𝑠(𝑠 + 1)] .

For a nucleon, 𝑠 = 1
2 , so 𝑠(𝑠+1) = 3/4, and the allowed

total angular momenta are

𝑗 = 𝑙 + 1
2 and 𝑗 = 𝑙 − 1

2 (𝑙 ≠ 0).

For 𝑗 = 𝑙 + 1
2 ,

𝑗(𝑗 + 1) = (𝑙 + 1
2) (𝑙 +

3
2) = 𝑙(𝑙 + 1) + 𝑙 + 3

4 ,

and hence

⟨l ⋅ s⟩𝑗=𝑙+1/2 = ℏ2𝑙
2 .

For 𝑗 = 𝑙 − 1
2 ,

𝑗(𝑗 + 1) = (𝑙 − 1
2) (𝑙 +

1
2) = 𝑙2 − 1

4 ,

which gives

⟨l ⋅ s⟩𝑗=𝑙−1/2 = −ℏ2(𝑙 + 1)
2 .

If the radial dependence is replaced by its expectation
value in the orbit,

𝐶𝑛𝑙 = ⟨𝑉𝑙𝑠(𝑟)⟩𝑛𝑙 ,
the first-order shifts are

Δ𝐸𝑙𝑠 (𝑙 + 1
2) = 𝐶𝑛𝑙 ℏ

2𝑙
2 ,

and

Δ𝐸𝑙𝑠 (𝑙 − 1
2) = −𝐶𝑛𝑙 ℏ

2(𝑙 + 1)
2 .

The separation between the two spin-orbit partners is
consequently

𝐸𝑙+1/2 − 𝐸𝑙−1/2 = 𝐶𝑛𝑙 ℏ
2
2 (2𝑙 + 1).

Thus the magnitude of the splitting increases approx-
imately with 2𝑙 + 1.
In nuclei the effective spin-orbit coupling has the sign
for which the aligned state

𝑗 = 𝑙 + 1
2

lies below the anti-aligned state

𝑗 = 𝑙 − 1
2 .

With the convention used above, this corresponds to
𝐶𝑛𝑙 < 0. Each 𝑙-multiplet, originally containing

2(2𝑙 + 1)
states including spin, is divided into two levels:

𝑗 = 𝑙 + 1
2 , 2𝑗 + 1 = 2𝑙 + 2,

and
𝑗 = 𝑙 − 1

2 , 2𝑗 + 1 = 2𝑙.
Their total number of magnetic substates is con-
served:

(2𝑙 + 2) + (2𝑙) = 2(2𝑙 + 1).
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For 𝑙 = 0, only 𝑗 = 1/2 exists and

l ⋅ s = 0,
so there is no spin-orbit splitting of an 𝑠-orbit.
CONCLUSION:

The basic shell-model assumption is that every pro-
ton or neutron moves approximately independently
in a common, spherically symmetric mean field gen-
erated by all the other nucleons, with the Pauli princi-
ple enforced and residual interactions treated as cor-
rections.

The ideal three-dimensional harmonic oscillator has
energies

𝐸(0)𝑁 = (𝑁 + 3
2) ℏ𝜔, 𝑁 = 2𝑛𝑟 + 𝑙,

so different 𝑙-orbits belonging to the same 𝑁 -shell are
accidentally degenerate. The centrifugal barrier

ℏ2𝑙(𝑙 + 1)
2𝑚𝑟2

makes different 𝑙-states experience different effective
radial potentials. In an exact harmonic oscillator its

effect is cancelled in the total energy, but in a realis-
tic non-oscillator nuclear mean field this cancellation
is lost, producing an 𝑙-dependent splitting.
The spin-orbit interaction further divides every 𝑙 ≠ 0
orbit into the partners

𝑗 = 𝑙 + 1
2 and 𝑗 = 𝑙 − 1

2 ,

with

⟨l ⋅ s⟩ =
⎧
⎨
⎩

ℏ2𝑙
2 , 𝑗 = 𝑙 + 1

2 ,

−ℏ2(𝑙 + 1)
2 , 𝑗 = 𝑙 − 1

2 .
For the nuclear sign of the coupling, the aligned 𝑗 =
𝑙 + 1

2 level is lower, and the splitting has magnitude

|𝐸𝑙+1/2 − 𝐸𝑙−1/2| = |𝐶𝑛𝑙 | ℏ
2
2 (2𝑙 + 1).

The combined 𝑙-dependent central-field effect and
strong spin-orbit splitting destroy the large oscillator
degeneracy and generate the observed nuclear single-
particle shell structure.
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1 What are the different methods used to increase the probability of exposure for

the atomic planes with right orientation to X-rays in the X-rays diffraction
studies?
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2 Explain the principle and working of the Laue’s diffraction method. Comment on
the origin of Laue spots and the utility of Laue’s diffraction pattern.

15 2026 CSE 3

3 What is X-ray diffraction? How is an XRD pattern used to determine the crystal
structure of the material?

15 2025 CSE 6

4 In powder diffraction method pattern for lead with radiation of wavelength
𝜆 = 1 ⋅ 54 Å, the (220) Bragg reflection angle is 𝜃 = 32∘. Find the radius of the
atom.

10 2025 CSE 8

5 Find the radius of the interstitial sphere which can just fit into the void at the
body centre of the fcc structure coordinated by the facial atoms.

10 2025 CSE 8

6 (i) Explain the Bravais lattice and non-Bravais lattice with suitable diagram. (ii)
Draw the (1 0 0), (1 1 0) and (1 1 1) planes in a cubic unit cell. (iii) Obtain the
Miller indices of a plane with intercepts 𝑎, 𝑏/2, 3𝑐 in a simple cubic unit cell.

10+5+
5=20

2025 IFoS 9

7 The spacing between successive (100) planes in sodium chloride is 1 ⋅ 41 Å.
X-rays incident on the surface of the crystal are found to give rise to second
order Bragg reflections at a glancing angle 10∘. Calculate the wavelength of
X-ray radiations.

10 2024 CSE 11

8 Consider the planes with indices (1 0 0) and (0 0 1); the lattice is f.c.c., and the
indices refer to the conventional cubic cell. What are the indices of these planes
when referred to the primitive axes : 𝑎1 = 𝑎

2 (𝑥̂ + ̂𝑦), 𝑎2 = 𝑎
2 ( ̂𝑦 + ̂𝑧) and

𝑎3 = 𝑎
2 ( ̂𝑧 + 𝑥̂)?

8 2024 IFoS 11

9 Derive diffraction conditions using reciprocal lattice concept. What are these
conditions known as ?

10 2023 CSE 12

10 Draw the crystal structure of CaF2 indicating the positions of cations and anions.
What are their respective coordination numbers?

10 2023 IFoS 14
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Q1. What are the different methods used
to increase the probability of exposure for
the atomic planes with right orientation to
X-rays in the X-rays diffraction studies?

INTRODUCTION:

For diffraction from a set of parallel atomic planes of
spacing 𝑑 , the incident X-rays must satisfy Bragg’s
condition

2𝑑 sin 𝜃 = 𝑛𝜆,
where 𝜃 is the glancing angle between the incident
beam and the atomic planes, 𝜆 is the X-ray wave-
length, and 𝑛 is the order of diffraction. Thus, for fixed
𝑑 and 𝜆, diffraction occurs only when the plane nor-
mal has the required orientation relative to the inci-
dent beam. The probability of meeting this condition
can be increased by varying the wavelength, varying
the crystal orientation, or simultaneously providing
many randomly oriented crystallites.

SOLUTION:

The principal experimental methods are as follows.

1. Laue method: variation of wavelength

A stationary single crystal is exposed to a col-
limated beam of polychromatic, or “white,” X-
rays containing a continuous range of wave-
lengths. The orientations and spacings of the
atomic planes remain fixed, but for a suitably
oriented plane there is a greater probability that
the incident spectrum contains a wavelength

𝜆 = 2𝑑 sin 𝜃
𝑛

which satisfies Bragg’s law.

The diffraction spots may be recorded in trans-
mission geometry, with the detector behind the
crystal, or in back-reflection geometry, with
the detector on the incident-beam side. This
method is especially useful for determining
crystal symmetry and orientation.

2. Rotating-crystal or oscillation method: variation
of crystal orientation

A single crystal is irradiated with monochro-
matic X-rays and rotated continuously, or os-
cillated through a limited angular range, about
a chosen axis. As the crystal turns, the angle 𝜃
made by each family of atomic planes with the
incident beam changes. Different planes conse-
quently pass through the required Bragg orien-
tation

𝜃 = sin−1(𝑛𝜆2𝑑 ) .

Whenever a reciprocal-lattice point intersects
the Ewald sphere, the corresponding reflected
beam is recorded. Related procedures, such as
the precession method, vary the crystal orienta-
tion in a controlled manner so that a larger and
more conveniently arranged set of reflections is
obtained.

3. Powder or Debye–Scherrer method: use of many
random orientations

A finely powdered specimen contains a very
large number of small crystallites whose orien-
tations are approximately random. For any fam-
ily of planes with spacing 𝑑 , some crystallites
will statistically have those planes at the Bragg
angle 𝜃 to the incident monochromatic beam.
Their diffracted rays have the same scattering
angle 2𝜃 and form a cone about the incident-
beam direction. A film or position-sensitive de-
tector intercepts this cone as rings or arcs.

The method therefore supplies the required ori-
entations simultaneouslywithoutmechanically
aligning a single crystal. It is particularly suit-
able for phase identification and determination
of interplanar spacings.

These approaches correspond to the three quantities
that can be diversified in Bragg’s condition: 𝜆 is var-
ied in the Laue method, 𝜃 is varied in rotating or
oscillating-crystal methods, and a large statistical dis-
tribution of 𝜃 is supplied by the powder method. A re-
flection is possible only when 𝑛𝜆 ≤ 2𝑑 , since sin 𝜃 ≤ 1.
CONCLUSION:

The probability of exposing atomic planes in the cor-
rect orientation is increased by:

1. using a stationary single crystal and many X-
ray wavelengths in the Laue method;

2. rotating, oscillating, or precessing a single crys-
tal in a monochromatic beam so that its plane
normals successively acquire the required direc-
tion; and

3. using a powder containing numerous randomly
oriented crystallites, some of which automati-
cally have the required plane orientation.

In every case, the selected planes must be oriented at
the Bragg glancing angle

𝜃 = sin−1(𝑛𝜆2𝑑 )

to the incident X-ray direction, equivalently with
their normal making the angle 90∘ − 𝜃 with that di-
rection.
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Q2. Explain the principle and working of
the Laue’s diffraction method. Comment on
the origin of Laue spots and the utility of
Laue’s diffraction pattern.

INTRODUCTION:

Laue’s method is an X-ray diffraction method in
which a stationary single crystal is irradiated by a nar-
row beam of polychromatic, or “white,” X-rays. Its
principle is the coherent elastic scattering of X-rays
by the periodically arranged atoms of the crystal. Al-
though the orientation of the crystal is fixed, the con-
tinuous range of wavelengths allows different sets of
lattice planes to satisfy the diffraction condition simul-
taneously.

Let the primitive translation vectors of the crystal be
a, b, c. Let k0 and k denote the incident and diffracted
wave vectors, respectively, with

|k0| = |k| = 2𝜋
𝜆 ,

because X-ray diffraction is treated as elastic scatter-
ing. The scattering vector is

q = k − k0.
Constructive interference occurs when q is a
reciprocal-lattice vector. The incident-beam direction
is taken as fixed, and the direction of each diffracted
beam is determined by the corresponding reciprocal-
lattice point and the wavelength selected from the
incident spectrum.

SOLUTION:

Consider identical scatterers situated at lattice points

R = 𝑢a + 𝑣b + 𝑤c, 𝑢, 𝑣 , 𝑤 ∈ ℤ.
The phase difference between waves scattered from
lattice points separated by R is

Δ𝜙 = (k − k0) ⋅ R = q ⋅ R.
For constructive interference from the entire crystal,
this phase difference must be an integral multiple of
2𝜋 for every lattice translation. It is therefore suffi-
cient and necessary that

q ⋅ a = 2𝜋ℎ, q ⋅ b = 2𝜋𝑘, q ⋅ c = 2𝜋𝑙,
where ℎ, 𝑘, 𝑙 are integers. These are the three Laue
diffraction equations. Equivalently,

k − k0 = Gℎ𝑘𝑙 ,
where

Gℎ𝑘𝑙 = ℎa∗ + 𝑘b∗ + 𝑙c∗

is a reciprocal-lattice vector, with the reciprocal basis
defined by

a∗ ⋅ a = 2𝜋, a∗ ⋅ b = a∗ ⋅ c = 0,
and corresponding cyclic relations for b∗ and c∗.
If (𝛼0, 𝛽0, 𝛾0) are the angles made by the incident beam
with a, b, c, and (𝛼, 𝛽, 𝛾 ) are thosemade by a diffracted
beam, the Laue equations may also be written as

𝑎(cos 𝛼 − cos 𝛼0) = ℎ𝜆,
𝑏(cos 𝛽 − cos 𝛽0) = 𝑘𝜆,
𝑐(cos 𝛾 − cos 𝛾0) = 𝑙𝜆

for an orthogonal lattice with edge lengths 𝑎, 𝑏, 𝑐.
The connection with Bragg’s law follows from elastic
scattering. Using

k = k0 + Gℎ𝑘𝑙

and |k| = |k0|, one obtains

|k0 + Gℎ𝑘𝑙 |2 = |k0|2,
so that

2k0 ⋅ Gℎ𝑘𝑙 + |Gℎ𝑘𝑙 |2 = 0.
Since Gℎ𝑘𝑙 is normal to the corresponding family of
lattice planes, this geometrical condition reduces to

𝑛𝜆 = 2𝑑ℎ𝑘𝑙 sin 𝜃 ,

where 𝑑ℎ𝑘𝑙 is the interplanar spacing, 𝜃 is the glancing
angle, and 𝑛 is the diffraction order. Thus, the Laue
equations and Bragg’s law express the same condition
in vector and plane descriptions, respectively.

The experimental working is as follows:

1. A beam of white X-rays, containing a continu-
ous range of wavelengths, is produced by an X-
ray tube and made narrow and approximately
parallel by collimating slits.

2. A stationary single crystal is placed in the path
of the collimated beam. Its orientation remains
fixed throughout the exposure.

3. For a particular family of planes, 𝑑ℎ𝑘𝑙 and 𝜃 are
fixed because the crystal is stationary. From the
incident continuous spectrum, only the wave-
length

𝜆 = 2𝑑ℎ𝑘𝑙 sin 𝜃
𝑛

that lies within the available spectral range is
strongly diffracted.

4. Many differently oriented plane families can
select different wavelengths at the same time.
Consequently, several diffracted beams emerge
in different directions.
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5. A photographic film or a two-dimensional X-
ray detector records the intersections of these
diffracted beams with the detector surface. The
direct transmitted beam is normally intercepted
or identified separately.

Two commonly used arrangements are:

1. In the transmission Laue method, the de-
tector is placed behind the crystal, approxi-
mately normal to the incident beam. The
forward-diffracted rays produce spots around
the transmitted-beam position. This arrange-
ment is suitable especially for relatively thin
crystals.

2. In the back-reflection Laue method, the detec-
tor is placed on the incident-beam side of the
crystal, with an opening through which the pri-
mary beam passes. The detector records rays
diffracted through large angles. This arrange-
ment is useful for thick or strongly absorbing
specimens because the radiation need penetrate
only a limited depth.

Each observed Laue spot originates from constructive
interference associated with a reciprocal-lattice vec-
tor Gℎ𝑘𝑙 , or equivalently with a particular set of lat-
tice planes. Since the crystal is not rotated, the spot
does not arise because a plane family is mechanically
brought into reflection position. Instead, that family
selects from the white spectrum the wavelength that
satisfies Bragg’s law. Thus different spots generally
correspond not only to different (ℎ𝑘𝑙) plane families
but also to different wavelengths.

In reciprocal-space language, the incident wave vec-
tors of different magnitudes form a range of Ewald
spheres because |k0| = 2𝜋/𝜆 varies across the white
spectrum. A reflection occurs whenever one of these
spheres passes through a reciprocal-lattice point. The
direction of the corresponding diffracted wave vector
fixes the location of the spot on the detector.

The spots are discrete because the translational pe-
riodicity of a well-ordered crystal permits strong
diffraction only at reciprocal-lattice points. Their in-
tensities depend on the incident spectral intensity, po-
larization and geometrical factors, absorption, multi-
plicity, and especially the crystal structure factor

𝐹ℎ𝑘𝑙 = ∑
𝑗
𝑓𝑗 exp[2𝜋𝑖 (ℎ𝑥𝑗 + 𝑘𝑦𝑗 + 𝑙𝑧𝑗)] ,

where 𝑓𝑗 and (𝑥𝑗 , 𝑦𝑗 , 𝑧𝑗) are the atomic scattering fac-
tor and fractional coordinates of the 𝑗-th atom in the
unit cell. A geometrically allowed spot may therefore
be weak or absent when 𝐹ℎ𝑘𝑙 = 0.
The Laue pattern has the following principal uses:

1. Determination of crystal orientation: The posi-
tions of the spots identify the directions of crys-

tallographic axes relative to the incident beam.
The method is widely used to align single crys-
tals before cutting, polishing, or carrying out
other diffraction measurements.

2. Identification of symmetry: The symmetry of
the spot pattern about the incident-beam direc-
tion reveals the corresponding rotational and
mirror symmetry of the crystal orientation, sub-
ject to the diffraction symmetry and possible in-
tensity equivalences.

3. Testing whether a specimen is a single crystal:
A well-oriented single crystal produces an or-
derly array of sharp spots. Several differently
oriented crystals or grains produce superposed
sets of spots.

4. Assessment of crystal quality: Sharp, regular
spots indicate good long-range order. Split,
streaked, diffuse, broadened, or distorted spots
can reveal mosaic structure, strain, lattice de-
fects, bending, disorder, or imperfect crys-
tallinity.

5. Observation of orientation changes: Changes in
spot positions can be used to study crystal rota-
tion, deformation, recrystallization, and related
structural changes.

6. Rapid crystallographic identification: Compari-
son of the measured spot geometry with calcu-
lated or standard patterns helps identify crystal-
lographic directions and, in suitable cases, dis-
tinguish possible crystal symmetries.

Because each spot normally involves a different and
not always precisely known wavelength, an ordinary
Laue photograph is less convenient for accurate de-
termination of lattice constants or a complete crys-
tal structure than monochromatic rotating-crystal or
powder methods. Its chief strength is the rapid deter-
mination of orientation, symmetry, and crystal per-
fection.

CONCLUSION:

Laue’s method uses a stationary single crystal and a
collimated polychromatic X-ray beam. Diffraction oc-
curs in directions satisfying

k − k0 = Gℎ𝑘𝑙 ,

or, in direct-lattice form,

q ⋅ a = 2𝜋ℎ, q ⋅ b = 2𝜋𝑘, q ⋅ c = 2𝜋𝑙 .

For elastic scattering these conditions are equivalent
to

𝑛𝜆 = 2𝑑ℎ𝑘𝑙 sin 𝜃 .
Each reciprocal-lattice point that can satisfy this con-
dition selects an appropriate wavelength, measured in
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units of length, from the white spectrum and sends a
diffracted beam in a definite direction. Its intersection
with the detector forms a Laue spot. The method is
valid when the specimen has sufficient crystalline or-
der, the scattering is predominantly elastic, and the re-
quired wavelength lies within the incident spectrum.
The positions, symmetry, sharpness, splitting, and in-
tensities of the spots provide rapid information about
crystal orientation, symmetry, single-crystal charac-
ter, strain, defects, and overall crystal quality.

CSE · 2025 · 15 MARKS

Q3. What is X-ray diffraction? How is an
XRD pattern used to determine the crystal
structure of the material?

INTRODUCTION:

X-ray diffraction (XRD) is the coherent elastic scatter-
ing of X-rays by the periodically arranged atoms of
a crystalline material. Since X-ray wavelengths, typi-
cally of order 10−10 m, are comparable to interatomic
spacings, waves scattered from different lattice planes
interfere. Constructive interference produces diffrac-
tion peaks whose positions, intensities, and shapes
contain information about the crystal structure.

Consider monochromatic radiation of wavelength 𝜆
incident on a set of parallel lattice planes separated by
𝑑ℎ𝑘𝑙 , where (ℎ𝑘𝑙) are Miller indices. Let 𝜃 be the glanc-
ing angle between the incident beam and the planes;
the angle between the incident and diffracted beams
is then 2𝜃 . The discussion assumes a crystalline speci-
men, predominantly elastic and kinematic scattering,
and an accurately known wavelength and instrumen-
tal geometry.

SOLUTION:

For rays scattered by two successive lattice planes, the
extra distance travelled by the lower ray is

Δ = 2𝑑ℎ𝑘𝑙 sin 𝜃.
Constructive interference requires this path differ-
ence to be an integral multiple of the wavelength:

2𝑑ℎ𝑘𝑙 sin 𝜃 = 𝑛𝜆 , 𝑛 = 1, 2, …
This is Bragg’s law. Higher-order diffraction may
equivalently be indexed as first-order diffraction from
another reciprocal-lattice plane, so XRD patterns are
ordinarily indexed using 𝑛 = 1:

𝑑ℎ𝑘𝑙 = 𝜆
2 sin 𝜃ℎ𝑘𝑙

.

An XRD pattern records diffracted intensity 𝐼 as a
function of 2𝜃 . In a powder specimen, the crystal-

lites are randomly oriented; for every allowed family
of lattice planes, some crystallites satisfy Bragg’s con-
dition. Consequently, each plane family produces a
diffraction cone, detected as a peak at a definite value
of 2𝜃 .
The crystal structure is determined from the pattern
as follows.

1. Determine the interplanar spacings from peak po-
sitions.

For every measured peak at 2𝜃𝑖, its Bragg angle
is 𝜃𝑖 = (2𝜃𝑖)/2, and

𝑑𝑖 = 𝜆
2 sin 𝜃𝑖

.

Thus the peak positions give a set of experimen-
tal interplanar spacings. These spacings are
compared with the metric relations appropriate
to possible crystal systems. For an orthogonal
unit cell,

1
𝑑 2ℎ𝑘𝑙

= ℎ2
𝑎2 + 𝑘2

𝑏2 + 𝑙2
𝑐2 ,

where 𝑎, 𝑏, 𝑐 are the lattice parameters. Impor-
tant special cases are

cubic: 1
𝑑 2ℎ𝑘𝑙

= ℎ2 + 𝑘2 + 𝑙2
𝑎2 ,

tetragonal: 1
𝑑 2ℎ𝑘𝑙

= ℎ2 + 𝑘2
𝑎2 + 𝑙2

𝑐2 ,

orthorhombic: 1
𝑑 2ℎ𝑘𝑙

= ℎ2
𝑎2 + 𝑘2

𝑏2 + 𝑙2
𝑐2 .

For a cubic crystal, Bragg’s law gives

sin2 𝜃ℎ𝑘𝑙 = 𝜆2
4𝑎2 (ℎ

2 + 𝑘2 + 𝑙2) .

Hence the ratios of experimental sin2 𝜃 values
must equal ratios of the allowed integers ℎ2 +
𝑘2 + 𝑙2. Matching these ratios assigns Miller
indices to the peaks and determines the lattice
constant through

𝑎 = 𝑑ℎ𝑘𝑙√ℎ2 + 𝑘2 + 𝑙2 = 𝜆√ℎ2 + 𝑘2 + 𝑙2
2 sin 𝜃ℎ𝑘𝑙

.

A consistent value of 𝑎 from several indepen-
dently indexed peaks is an important test of the
proposed indexing.

2. Identify the Bravais lattice from systematic ab-
sences.

Not every geometrically possible reflection has
nonzero intensity. Translational symmetry
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causes characteristic reflection conditions. For
conventional cubic lattices,

Bravais lattice Allowed reflections
primitive cubic (P) all integral ℎ, 𝑘, 𝑙,

body-centred cubic (I) ℎ + 𝑘 + 𝑙 even,
face-centred cubic (F) ℎ, 𝑘, 𝑙 all even or all odd.

These conditions follow from the lattice struc-
ture factor. For identical atoms with atomic
scattering factor 𝑓 ,

𝐹ℎ𝑘𝑙 = ∑
𝑗
𝑓 𝑒2𝜋𝑖(ℎ𝑥𝑗+𝑘𝑦𝑗+𝑙𝑧𝑗 ),

where (𝑥𝑗 , 𝑦𝑗 , 𝑧𝑗) are fractional atomic coordi-
nates.

For example, a body-centred lattice has atoms
at (0, 0, 0) and ( 12 ,

1
2 ,

1
2 ), so

𝐹ℎ𝑘𝑙 = 𝑓 [1 + 𝑒𝑖𝜋(ℎ+𝑘+𝑙)] .
Therefore 𝐹ℎ𝑘𝑙 = 2𝑓 when ℎ + 𝑘 + 𝑙 is even, but
𝐹ℎ𝑘𝑙 = 0 when it is odd. The missing odd-sum
reflections consequently identify body centring.
Analogous systematic absences distinguish face
centring and other translational symmetries.

3. Determine the atomic basis from relative intensi-
ties.

The integrated intensity of a reflection is, in
simplified form,

𝐼ℎ𝑘𝑙 ∝ 𝑚ℎ𝑘𝑙𝐿ℎ𝑘𝑙𝑃ℎ𝑘𝑙 |𝐹ℎ𝑘𝑙 |2 𝑒−2𝑀ℎ𝑘𝑙 ,
where 𝑚ℎ𝑘𝑙 is the multiplicity, 𝐿ℎ𝑘𝑙𝑃ℎ𝑘𝑙 repre-
sents geometrical and polarization corrections,
and 𝑒−2𝑀ℎ𝑘𝑙 is the thermal factor. For a basis
containing different atoms,

𝐹ℎ𝑘𝑙 = ∑
𝑗
𝑓𝑗𝑒2𝜋𝑖(ℎ𝑥𝑗+𝑘𝑦𝑗+𝑙𝑧𝑗 ) .

The factors 𝑓𝑗 depend on the atomic species
and scattering angle. Because the measured
intensity is governed by |𝐹ℎ𝑘𝑙 |2, different ar-
rangements of atoms within the same unit cell
produce different relative peak intensities even
when their peak positions are identical. Trial
structural models are therefore used to calcu-
late intensities, which are compared with the
observed values to infer the atomic species,
fractional coordinates, site occupancies, and
thermal displacements.

4. Refine and validate the structural model.

After determining a probable crystal sys-
tem, Bravais lattice, unit-cell dimensions, and
atomic basis, a calculated complete pattern is

fitted to the observed pattern. In Rietveld re-
finement, structural and profile parameters are
varied simultaneously to minimize a weighted
residual such as

𝑆 = ∑
𝑖
𝑤𝑖 [𝐼 obs𝑖 − 𝐼 calc𝑖 ]2 .

Agreement must extend over the entire pattern:
peak positions test the unit-cell metric, system-
atic absences test lattice symmetry, relative in-
tensities test the atomic basis, and peak pro-
files provide information about crystallite size,
microstrain, defects, and instrumental broaden-
ing. Unindexed peaksmay indicate an incorrect
model or the presence of additional crystalline
phases.

The diffraction condition also has a reciprocal-
space interpretation. If k0 and k are the inci-
dent and elastically scatteredwavevectors, with

|k0| = |k| = 2𝜋
𝜆 ,

then diffraction occurs when the scattering vec-
tor equals a reciprocal-lattice vector:

k − k0 = Gℎ𝑘𝑙 .
This formmakes clear that peak positions deter-
mine the reciprocal lattice, whereas intensities
determine how atoms are distributedwithin the
corresponding real-space unit cell.

XRD has intrinsic limitations. Since an or-
dinary diffraction measurement records |𝐹ℎ𝑘𝑙 |2
rather than the phase of 𝐹ℎ𝑘𝑙 , atomic positions
cannot generally be obtained by direct inver-
sion without additional structural constraints
or phase-determination methods. Furthermore,
amorphous materials produce broad diffuse fea-
tures rather than a set of sharp Bragg peaks, and
preferred orientation, overlapping peaks, multi-
phase samples, and light elements can compli-
cate structure determination.

CONCLUSION:

X-ray diffraction is the coherent elastic scattering of
X-rays by a periodic crystal lattice, with diffraction
maxima satisfying

2𝑑ℎ𝑘𝑙 sin 𝜃 = 𝑛𝜆 .
An XRD pattern determines crystal structure through
complementary information: peak positions yield
𝑑ℎ𝑘𝑙 , lattice parameters, and the crystal system; sys-
tematic absences identify translational symmetry and
the Bravais lattice; relative integrated intensities,
through

𝐼ℎ𝑘𝑙 ∝ |𝐹ℎ𝑘𝑙 |2 ,
determine the atomic basis; and whole-pattern re-
finement tests and improves the complete structural
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model. The inferred structure is reliable when one in-
dexed unit cell consistently accounts for the observed
peak positions, extinction rules, and corrected inten-
sities, subject to the assumptions of adequate crys-
tallinity, known wavelength, suitable diffraction ge-
ometry, and proper allowance for instrumental and
specimen effects.

CSE · 2025 · 10 MARKS

Q4. In powder diffraction method pattern
for lead with radiation of wavelength 𝜆 =
1 ⋅ 54 Å, the (220) Bragg reflection angle is
𝜃 = 32∘. Find the radius of the atom.

INTRODUCTION:

Lead crystallizes in the face-centred cubic (FCC) struc-
ture. We assume the conventional hard-sphere model
in which neighbouring atoms touch along a face diag-
onal. The indexed (220) powder line is taken as a first-
order Bragg reflection, and the given 𝜃 is the Bragg
angle between the incident beam and the reflecting
lattice planes.

Let 𝑎 be the cubic lattice parameter, 𝑑220 the spacing
of the (220) planes, and 𝑅 the atomic radius. Bragg’s
law and the interplanar-spacing relation for a cubic
crystal will be used to determine 𝑎, after which the
FCC contact geometry gives 𝑅.
SOLUTION:

For first-order diffraction, Bragg’s law is

𝜆 = 2𝑑220 sin 𝜃.
Hence,

𝑑220 = 𝜆
2 sin 𝜃 .

For a cubic crystal,

𝑑ℎ𝑘𝑙 = 𝑎
√ℎ2 + 𝑘2 + 𝑙2

.

Therefore, for the (220) planes,

𝑑220 = 𝑎
√22 + 22 + 02

= 𝑎
√8

= 𝑎
2√2

.

Substitution in Bragg’s law gives

𝜆 = 2 ( 𝑎
2√2

) sin 𝜃 = 𝑎 sin 𝜃
√2

,

so that

𝑎 = √2𝜆
sin 𝜃 .

In an FCC unit cell, atoms touch along a face diago-
nal. The face diagonal has length 𝑎√2 and contains
four atomic radii:

4𝑅 = 𝑎√2.
Thus,

𝑅 = 𝑎√2
4 = 𝑎

2√2
.

Using the expression for 𝑎,

𝑅 = 1
2√2

( √2𝜆
sin 𝜃 ) = 𝜆

2 sin 𝜃 .

Equivalently, for FCC lead, 𝑅 = 𝑑220.
Substituting the given values,

𝑅 = 1.54 Å
2 sin 32∘ = 1.54 Å

2(0.5299) = 1.54 Å
1.0598 ≈ 1.45 Å.

In SI units,
𝑅 ≈ 1.45 × 10−10 m.

The corresponding lattice parameter is

𝑎 = 2√2 𝑅 ≈ 2√2(1.45 Å) ≈ 4.11 Å,
which is physically consistent with an FCCmetal hav-
ing an atomic diameter 2𝑅 ≈ 2.90 Å.

CONCLUSION:

The radius of a lead atom, treating FCC atoms as
touching hard spheres, is

𝑅 ≈ 1.45 Å = 1.45 × 10−10 m .

CSE · 2025 · 10 MARKS

Q5. Find the radius of the interstitial sphere
which can just fit into the void at the body
centre of the fcc structure coordinated by the
facial atoms.

INTRODUCTION:

Let the radius of each atom forming the ideal face-
centred cubic structure be 𝑅, the cube-edge length be
𝑎, and the radius of the interstitial sphere be 𝑟 . The
atoms are treated as identical rigid spheres. In an fcc
structure, neighbouring atoms touch along each face
diagonal.

The void at the body centre is surrounded by the six
face-centred atoms, one on each face of the cube, and
is therefore an octahedral void of coordination num-
ber 6. Taking the body centre and a face centre on a
common Cartesian axis, the distance between them is
𝑎/2. For a sphere that just fits into the void, it must
touch each of these six atoms.
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SOLUTION:

The length of a face diagonal of the cubic unit cell is

√𝑎2 + 𝑎2 = √2 𝑎.
Along this diagonal, the two corner atoms and the in-
tervening face-centred atom are in contact. Hence the
face diagonal equals four atomic radii:

√2 𝑎 = 4𝑅.
Therefore,

𝑎 = 4𝑅
√2

= 2√2 𝑅.

The distance from the body centre,

(𝑎2 ,
𝑎
2 ,

𝑎
2) ,

to the centre of the atom on, for example, the face
𝑥 = 0,

(0, 𝑎2 ,
𝑎
2) ,

is

𝑑 = √(𝑎2)
2
+ 02 + 02 = 𝑎

2 .

When the interstitial sphere just fits, it touches the
face-centred atom externally. Thus,

𝑅 + 𝑟 = 𝑎
2 .

Using 𝑎 = 2√2 𝑅,

𝑅 + 𝑟 = 2√2 𝑅
2 = √2𝑅,

so that
𝑟 = (√2 − 1)𝑅.

Numerically,

𝑟
𝑅 = √2 − 1 = 1.4142 − 1 ≃ 0.414.

The corner atoms are farther from the body centre
than the facial atoms: their centre-to-centre distance
is

√3 𝑎
2 = √6𝑅,

which exceeds 𝑅 + 𝑟 = √2𝑅. Hence the six face-
centred atoms, rather than the corner atoms, deter-
mine the limiting size of the interstitial sphere.

CONCLUSION:

The body-centred void in an ideal fcc structure is
an octahedral void coordinated by six face-centred
atoms. The radius of the largest interstitial sphere
that can just fit into it is

𝑟 = (√2 − 1)𝑅 ≃ 0.414 𝑅 ,

where 𝑅 is the radius of an atom of the fcc lattice.
Thus, the interstitial sphere can have at most approx-
imately 41.4% of the host-atom radius.

IFoS · 2025 · 10+5+5=20 MARKS

Q6. (i) Explain the Bravais lattice and non-
Bravais lattice with suitable diagram. (ii)
Draw the (1 0 0), (1 1 0) and (1 1 1) planes
in a cubic unit cell. (iii) Obtain the Miller in-
dices of a plane with intercepts 𝑎, 𝑏/2, 3𝑐 in
a simple cubic unit cell.

INTRODUCTION:

A Bravais lattice is an infinite periodic array of ge-
ometrically equivalent points generated by integral
translations

R = 𝑛1a1 + 𝑛2a2 + 𝑛3a3, 𝑛1, 𝑛2, 𝑛3 ∈ ℤ,
where a1, a2, a3 are primitive translation vectors. Ev-
ery Bravais-lattice point therefore has the same sur-
roundings and can be carried into every other lattice
point by a lattice translation.

The expression “non-Bravais lattice” is convention-
ally used for a periodic atomic arrangement whose
sites cannot all be generated from one site by trans-
lations alone. More precisely, it is a crystal structure
consisting of a Bravais lattice supplied with a basis of
two or more inequivalent sites.

For the crystallographic parts, take a right-handed
Cartesian frame with the origin at a corner of the unit
cell and the positive 𝑥 , 𝑦 , and 𝑧 axes along the crystal-
lographic axes of lengths 𝑎, 𝑏, and 𝑐, respectively. A
plane with intercepts 𝑝𝑎, 𝑞𝑏, and 𝑟𝑐 has Miller indices
proportional to

( 1𝑝 ,
1
𝑞 ,

1
𝑟 ) ,

after clearing fractions and reducing to the smallest
relatively prime integers. An infinite intercept has re-
ciprocal zero. For the cubic cell in part (ii), 𝑎 = 𝑏 = 𝑐,
and the plane (ℎ𝑘𝑙) may be represented by

ℎ𝑥𝑎 + 𝑘 𝑦𝑎 + 𝑙 𝑧𝑎 = 1.

SOLUTION:

(i) For a Bravais lattice, translation by any lattice
vector R leaves the complete array invariant.
Thus, if R1 and R2 are any two lattice points,
then

R2 − R1
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is a lattice translation, and the local environ-
ment at R1 is identical to that at R2 with the
same orientation.

A square array containing one identical point
per primitive cell is a two-dimensional exam-
ple:

R = 𝑛1a1 + 𝑛2a2, 𝑛1, 𝑛2 ∈ ℤ.
In contrast, suppose every square Bravais-
lattice point carries a two-site basis

𝜏𝐴 = 0, 𝜏𝐵 = a1 + a2
2 ,

where 𝐴 and 𝐵 denote inequivalent atoms or
sites. The positions are then

r𝑛,𝑠 = R𝑛 + 𝜏 𝑠 , 𝑠 = 𝐴, 𝐵.
The translations R𝑛 carry 𝐴 sites into 𝐴 sites
and 𝐵 sites into 𝐵 sites, but no lattice translation
interchanges inequivalent𝐴 and 𝐵 sites. Hence
the complete atomic arrangement is not itself a
one-point Bravais lattice, although its transla-
tional skeleton is Bravais.

The upper panels of the following diagram illus-
trate these two cases. The lower panels show
the requested planes in one cubic unit cell.

Bravais lattice

a1

a2

Two-site basis

𝐴

𝐵

𝑥

𝑦

𝑧

(100) (110) (111)

(ii) In a cubic unit cell, the representative plane
(ℎ𝑘𝑙) cuts the axes at

𝑥 = 𝑎
ℎ , 𝑦 = 𝑎

𝑘 , 𝑧 = 𝑎
𝑙 ,

with a zero index indicating that the plane is
parallel to the corresponding axis.

For the three specified planes:

(100) ∶ 𝑥
𝑎 = 1 ⟹ 𝑥 = 𝑎.

It is the face perpendicular to the positive 𝑥-axis
and parallel to the 𝑦𝑧-plane. Its intercepts are
(𝑎, ∞,∞).

(110) ∶ 𝑥
𝑎 + 𝑦

𝑎 = 1 ⟹ 𝑥 + 𝑦 = 𝑎.

It cuts the positive 𝑥- and 𝑦-axes at 𝑎 and is par-
allel to the 𝑧-axis. Its intercepts are (𝑎, 𝑎, ∞).

(111) ∶ 𝑥
𝑎 +

𝑦
𝑎 +

𝑧
𝑎 = 1 ⟹ 𝑥+𝑦+𝑧 = 𝑎.

It cuts all three positive axes at 𝑎, so the por-
tion inside the unit cell is the triangle joining
(𝑎, 0, 0), (0, 𝑎, 0), and (0, 0, 𝑎).
In a cubic crystal, the normal to a plane (ℎ𝑘𝑙) is
parallel to the crystallographic direction [ℎ𝑘𝑙].
Thus the normals to these planes point along
[100], [110], and [111], respectively.

(iii) The given intercepts are

𝑥 = 𝑎, 𝑦 = 𝑏
2 , 𝑧 = 3𝑐.

Measured in units of the corresponding axial
lattice constants, the intercepts are

(1, 12 , 3) .

Taking their reciprocals gives

(1, 2, 13) .

Multiplication by the least common multiple 3
clears the fraction:

3 (1, 2, 13) = (3, 6, 1).

Since 3, 6, and 1 have no common integral fac-
tor, these are already the smallest relatively
prime integers. Therefore the Miller indices are

(361) .

Equivalently, the plane equation obtained from
the intercept form is

𝑥
𝑎 + 𝑦

𝑏/2 + 𝑧
3𝑐 = 1,

or
3𝑥𝑎 + 6𝑦𝑏 + 𝑧

𝑐 = 3.
Its coefficients are proportional to 3 ∶ 6 ∶ 1,
confirming the same indices.

CONCLUSION:

A Bravais lattice is generated by integral combina-
tions of primitive translations and has one translation-
ally equivalent class of lattice points. A periodic non-
Bravais arrangement requires a basis containing two
or more inequivalent sites attached to each Bravais-
lattice point.
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In the stated positive-axis convention, the cubic
planes are

(100) ∶ 𝑥 = 𝑎
(110) ∶ 𝑥 + 𝑦 = 𝑎

(111) ∶ 𝑥 + 𝑦 + 𝑧 = 𝑎
with normals directed along [100], [110], and [111],
respectively. These relations assume a cubic cell with
mutually perpendicular axes and equal lattice param-
eter 𝑎.
For intercepts 𝑎, 𝑏/2, and 3𝑐, the reciprocal-intercept
construction gives the dimensionless, relatively prime
Miller indices

(361) .

CSE · 2024 · 10 MARKS

Q7. The spacing between successive (100)
planes in sodium chloride is 1 ⋅ 41 Å. X-
rays incident on the surface of the crystal are
found to give rise to second order Bragg re-
flections at a glancing angle 10∘. Calculate
the wavelength of X-ray radiations.

INTRODUCTION:

The wavelength is determined using Bragg’s law,

𝑛𝜆 = 2𝑑 sin 𝜃,
where 𝑑 is the spacing between successive reflecting
planes, 𝑛 is the order of reflection, and 𝜃 is the glanc-
ing angle between the incident X-ray beam and the
crystal planes. Here,

𝑑 = 1.41Å, 𝑛 = 2, 𝜃 = 10∘,
with 1Å = 10−10 m.

SOLUTION:

Substituting the given values in Bragg’s law,

2𝜆 = 2(1.41Å) sin 10∘.
Hence,

𝜆 = 1.41Å × sin 10∘.
Using

sin 10∘ = 0.17365,
we obtain

𝜆 = (1.41)(0.17365)Å = 0.24485Å.
Therefore, to three significant figures,

𝜆 = 0.245Å.

In SI units,

𝜆 = 0.245 × 10−10 m = 2.45 × 10−11 m.
The result also satisfies the Bragg-reflection condition
𝑛𝜆 ≤ 2𝑑 , since

2𝜆 = 0.490Å < 2𝑑 = 2.82Å.

CONCLUSION:

The wavelength of the incident X-ray radiation is

𝜆 = 0.245Å = 2.45 × 10−11 m .

IFoS · 2024 · 8 MARKS

Q8. Consider the planes with indices (1 0 0)
and (0 0 1); the lattice is f.c.c., and the indices
refer to the conventional cubic cell. What are
the indices of these planes when referred to
the primitive axes : 𝑎1 = 𝑎

2(𝑥̂+ ̂𝑦), 𝑎2 = 𝑎
2( ̂𝑦+ ̂𝑧)

and 𝑎3 = 𝑎
2( ̂𝑧 + 𝑥̂)?

INTRODUCTION:

The task is to transform the Miller indices from the
conventional cubic basis

𝑎 = 𝑎𝑥̂, 𝑏⃗ = 𝑎 ̂𝑦 , 𝑐 = 𝑎 ̂𝑧
to the given primitive f.c.c. basis. Let a position vector
be written in primitive coordinates as

𝑟 = 𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3.
The Miller indices of a plane are obtained from the
reciprocals of its intercepts on the chosen crystallo-
graphic axes, with the resulting triplet reduced to the
smallest integers. Equivalently, if a plane has conven-
tional indices (ℎ 𝑘 𝑙), its orientation is specified by the
covector

𝐺 = 2𝜋
𝑎 (ℎ𝑥̂ + 𝑘 ̂𝑦 + 𝑙 ̂𝑧) .

Its components with respect to the primitive recipro-
cal basis are determined by

ℎ′𝑖 =
𝐺 ⋅ 𝑎𝑖
2𝜋 .

SOLUTION:

For the given primitive vectors,

𝑎1 = 𝑎
2(𝑥̂ + ̂𝑦), 𝑎2 = 𝑎

2( ̂𝑦 + ̂𝑧), 𝑎3 = 𝑎
2( ̂𝑧 + 𝑥̂),
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the primitive reciprocal components of a conven-
tional plane (ℎ 𝑘 𝑙) are

ℎ′1 =
𝐺 ⋅ 𝑎1
2𝜋 = ℎ + 𝑘

2 ,

ℎ′2 =
𝐺 ⋅ 𝑎2
2𝜋 = 𝑘 + 𝑙

2 ,

ℎ′3 =
𝐺 ⋅ 𝑎3
2𝜋 = 𝑙 + ℎ

2 .

Thus,

(ℎ 𝑘 𝑙)cubic ⟶ (ℎ + 𝑘
2 , 𝑘 + 𝑙

2 , 𝑙 + ℎ
2 )

primitive
.

For the (1 0 0) plane,

(1 0 0)cubic ⟶ (12, 0,
1
2)primitive

.

Clearing the common denominator and reducing to
the smallest integers gives

(12 , 0,
1
2) ∼ (1 0 1).

The same result follows directly from the plane equa-
tion. Since

𝑟 = 𝑎
2 [(𝑢1 + 𝑢3)𝑥̂ + (𝑢1 + 𝑢2) ̂𝑦 + (𝑢2 + 𝑢3) ̂𝑧] ,

the representative cubic plane 𝑥 = 𝑎 becomes

𝑎
2(𝑢1 + 𝑢3) = 𝑎 ⟹ 𝑢1 + 𝑢3 = 2.

Its primitive-axis intercepts are (2, ∞, 2), whose recip-
rocals are

(12 , 0,
1
2) ∼ (1 0 1).

For the (0 0 1) plane,

(0 0 1)cubic ⟶ (0, 12 ,
1
2)primitive

.

Therefore,
(0, 12 ,

1
2) ∼ (0 1 1).

Indeed, the representative plane 𝑧 = 𝑎 gives

𝑎
2(𝑢2 + 𝑢3) = 𝑎 ⟹ 𝑢2 + 𝑢3 = 2,

so its primitive-axis intercepts are (∞, 2, 2) and their
reciprocals yield the same indices.

CONCLUSION:

When referred to the given primitive axes, the plane
orientations are

(1 0 0)cubic ≡ (1 0 1)primitive

(0 0 1)cubic ≡ (0 1 1)primitive .

For the particular representative planes 𝑥 = 𝑎 and
𝑧 = 𝑎, the unreduced reciprocal-intercept triplets are
respectively

(12 , 0,
1
2) and (0, 12 ,

1
2) ;

their conventional integer Miller-index forms are
(1 0 1) and (0 1 1).

CSE · 2023 · 10 MARKS

Q9. Derive diffraction conditions using re-
ciprocal lattice concept. What are these con-
ditions known as ?

INTRODUCTION:

Consider a crystal whose direct lattice is generated by
the primitive translation vectors

a1, a2, a3,
so that every lattice point is at

R = 𝑛1a1 + 𝑛2a2 + 𝑛3a3, 𝑛1, 𝑛2, 𝑛3 ∈ ℤ.
The reciprocal primitive vectors are defined, using the
2𝜋 convention, by

a𝑖 ⋅ b𝑗 = 2𝜋𝛿𝑖𝑗 .
Thus every reciprocal-lattice vector has the form

G = ℎb1 + 𝑘b2 + 𝑙b3, ℎ, 𝑘, 𝑙 ∈ ℤ.

Let a monochromatic plane wave of wavelength 𝜆 be
incident on the crystal with wave vector

k𝑖 = 2𝜋
𝜆 ŝ𝑖,

and let the elastically scattered wave have wave vec-
tor

k𝑓 = 2𝜋
𝜆 ŝ𝑓 .

The scattering vector is taken to be

q = k𝑓 − k𝑖.
The required diffraction condition follows by demand-
ing constructive interference between waves scat-
tered from all translationally equivalent unit cells.

SOLUTION:

For an atom situated at r, the incident wave con-
tributes a phase factor

exp(𝑖k𝑖 ⋅ r),
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whereas propagation of the scatteredwave toward the
observation direction contributes

exp(−𝑖k𝑓 ⋅ r).
Consequently, apart from the atomic scattering factor,
the amplitude from that atom contains

exp[−𝑖(k𝑓 − k𝑖) ⋅ r] = exp(−𝑖q ⋅ r).

Let 𝜌𝜇 denote the position of the 𝜇-th atom within a
unit cell. The position of the corresponding atom in
the cell translated by R is

r𝜇,R = R + 𝜌𝜇 .
The total scattered amplitude can therefore be written
in the form

𝐴(q) = ∑
R

∑
𝜇
𝑓𝜇(q) exp[−𝑖q ⋅ (R + 𝜌𝜇)].

Separating the unit-cell and lattice contributions
gives

𝐴(q) = ∑
𝜇
𝑓𝜇(q)𝑒−𝑖q⋅𝜌𝜇

| {z }
𝐹(q)

∑
R

𝑒−𝑖q⋅R

| {z }
𝑆(q)

,

where 𝐹(q) is the structure factor and 𝑆(q) is the lat-
tice sum.

For a crystal containing 𝑁1, 𝑁2, 𝑁3 cells along the
three primitive directions,

𝑆(q) =
3

∏
𝑗=1

[
𝑁𝑗−1
∑
𝑛𝑗=0

𝑒−𝑖𝑛𝑗q⋅a𝑗] .

Each factor is a geometric series:

𝑁−1
∑
𝑛=0

𝑒−𝑖𝑛𝑥 = 𝑒−𝑖(𝑁−1)𝑥/2 sin(𝑁𝑥/2)
sin(𝑥/2) .

Its magnitude becomes of order 𝑁 , rather than re-
maining bounded, when

𝑥 = 2𝜋𝑚, 𝑚 ∈ ℤ.
Hence sharp diffraction maxima occur when

q ⋅ a1 = 2𝜋ℎ, q ⋅ a2 = 2𝜋𝑘, q ⋅ a3 = 2𝜋𝑙,
where ℎ, 𝑘, 𝑙 are integers.

Expanding q in the reciprocal basis,

q = 𝑥1b1 + 𝑥2b2 + 𝑥3b3,
and taking scalar products with the direct primitive
vectors gives

a1 ⋅ q = 2𝜋𝑥1, a2 ⋅ q = 2𝜋𝑥2, a3 ⋅ q = 2𝜋𝑥3.

Comparisonwith the constructive-interference condi-
tions yields

𝑥1 = ℎ, 𝑥2 = 𝑘, 𝑥3 = 𝑙.
Therefore,

k𝑓 − k𝑖 = q = G = ℎb1 + 𝑘b2 + 𝑙b3.

Thus diffraction occurs only when the momentum-
transfer wave vector is a reciprocal-lattice vector.

Equivalently, writing

k𝑖 = 2𝜋
𝜆 ŝ𝑖, k𝑓 = 2𝜋

𝜆 ŝ𝑓 ,

the three scalar conditions become

a1 ⋅ (ŝ𝑓 − ŝ𝑖) = ℎ𝜆,

a2 ⋅ (ŝ𝑓 − ŝ𝑖) = 𝑘𝜆,

a3 ⋅ (ŝ𝑓 − ŝ𝑖) = 𝑙𝜆.
These are the three scalar forms of the diffraction con-
dition.

For elastic diffraction,

|k𝑓 | = |k𝑖| = 2𝜋
𝜆 .

Since k𝑓 = k𝑖 + G, this requires

|k𝑖 + G|2 = |k𝑖|2,
and hence

2k𝑖 ⋅ G + 𝐺2 = 0.
Geometrically, the endpoint of k𝑓 must lie both on a
sphere of radius 2𝜋/𝜆, centred at the tail of k𝑖, and at
a reciprocal-lattice point. This is the reciprocal-space
construction of the diffraction condition, commonly
called the Ewald-sphere construction.

The equivalence with Bragg’s law follows by associat-
ing G with a family of lattice planes normal to G. If
their spacing is 𝑑 , then

|G| = 2𝜋
𝑑 .

Let 𝜃 be the glancing angle between the incident beam
and these planes. For the reflecting orientation,

k𝑖 ⋅ G = −|k𝑖||G| sin 𝜃.
Substitution in

2k𝑖 ⋅ G + 𝐺2 = 0
gives

2|k𝑖||G| sin 𝜃 = 𝐺2.
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Using

|k𝑖| = 2𝜋
𝜆 , |G| = 2𝜋

𝑑 ,
one obtains

2𝑑 sin 𝜃 = 𝜆.
If the momentum transfer is the 𝑛-th multiple of the
reciprocal vector corresponding to planes of spacing
𝑑 , the result is

2𝑑 sin 𝜃 = 𝑛𝜆,
which is Bragg’s law.

The lattice condition determines the allowed posi-
tions of diffraction maxima, while the structure fac-
tor 𝐹(G) determines their relative intensities and may
make some otherwise allowed reflections vanish.

CONCLUSION:

The reciprocal-lattice diffraction condition is

k𝑓 − k𝑖 = G , G = ℎb1 + 𝑘b2 + 𝑙b3, ℎ, 𝑘, 𝑙 ∈ ℤ,

or, equivalently,

a1 ⋅ (k𝑓 − k𝑖) = 2𝜋ℎ, a2 ⋅ (k𝑓 − k𝑖) = 2𝜋𝑘, a3 ⋅ (k𝑓 − k𝑖) = 2𝜋𝑙.

These are known as the Laue diffraction conditions or
Laue equations. For elastic scattering they are equiva-
lent to Bragg’s law,

2𝑑 sin 𝜃 = 𝑛𝜆.
Physically, a diffraction maximum is possible when
the scattering vector terminates at a reciprocal-lattice
point; its observable intensity is then governed by the
unit-cell structure factor.

IFoS · 2023 · 10 MARKS

Q10. Draw the crystal structure of CaF2 in-
dicating the positions of cations and anions.
What are their respective coordination num-
bers?

INTRODUCTION:

CaF2 crystallizes in the cubic fluorite structure. We
describe one conventional cubic unit cell of edge
length 𝑎, with Cartesian axes along its edges and the
origin at a corner. Fractional coordinates (𝑥, 𝑦 , 𝑧) de-
note the position

r = 𝑎(𝑥 x̂ + 𝑦 ŷ + 𝑧 ẑ).
The Ca2+ ions form a face-centred cubic lattice, while
the F− ions occupy all the tetrahedral interstitial sites
of that lattice. The required coordination numbers fol-
low by identifying the nearest neighbours of each ion.

SOLUTION:

The Ca2+ ions occupy the corners and face centres of
the conventional cubic cell. Representative fractional
coordinates are

(0, 0, 0), (0, 12 ,
1
2) , (12 , 0,

1
2) , (12 ,

1
2 , 0) ,

together with lattice-equivalent positions on the cell
boundary.

All eight tetrahedral sites are occupied by F− ions:

(𝑥, 𝑦 , 𝑧), 𝑥, 𝑦 , 𝑧 ∈ {14 ,
3
4 } .

Thus the fluorine-ion positions include

(14 ,
1
4 ,

1
4) , (

1
4 ,

1
4 ,

3
4) , (

1
4 ,

3
4 ,

1
4) , (

3
4 ,

1
4 ,

1
4) ,

and the four positions obtained by the remaining
choices of 1

4 and 3
4 .

Ca2+ F−

The number of calcium ions belonging to one conven-
tional cell is

8 (18) + 6 (12) = 4,
whereas all eight fluoride ions shown lie inside the
cell:

𝑁F = 8.
Hence

𝑁Ca ∶ 𝑁F = 4 ∶ 8 = 1 ∶ 2,
as required by the formula CaF2.
For a calcium ion at the origin, the nearest fluoride
ions are at relative positions

𝑎
4(±1, ±1, ±1).

There are 23 = 8 such choices, all at the same distance

𝑑Ca−F = √(𝑎4)
2
+ (𝑎4)

2
+ (𝑎4)

2
= √3 𝑎

4 .

Therefore each Ca2+ ion is surrounded by eight F−
ions situated at the vertices of a cube.
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Consider next the fluoride ion at

(14 ,
1
4 ,

1
4) .

Its four nearest calcium ions are at

(0, 0, 0), (0, 12 ,
1
2) , (12 , 0,

1
2) , (12 ,

1
2 , 0) .

Each is at distance √3 𝑎/4 from the fluoride ion, and
these four calcium ions form the vertices of a tetrahe-
dron. Thus each F− ion has four nearest Ca2+ neigh-
bours.

The coordination counts are also mutually consistent:
with four calcium and eight fluoride ions per cell,

4(8) = 8(4) = 32,

so both descriptions count the same number of
nearest-neighbour Ca − F contacts.

CONCLUSION:

In the fluorite structure of CaF2, the Ca2+ ions form
a face-centred cubic lattice and the F− ions occupy all
eight tetrahedral sites of each conventional unit cell.
Each Ca2+ ion is cubically coordinated by eight F−
ions, whereas each F− ion is tetrahedrally coordinated
by four Ca2+ ions. Therefore,

CN(Ca2+) = 8, CN(F−) = 4.
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